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We consider the classical variational inequality problem, denoted by VIP(F,C), which is
to find x∗ ∈ C such that

(0.1) < F (x∗), x − x∗ >≥ 0, ∀x ∈ C

where C is a nonempty closed convex subset of ℜn, < ·, · > the usual inner product in
ℜn and F : ℜn → ℜn is a continuous function.
We assume that the feasible set C can be represented as follows

(0.2) C = {x ∈ ℜn|h(x) = 0, g(x) ≥ 0, Πlx ≥ l, Πux ≤ u},

where h : ℜn −→ ℜp, g : ℜn −→ ℜm, Πl ∈ ℜnl×n and Πu ∈ ℜnu×n, l ∈ ℜnl, u ∈ ℜnu; Πl

(or Πu) denotes the matrix given by the rows of the identity matrix whose indices are
equal to those of the entries of x which are bounded below (above); nl and nu denote
the number of entries of the vector x subject to lower and upper bounds, respectively.
If xi ≥ lj for some i and, simultaneously, xi ≤ uk, we assume lj 6= uk. This hypothesis
means that there are no fixed variables; otherwise, the problem can be reduced by elim-
inating them.

When problem (0.1) is a large scale variational inequality, a well know solution ap-
proach is to find a numerical solution of the Karush–Kuhn–Tucker (KKT) conditions for
VIP(C,F):

L(x, λ, µ, κl, κu) = 0

h(x) = 0

µTg(x) = 0 g(x) ≥ 0 µ ≥ 0(0.3)

κT
l (Πlx − l) = 0 Πlx − l ≥ 0 κl ≥ 0

κT
u (u − Πux) = 0 u − Πux ≥ 0 κu ≥ 0
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where L(x, λ, µ, κl, κu) = F (x) − ∇h(x)λ − ∇g(x)µ − ΠT
l κl + ΠT

u κu is the Lagrangian
function of the variational inequality. Here ∇h(x)T and ∇g(x)T denote the Jacobian
matrices of h(x) and g(x) respectively. A vector w = (x, λ, µ, κl, κu) ∈ ℜn+p+m+nl+nu

satisfying (0.3) is called a KKT-vector, while the corresponding x vector is KKT-point.
In the following, we will often refer to a KKT-vector simply as a KKT-point.
For the relationship between a KKT point and the solution of VIP(F,C) see [5].
In [2] (see also [1]),by Fischer and Burmeister function [4], the KKT-conditions for vari-
ational inequality problems are reformulated as a system of nonlinear semismooth equa-
tions Φ(w) = 0, that can be solved by a non–smooth Newton method [9]. This local
algorithm is globalized by damping the search direction to force a sufficient decrease of
a merit function [2],such as the least square merit function Ψ(w) = 1

2
‖Φ(w)‖2

2.Thus, at
each step of this iterative scheme, it is required the computation of the solution of a
sparse linear system. In case of large–scale problems, the use of direct solvers can be
very expensive and memory consuming. In [3],the nonlinear semismooth system is solved
by a generalization of the Inexact Newton method (see [6]), that enables us to use an
iterative solver for the inner linear systems. Following this approach, the local and global
convergence of the whole method is guaranteed also when the descent direction for the
merit function is computed approximately at each step; furthermore, we can devise for
the inner scheme an adaptive stopping rule that allows to avoid unnecessary inner itera-
tions when we are far from the solution, (i.e. for the initial outer iterations).
Previous numerical experience [7] show that an effective iterative inner solver is the
LSQR method [8] combined with a suitable preconditioner, for example the incomplete
LU factorization of the matrix




Dκl
0 0 DlΠl 0

0 Dκu
0 DuΠu 0

0 0 Dµ Dg(∇g(x))T 0
ΠT

l −ΠT
u ∇g(x) ∇xL(w) ∇h(x)

0 0 0 (∇h(x))T 0




where ∇xL(w) = −∇F (x)+
∑m

i=1 ∇
2gi(x)µi +

∑p

i=1 ∇
2hi(x)λi; ∇

2gi(x) and ∇2hi(x) are
hessian matrices of inequality and equality constrains, Dκl

, Dκu
, Dµ, Dl, Du, Dg are diag-

onal matrices obtained as a generalized jacobian of the Fischer and Burmeister functions.
Nevertheless for large–scale problems, the computation of this sparse preconditioner can
be still expensive and memory consuming. For example, this happens when all the vari-
ables x have to satisfy box constraints.
In order to avoid these drawbacks, we introduce a preconditioner that admits a block–
factorization; in this way, we use as preconditioner the matrix Ĥ = LU where

L =




I 0 0 0 0
0 I 0 0 0
0 0

ΠT
l (D̃κl

)−1 −ΠT
u (D̃κu

)−1 L̂

0 0



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U =




D̃κl
0 0 DlΠl 0

0 D̃κu
0 DuΠu 0

0 0

0 0 Û

0 0




D̃κl
, D̃κu

are diagonal matrices obtained as an approximation of the Dκl
, Dκu

and L̂ and

Û are the factors of the incomplete factorization of the matrix B̂:

B̂ =




Dµ Dg(∇g(x))T 0
∇g(x) A ∇h(x)

0 (∇h(x))T 0




with A = ∇xL(w) − (Πl)
T (D̃κl

)−1DlΠl + (Πu)
T (D̃κu

)−1DuΠu.
In this preconditioner we compute an incomplete LU factorization by factorizing subma-
trices B̂ of smaller size and we obtain a better performance of the semismooth inexact
method in terms of execution time and of total number of inner iterations.
Finally in order to evaluate the effectiveness of the proposed approach, we report the
numerical results obtained on some well-known test problems.
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