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Matrices arising from semigroup rings
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1 Introduction

Let K be a field (that will be Q or R in this paper) and let R = K|z, 2o, ...,z
the polynomial ring in s variables x1,xs,...,2s. The introduction in R of a term
order, that is a total order on the set Il of the monomials of R, is subordinated to
the introduction of an order on the variables x1, zo, ..., x,.

In the last years interesting results were obtained in the field of commutative computa-
tional algebra and algebraic geometry by considering orders of variables different from
xr1 > T9 > ... > x4, for example there are results under the hypothesis z,, > ... > x1.
Since we have s! orders of variables it is clear that we can choose orders linked to the
resolution of our problem.

Definition 1.1. Let G C R, G = {f1,..., fa} a set of polynomials. G is an universal
Grébner basis for (fi,..., fa) if G is a Gréobner basis with respect to all term orders
on the monomials of R.

In the Definition 1.1 it is obvious that G is a Grobner basis with respect to all
orders of the variables. Then it is natural to give the following

Definition 1.2. Let G C R, G ={f1,..., fa} a set of polynomials. G is a universal
lezicographical Grébner basis for (fi,..., fn) if G is a Grébner basis with respect to
the lexicographical order on the monomials of R and with respect to the s! orders of
the variables x1,xs, ..., x;.

Definition 1.3. Let G C R, G ={f1,..., fa} a set of polynomials. G is a universal
reverse lexicographical Grobner basis for (fi,..., fn) if G is a Grébner basis with
respect to the reverse lexicographical order on the monomials of R and with respect to
the s! orders of the variables x1,xo, ..., x,.
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The request to be an universal Grobner basis is very strong.

In [5], orders on the variables,”via” the lexicographic order, called linear, are consid-
ered. They can be defined by special matrices and they constitute a proper subset of
the set of all orders of cardinality s!.

For the definition, we need variables indexed by a set of integers {iy, ..., i}, that
is, the variables must be of the type T}, ;, that appear in the presentation of the toric
variety called the square-free k-th Veronese embedding of P*~!. Our intention is to
extend the linear order introduced in [4] to the variables that come from the Segre
product of two k-square-free Veronese subrings, in particular to the Segre product of
two polynomial rings in two sets of variables. We introduce also a so called ”inverse
linear order” on the variables T;, ;, via the reverse lexicographical order.

Problem : Let <; and <3 be two linear orders (resp. inverse linear orders) on V;
and V5 respectively defined by the matrices A; and Ay, where V] is the set of all
square free monomials of degree k in R , V5 is the set of all square free monomials of
degree [ in S = K|[Y1, ..., Y;] , such that they induce a lexicographical(resp. reverselex)
Grobner basis for the toric ideals of V; and V5 generated by quadrics.

A Oy
Qy Ay
lexicographical (resp. reverselex) Grobner basis for the toric ideal of the Segre product
KW+ K[V3]7

Actually we have positive answer for k =1 = 1.

Do the linear order <; *g <3, defined by the matrix , induce a quadratic

2 Main Results

Given four integers s,t and k,[ such that s > k> 1 and t > [ > 1 we consider two
”label sets”

i = {[ir,ein), 1 <iy < . <ip, <st I =A{lj1, i), 1 <j <..<j <t}
and the set of variables T' = {T;, i, 1. j;: (i1, oy Uy J15 s 1) € Ti X I} }.

A

Let A be a (k+1) x (k+ 1) matrix of the type A =
QA

), where A; is a

matrix of order k, A is a matrix of order [ of the form:

+e;, +el
A = and As =
+e;, +el
and €2y is the [ x k£ null matrix and €25 is the k& x [ null matrix.
The sets {ej,, ..., €5, } and {€’; , ..., €} } are a permutation of the set of canonical vectors

{e1,...,ex} in R* and R!. The set of all matrices of type A; (or Ay) is a group of
order 2! (resp. 2!1!) and a subgroup of the orthogonal group Ok(R) (resp.O;(R)).

Definition 2.1. The matriz A defines a linear ordering in Z* given by

(x:l? "'7"'Ek;x/17 "'7'1‘2) >l€ZB (y17 "'7yk;y17 "'7yl/)



if and only if
(xb vy Ly Tyy eeny :Ug)A >lex (yh s Yk Ypy oees yl/)A
Definition 2.2. The matriz A defines an inverse linear ordering in ZF" given by
(fl, ey Tl 17/1: 7%) >reviex (ylu s Yk ?le -~,y{)
if and only if
(xla ooy T3 33/17 sy xE)A >revlex (y17 ooy Yk ylla ce yl/)A

:|:61 0
0 =€

{60606 )6 )

Given two polynomial rings K[Xj, ..., X5, K[X1,..., X;] and the Segre product

From now on let k =1 =1. Then A = ( > and the set of matrices is

K[X1, ... X,) @5 K[Y1, .., Y}] 2 K[X,Y1, .., X,Y],

we consider the map 7 : K[T11,T1,...,Ts:] — K[X1Y1, ..., X, V3]
The new set of variables is 171,71 2, ..., Ts 4.
For this set, the matrices in A define four linear orders in Z** :

Ly T >Ts4 0> ...>Ts1>...>Ty>...>T1,
Ly:Ti;>Tien>..>Ti > >T, > ... >T;,
Ly :Ts1>Ts4 0> ..>Te>..>T1>...>Th,
Ly:T>To>..>T>..>T 1> ... >T,

For s = t = 2, Ker7 admits an universal Grobner basis. In particular it is a
quadratic Grébner basis with respect to the lexicographical (or reverse lexicograph-
ical) order on the monomials, and with the linear (or inverse linear) orders on the
variables.

In our case 7 : K[T11, 112,151, T2 — K[X1Y1, ..., XoY5] and by the mapping:

T1,1 — XiY1, T1,2 — X1Ys, T2,1 — XoYi, T2,2 — XoYs

Ker 7 has only the binomial f = T15751 — 111752 as generator and then {f} is a
minimal universal Grobner basis for kern.

Theorem 2.3. If we consider the linear orders L;, i = 1,...,4 on the set of variables
Ty 1,Th 2, ....,Tss, then Kerm has a lexicographical quadratic square-free Grobner basis
given by the set of binomials

G ={TiTi) — T3 Tk, 1 <i<j<s,1<k<l<t}

Go={T., T, —TipT;,1<i<j<s,1<k<l<t}
Gy ={T;sT;y —T;Tip, 1 <i<j<s,1<k<l<t}

Gy ={T0Tjp —TipTj;,1 <i<j<s,1<k<l<t}

where in each binomzial the initial term is underlined.



Methods: we study the map of semigroups 7 : N* — N* @ N! given by the con-
figuration {e; @ ¢}, 1 <i < 5,1 <j <t} CN°@N, e, ...,e and €], ..., ¢; canonical
vectors of N* and N'. We identify N** with the set of non negative integer s x ¢
matrices (u;;).

The analogous result is true for the inverse linear orders L, i = 1,...,4, and for the
reverse lexicographical order on monomials.

There exist other orders on the variables that are not linear in our sense, never-
theless they induce lexicographical quadratic Grobner basis for the toric ideal of the
Segre product of two polynomial rings.

Example 2.4. Let s =t =3, k =1, for the order on the variables

L: Tl,l > TLQ > Tgyg > T271 > T173 > T273 > T372 > T3,3

we have a lexicographical quadratic Grébner basis for the toric ideal Kerm. But L is
not a linear order according to definition 1.1.
In fact the result is true for any s,¢ > 2 and with order on the variables T;; > Ty, if
i+j<k+lori+j=k+land i<k ([4]).

Remark 2.5. For the reverse lexicographical order it’s known that kerm has an
universal reverse lexicographical Groebner basis with respect to all permutations of
variables T; ;. However, we give a direct proof of this fact by the same technique used
in theorem 2.3.

Before proving a general result, we consider the lexicographical case.
In [3], [5], we have the complete list of k x k matrices of Ok (R) that induce a quadratic
lexicographic Groebner basis of the toric ideal of K[V;], for k =2,3 and s =6 ,k =4
and s = 8. The research can be done by Macaulay or COCOA programs.

References

1. W.Adams, P. Loustaunau, An Introduction to Grobner Bases, Graduate Studies
in Mathematics,Volume 3,Amer. Math. Soc., 1994.

2. A. Aramova, J.Herzog, T.Hibi, Lattices and Lexicographic Groebner bases, Fu-
rop.J. Combinatorics, 21, 431-439.

3. B.Sturmfels,Groebner bases and Convex polytopes,Univ.Lectures Series, Amer.
Math. Soc.,vol 8, 1995.

4. R. Villarreal , E.Viruena, Monomial subrings of k-products, unpublished .

5. R. Villarreal, Monomial Algebras, Pure and applied Mathematics, 2001, Marcel
Dekker, Inc. New York (2000).



