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The Topological Calculus, based on Algebraic Togglas introduced as a discrete Field Theory. Diedjaation of simplicial complex
adjacency matrices allows to extract informationwtldomain topology and Helmholtz equation eigecfions. Electromagnetic analysis of
IFS fractals for Sierpinski gasket/carpet is tharried out: self-similar topology deeply influendbe type of e.m. fields, as well as its finite
TEM modes (as many as the domain’'s Euler charatterirepresented by harmonic fields) and selfiaimdistribution of resonating
frequencies. This proves that even in such disonetdel many features of guided waves depend otoffodogy rather than metrics.

1. Simplicial Cohomology

Let vo,v1,...,v;IR" be p+1 geometrically independent vectors, then phdimensional simpléx(or, briefly, p-simple}
characterized by such vertices is indicatedzagv, |v:|...|v,). Whenever an ordering of these vertices is provided,
the correspondingrientedp-simplex(whose orientation is equivalent to the parity of peemutation of its vertices) is
indicated aslé = [vo,v1,K, Vv, ], its opposite orientation being° ° - $. An n-dimensional [orientedbkimplicial
complex2 [S] is a finite or countable union set of [orientedsimplices such that i&;7015 and on £, their
intersection is still a lower-dimensional simplexXfi.e. a boundarying simplex db).

Let R(+,0Jbe a ring, leCy(%R) be tDeR-modluIe of all the-chairs, i.e.R-valued linear operatorsdefined on the
orientedp-simplices of S such thatc(s) = - ¢(s), and letC/(Z;R) be its dual group (whose elements are cafled
cochairs). If ‘@ is the adjacency relation betweells simplices, thep-boundary 0:C,(ZR) - C—:(ZR) and p-
coboundaryd.:C/(Z;R) - C+1(5R) linear operators are defined as acting this way respesingley-(co-)chain§

p
ﬂp [V01V11K 1Vp] = é (_ l)p glo,K '\ki\’K ’Vp l:u,l
)=0 : (1)
dy [Vo,V1.K ,vp] = é [uvo,viK vp]
u@s[voviK vpl

Associated to the chain groug€y(ZR),0,},nz and {C/(ZR),5,},0, there are the" simplicial homologyand
cohomologygroups, respectively [6]:

Ker'ﬂp

Im T[p+1 ,

Kerd,
Im dp_ 1 '

Hp(S:R) = HP(S;R) = (2)
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® A simplex is the higher-dimensional analogue to a triangkeniplex): so a point is a-simplex, a segment isasimplex and a
tetrahedron is a-simplex.

¢ Here ‘" is the unity of ringR, whereag-(co-)chains can be described as a linear combination wefrisomorphisms, one for

eachp-simplex of 2.
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If Kis a field (e.g.IR or C), all theseK-modules become vector spaces, whereas simplicial logmand
cohomology are isomorphic, i.€,(2;K)IC/(2;K) [4]. In this casé,(2)=dimH/(ZK) is thepth Betti numberof 2, i.e.
the number op-dimensional ‘holes’ insides.

2. Topological Calculus

Using a field-valued simplicial cohomology destroys matgebraic properties distinguishing the homology and
cohomology groups with each other but allows discreteigdlyBield Theories biased towards applications to béyea
formulated. In facd, and d, become adjoint with each other, tiv@rder operator9,.,d andd.-,d, are self-adjoint,
non-negative definite and self-commuting, and the LapBsteami operators (gs-beltramiars) are defined:

Dp = - (Tprath + b 1Tp). 3)

All these are the discrete analogue-t@andii-order differential operators gradient, divergence, cuaplace’s
and their main integro-differential theorems (e.g. @i®eand Stoke’'s formulee) naturally hold without further
assumptions (unlike in most other discrete field theof@mulations). Furthermore, the Helmholtz decompositi
theorem for differentiap-forms is a natural consequence of the Kronecker’s grouptsre theorem fo€(5;K):

HP(S;K) = Im 5.1 Almd,. 1 AHP(SK), 4)
i.e. anyp-cochain (discrete analogue tg-dorm) is orthogonally decomposed into a gradient-fregivargence-free
and aharmonicpart (which accounts for the presence of holes irthilelomain), respectively [1], [4], [7]-

3. Simplicial Electromagnetics formulation

Let 2 be the2- or 3-dimensional simplicial complex triangulation of a contim domain for an electromagnetic
problem. Maxwell’'s equations dre

}dzD:r 1dE + B=0
fbB =0"  tgH - k=7’

Electric field E and magnetic field are represented hycochains because those fields are, basically, faicks
(measuredhlong paths), i.e. they are valued on the simplices’ sidestre&e displacemenD, magnetic flux densitys
and electric current density are 2-cochains because they are flux/surface densities (nesbacnosssurfaces), i.e.
they are valued on the simplices’ faces. Electric ghadensityp is a s-cochain because it is measuriegide
simplices’ volumes, whereas the electrodynamic potisntia4) are respectively a- and ai-cochain ¢ is measured
in the simplices’ vertices).

By Laplace-transforming the previous equations (and udiifg instead of real timelJIR), using simplicial
analogue to the well-known vector identities and sgtirorenz gauge, the Helmholtz equations are found again. F
simplicity’s sake, let us suppose that the domain isdfifkth an homogeneous medium (permittivityand
permeabilityu are trivialo-cochains) and no impressed currents are given, then:

dJ + &= 0. (5)

4 Theo™ Betti number is the number of connected componentsmstead.
¢ Rightmost is continuity equation for the electric chargeer@lot T1denotes the time derivative for the associated cochiane (t
is basically continuous in this formulation).



iD,A(s)- Sem 3= 10
FDYV(9)- SenV(3= 0

whose resolvent (formally the same for battand 7) is easily computed starting frodis adjacency matrices, so all
the modes of the electromagnetic field with its retiogarequencies can be computed [1], [4].

Of course this model is purely topological (no metrioinfation is carried together with the cochains),altih
in the case of a regular tetrahedral medbecomes a ‘normalized’ parameter and the metricnmdtion is regained.
Conversely, the domain’s cohomology information aniegg for free, just computing the vector subspace of haiono
p-cochaing’(C).

(6)

4. Applicationsto Fractal Electrodynamics

Suppose that is a triangulation of grefractal i.e. the finite-step iteration of ‘just-touchingferated Function
Systen(iFs) [5]. As shown in [4], the construction of such triaregidn can be produced for thé" step starting from
the adjacency matrix of the initiator set and thelvest matrix of the beltramian operator strictly depeoadghat.

For this reason the eigenfrequencies of a prefractahegor, as well as the cut-off frequencies of a wadegui
whose cross-section is such a prefractal (togethér allitits degenerancies) can be easily estimatedebssvis their
asymptotic behaviour whenevar- o (i.e. the self-similar fractal limit) [2].

Figures 1 and 2 show this algorithm for a resona8megpsinki gaskethe normalized eigenvalues of (6) have a
self-similar distribution, with broader plateaux (Fig. 8b@ciated to higher multiplicities due to the bigger hofeke
gaskets (Fig. 1). The electric potential’'s eigenfunctimise show some degree of self-similarity, since mafrthem
are present on smaller copies of the gasket (i.e.ithias waveforms at higher frequencies), which is arelsteristic
of continuumdiaperiodicmodes on self-similar sets (and from which theictithdimension can be estimated) [3].

Figures 3 and 4 show the same analysis done with a Sikrgiarpet domain: again the fractal topology induces
self-similarity of the resolvent matrix and self-sianieigenfunctions.

References

1. W. Arrighetti, Simplicial Prefractals and Topological Calculupresented at the ‘Fractals in Engineering V'’
congress, Tours, 2005.

2. W. Arrighetti, G. Gerosa, ‘Spectral analysis of Sesgijicarpet-like prefractal waveguides and resonatdEEE
Microw. Wirl. Comp, vol. 15/1, pp. 30-32, 2005.

3. W. Arrighetti, G. Gerosa, ‘Can you hear the fractahesion of a drum?’, iApplied and Industrial Mathematics
in Italy, Series on Advances in Mathematics for Applied Scigneel. 69, pp. 65-75, World Scientific, 2005,
arXiv:math.SP/0503748.

4. W. Arrighetti, Analisi di Strutture Elettromagentiche Frattalilissertation for the Laurea degree, University of
Rome “La Sapienza”, 2002.

5. K. Falconer Fractal GeometryWiley, 1997.

6. J. R. MunkresElements of Algebraic Topologgddison-Wesley, 1984.

7. W. Schwalm, B. Moritz, M. Giona, M. Schwalm, ‘Vectdifference calculus for physical lattice model®hys.

Rev. Evol. 59/1, pp. 1217-1233, 1999.



a2 2 v
M Lasn Pr-Vv-N
Ansndesd PV N P Ve N

L A
SV AL P £ PV
&

A fiﬂ A‘ y AA it
VS VWY S SN W o W

a4
& A
Pov: )
LA LA S o L2,

Figure 1. Eigenvectors of thd' Laplace-Beltrami operator on the simplicial Sierpinskkeg#s 6""-step prefractal.
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Figure 2. Resolvent matfiof the scalar Laplace-Beltrami operator for the sinmliSierpinski carpet's"-step
prefractal and its eigenvalues.

" Absolute values of the matrix elements (as in Fig. 3yepeesented as dots’ brightness.
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Figure 3. Simplicial Sierpinski carpets®-step prefractal and resolvent matrix of its scalar LapBeitrami
operator.

Figure 4. Eigenvectors of the scalar Laplace-Beltrapgrator on the simplicial Sierpinski carpet¥-step
prefractal (increasing eigenvalues).



