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Abstract 
 

A large variety of problems in the field of electro-magnetic compatibility can be reduced to the 
evaluation of the response of a finite length line to an external electromagnetic field. This problem 
is mainly faced via the transmission line approximation, but the simplicity of this model and its 
relatively easy application both in frequency and time domain is counterbalanced by the underlining 
simplifying (and, in several cases, quite rude) assumptions. To overcome these assumptions, a more 
sophisticated mathematical model has to be considered. This latter, in the frequency domain is 
expressed, for a line of N conductors lying in the z direction, by the well-known integro-differential 
equation [1]: 
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linking the z component of the incident electric field on each conductor j, namely Ez inc,j, to the 
currents I i flowing in the conductors;  gij(z-z') are suitable Green functions, depending on the 
problem geometry, k is the wave number and ξ0 is the free space impedance. 
An efficient technique to solve this problem with better performance with respect to, for instance, 
classical Method of Moments (MoM) implementations, has been proposed in [2] and extended in 
[1] and [3] for multiconductor open circuited and loaded lines. In this latter cases, the considered 
loads were simple current injections at line ends, allowing to formulate and solve the model entirely 
in frequency domain. But when more realistic and complex problems have to be considered, the use 
of time domain simulators becomes mandatory: classical examples are, in the context of electric 
power system, lightning induced overvoltages on power lines or on electric traction contact lines, 
and, in electronic circuit analysis, noise and potentially dangerous voltages caused on interconnects 
and busses by partial discharges. In these situations, only the use of power system oriented or 
electronic circuit oriented time domain simulators allow to take into account networks, electric 
stations or feeding circuit connected to the line. The aforementioned method has then to be 
integrated with this latter kind of tools. To this end, rather than perform a direct coupling between 
them, we developed a procedure to obtain from the proposed technique a line equivalent 
representation of the kind: 
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where [ ]1I  and [ ]2I  are the vectors of the injected current at the ends, [ ]1V  and [ ]2V  are the ends 

voltages, ijZ    are impedance submatrices, E1V   , E
2V    are the open circuited voltages directly 

due to the incident electric field (obtained directly integrating the vertical component of this latter in 

correspondence of the line ends) and S1V   , S
2V    are the open circuited voltages due the induced 



 

 

currents (i.e. the scattered voltages). The choice of this representation naturally leads to a three-step 
procedure: 

1. evaluation of the open-circuit voltages in the frequency domain; 
2. evaluation of the impedance matrix in the frequency domain; 
3. translation of the quantities evaluated at step (1) and (2) into a form suitable for time domain 

analysis. 
The third step, for the open circuit voltages, is carried out by means of the vector fitting technique 
(VF) developed in [4], whereas to accomplish the second one the simplest way is to resort to the 
classical model derived by the modal analysis [5]. As far as the first and most important step is 
concerned, our field-to-line coupling frequency domain method has been used as follows: starting 
from equation (1), with a suitable normalization and adopting a vector notation, we obtain: 
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It can be shown [1] that system (3) is of singular kernel type, since the Green functions iig  exhibit a 

logarithmic singularity as their arguments approach zero. As a consequence, a proper expansion for 
the unknowns is [6]: 
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where 1
nC  is the nth Gegenbauer polynomial of kind 1, 1n

n j ( n ) /= +α π  is a constant introduced 

for convenience, and n[s ]  are vectors of unknown coefficients. Using this expansion and projecting 

the resulting equation on 1qC ( )ς , the following equation is obtained: 
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or, in a more compact form: 
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It can be shown (see [1-2], where a slightly different but equivalent approach has been followed) 

that the matrix qnB    can be evaluated by means of the following series: 
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cqm=2παmαq and mJ  are first-order Bessel functions. 

The inversion of system (6) enables us to find the lightning induced currents on the open-circuited 
line. In principle, once the currents have been computed, the overvoltages along the line and in 
particular at line ends can be found via integration: this is generally a time-consuming step. One of 
the most remarkable aspects of this method is that, with suitable manipulations [7], these 
integrations can be completely avoided: the line end overvoltages can be expressed directly in terms 



 

 

of the incident field coefficients (namely, r.h.s. of system (6)) via parameters that can be computed 
and stored over a wide range of frequencies. Thus, only one frequency analysis is needed in order to 
find these parameters and then the response to different incident electric fields can be computed. 
Once the open-circuit overvoltages have been calculated in the frequency domain, the third step of 
the procedure remains to be accomplished by means of the vector fitting: this method allows to 
approximate a generic transfer function H(s) in a sum of simple fractional functions of the kind: 
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being s the variable in the complex plane, an real or conjugate complex poles, cn the residuals, e a 
constant equal to zero for proper functions, d a constant, which vanishes for strictly proper 
functions. Basically, the method consists of an iterative procedure, which uses the least mean square 
method to minimize the difference between H(s) and its approximation over a range of sampled 
points. 

 
Fig. 1. Open-circuit voltages representation. 

 

This feature is used in order to evaluate directly in time domain the open-circuit overvoltages as 
follows: with reference to figure 1, the scattered open-circuit overvoltages appearing in equation (2) 
are due to the components of the incident electric field tangential to the line, namely Et, while the 

direct contributions E
1V   , E

2V    are due to the vertical electric field Ex; both these field can be 

related to a transient (e.g. lightning or partial discharge) and are linear with the current generating it 
(e.g. the lightning channel base current or the partial discharge current); therefore, in a generic point 
P(x, y, z) they can be expressed as the product of I0(ω) and the functions et(⋅) and ex(⋅) depending on 
the distance between P and the transient source and on the transient model: 
 Et = I0(ω)·et, Ex = I0(ω)·ex, (10) 
The same property of linearity characterizes also the relationships [V1(2)

E]-I 0(ω) and [V1(2)
S]-I 0(ω): 
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Practically, both the contributions to the open-circuit overvoltages can be written without loss of 

generality as the product among I0(ω), suitable “delay factors” of the kind 1[2 ]j
e

− ωτ  and the functions 
z1[2]

E(ω) and z1[2]
S(ω). The delay factors take into account the time required for the field wave to 

propagate from source point to the line ends, while the functions of the frequency z1[2]
E(⋅) and 

z1[2]
S(⋅) can be reconstructed as “impedances” by means of the VF technique. 

As an example of application of the outlined procedure, let us consider a typical module of a 
railway transportation system powered at 750 V (see figure 2). The voltage is fed by two ac/dc 
stations and distributed by a two-conductors Overhead Transmission Lines (OTL). The module 
length is 400m, while his height is 6.5 m. The system is equipped by surge arresters at both ends of 
each feeding cable. 



 

 

 
Fig. 2 – A typical module of a light railway transportation system network. 

 

Cables, surge arresters and feeding station equipments have been modeled in a commercial power 
system oriented circuit simulator, together with the line circuit model equivalent to (2). A lightning 
stroke hitting the ground 50 m far from the line, in correspondence of its middle section, has been 
considered. Classical models for channel base current and lightning discharge have been used (see 
[7] for details). The overvoltages calculated at one line end and at one of the electric station 
terminals are reported in figure 3. Results like these give important insight, for instance, in 
protection system design, showing that the approach can constitute a useful prediction tool in a 
large variety of EMC problems. 
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Fig. 3. Overvoltages at one of the line ends (left) and at one of the electric station terminals (right). 
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