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Abstract.

In this paper we apply the theory of superpositions to the resolution of some evolution ab-
stract differential equations in the space of tempered distribution. Applications to physical and
financial problems motivates the study.
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Introduction
We start from the abstract Schrodinger equation
ihu'(t) = H(t)u(t),

where: H(t) is a linear operator on some topological vector space (X, o), for every real time
t; u is a o-differentiable curve in that space; and «’ is the derivative of v with respect to
the topology . When X is an Hilbert space, physicists solve formally this equation using
propagators, more precisely, for every time ¢ and for every initial condition (¢, up) € Rx X,
they find a unique differentiable solution w starting from the initial condition defined by

u(t) = S(to, t)’u,o,

for every time ¢, where the operator S(t,t) is given by the Dyson formula

t
S(to,t) = exp <i H(T)dT) .
th Jy,

Unfortunately, it is not true that in Hilbert spaces the abstract Schrodinger equations
has always a solution (because the operators H(t), that are of interest in Quantum Me-
chanics, are always unbounded-linear operators and not-everywhere defined) and more-
over in those spaces the Dyson formula has not a precise mathematical sense. In this
paper we solve the problem in the space of tempered distributions (where the operators
of Quantum Mechanics are always continuous and everywhere defined) we will find a
unique solution, for every initial condition, in the propagator-form desired by physicists,
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and we shall give a meaning to the Dyson formula in this context. We solve in this space
the abstract heat evolution equation too, in view of financial applications.

1. Integral of continuous function from R™ to S,
Let us define the integral of function from R™ to S,.

Definition. Let u be a function from R™ into the distributions space S), and let ¢ be
a test function in S,. We define image of ¢ by u the function

u(¢) : R™ — C:u(¢)(p) = u(p)(e).

The images by u of the test functions give informations on the entire function u, as, for
instance, states the following.

Theorem. Let u be a function from R™ into the space S),. Then, u is continuous with
respect to the topology o(S),S,), if and only if the function

u(@) : R™ — C:u(¢)(t) = u(t)(¢),

1s continuous, for every test function ¢ in S,.

Proof. In fact, u is continuous at ¢y, with respect to the topology o(S),,S,), if and only
if, for every test function ¢ (recall that o(S),S,,) is induced by the family of seminorms
|(-,#)]), the semi-distance |(u(t) — u(ty), ¢)| vanishes, as t — t; on the other hand

i |(u(t) —u(to)) (¢)] = lim |u(¢)(t) — u(¢)(to)l,
so u is o(S),Sp)-continuous at ¢y if and only if for every test function ¢, the complex
function u (¢) is continuous at t,. W

The preceding theorem allow us to associate with the function u, in an extremely natural
way, an operator from S, into the space of continuous complex functions C°(R™, C), which
in the following we shall denote by CY..

Definition. Let u be a function from R™ into the space S),, continuous in the topology
o(S,S,). The operator i : S, — CY, defined by (o) = u (), for every test function ¢, is
called the operator induced by wu.

The operator associated with a continuous function in the topology o(S),,S,) is auto-
matically continuous in the natural topologies of the two spaces S,, and C9,.

Theorem. Let u be a function from R™ into the space S), continuous in the topology
o(8),,S,) and let a be a Radon-measure on R™ with compact support. Then, the compo-
sition a o is o(S!,,Sy)-continuous for every a in CY and, consequently, the operator u
is continuous in the topologies o(S,,Sh) and o(CY,,CY).

Proof. Denote by CY the dual of C?, with respect to its standard locally convex topology.
The dual CY is, by definition, the space of Radon-measures on R™ with compact support.
Note, that the linear operator @ is continuous with respect to the topologies o(S,,S))
and o(C%,CY) if and only if for every a in C¥, i.e., for every Radon-measure on R™

m?
with compact support, the functional a o u is o(S,,S),)-continuous (see, for example,
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[5],[8]). Note, moreover, that this is true for a sequentially dense subset of CY, the linear
subspace spanned by the delta-measures on R™, so by the Banach-Steinhaus theorem aou
is 0(8),S,) -continuous, being S,, a Fréchet-space and thus a Baire-space (see Banach-
Steinhaus on Laurent Schwartz’s Functional Analysis). B

Definition (integral of a function with respect to a measure). In the conditions
of the above theorem the composition aou is said the integral on R™ of the function u
with respect to the measure a and it is denoted by [g,. uda or by a(u).

Our aim is, generalizing the above definition, to integrate u on every bounded Borel-
subset of R™, with respect to a Radon-measure on R™ eventually not with compact
support. To this end we have the following theorem.

Theorem. Let a be a Radon-measure on R™, and let B be a bounded Borel-subset of
R™. Consider the functional

an:Ch = Cifo [ flpa= [t

B m

where pg 1s the Borel-measure associated canonically to a by the Riesz theorem. Then,
ap 18 a Radon-measure with compact support on R™.

Proof. We must prove that ap is continuous in the standard topology of C9, (that is
the topology of compact convergence), it is the locally convex topology induced by the
family of seminorms (qx ) gexrn) indexed by the set of compact subset of R™ and defined
by gk (f) := maxy |f|. Remember that a linear functional T on C9 is continuous in this
topology if there exists a positive real number M and a seminorm ¢x such that, for every
function f in C9 is |T(f)| < Mgk (f). Indeed, we have

an(f) = ' [ s

<sup|f|-|pal (B) < |pa| (B) - max|f]|,
B B

so, since the closure of B is compact, ap is continuous with respect to the topology of
compact convergence, and then it is a compact-support Radon-measure on R™. B

We call the functional ap of the preceding theorem restriction of a to B. We can give,
so, the following definition.

Definition (integral on a bounded Borel set with respect to a measure). In
the above conditions the composition ap o s said the integral on B of the function u
with respect to the measure a, it is denoted by [5uda. In other terms we put

/uda ::/ udap.
B Rm

Remark. Let B be a bounded Borel-subset of R™, and apg be the restriction of a Radon-
measure a to B. Then, ap is the Radon-measure on R™ associated with the Borel-measure
defined for every Borel-set E by (14)g (E) = po(E N B). In fact, we have

1) = [ )y = [ £ dua=an(s).
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2. Integral of continuous functions from R into ©End(S))

In this section we give the definition of integral of an operator-valued function H,
namely of functions from R™ into ®End(S!) (the space of S-endomorphisms on the space
8!, see [1] or [3]) in a Radon-measure on R™. Analogously to the preceding section it is
possible to prove the following proposition.

Proposition. A function H : R™ — SEnd(S!) is continuous with respect to the point-
wise topology induced by the topology o(S),,Sy) if and only if the function H (u) : R™ — S,
defined by H(u)(p) :== H(p)(u), for every p, is continuous in the topology o(S),,S,), for
every tempered distribution .

Definition. Let H : R™ — SEnd(S!) be a continuous function. We define integral of
H in a Radon-measure a the operator

a(H) = Hda:S;LHS;l:UH/H(u)da.
R R

The integral of H in the Lebesgue-measureis denoted by [g,. H.

Theorem. Let H : R™ — SEnd(S!) be a continuous function. Then, the integral of H
in a Radon-measure a, is continuous in the topology o(S),,Sy,) and consequently S-linear.

Proof. Recall that an linear operator T from a seminormed space (E,p) to another
seminormed space (F,q) is continuous if for every seminorm g; of the family ¢ there is a
seminorm p; of the family p and a positive real M such that ¢;(T(z)) < Mp;(x). Let ¢
be a test function, we have, then, to prove that there are another test function  and a
positive real M such that

(o[ Hwaa)| <yl

Concluding we have, if K is the compact support of a, that there exist an m-index py
(by the Weierstrass theorem) and a test function ¢ with a real M (by continuity of the
operator Hy,) such that

So the integral of H, by a Radon-measure with compact support, is a continuous oper-
ator in the weak* topology, and consequently (D. Carfi, Topological characterizations of
S-linearity, preprint) is S-linear. W

The last definition concerns integral on bounded Borel-set.
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Definition (integral on a bounded Borel set with respect to a measure). Let
a be a Radon-measure on R™, B be a bounded Borel-subset of R™, ap be the restriction
of a to B and let H : R™ — SEnd(S!) be a continuous function. We define

/Hda ::/ Hdap.
B Rm™

The integral of H in the Lebesque measure is denoted by [, H.
3. Curves of S-linear operators

From this section to the end we shall use intensively the S-linear Algebra, that will
be assumed known. For the fundamentals of S-linear Algebra and for the functional
calculus of S-diagonalizable endomorphisms see [1], [3]. We observe only that if A is an
S-diagonalizable operator and if « is one of its S-eigenbasis for the space, then there is
only a function a associating to each n-tuple p the unique complex eigenvalues a, of A on
the eigenvector a,. We call a the system of eigenvalues of A on the S-basis a. We remark
that this function a is necessarily a smooth function of class Oy;. In fact, from A, = a,a,
we have A (a) “(¢)(p) = a(p)a”(¢)(p); the functions A () “(¢) and a”(¢) are, by definition
of S-family, of class S; since « is an S-eigenbasis we have that the operator . is surjective
and injective. Let us prove that a is smooth at every pg, let ¢ be a test function such
that a”(¢)(po) is different from 0 (it certainly exists because «” is surjective), it follows
that there is a neighborhood of py in which a”(¢) is different from 0, for each p in this
neighborhood we have
A(a) “(9)(p)

a’(9)(p)
then a is smooth at py. Moreover, since A («) “(¢) = aa”(¢) and since «” is surjective, the
product of the function a with all the functions of class S is yet of class S, and then a is
of class Oyy.

Now, let A : R — SEnd(S!) be a curve of S-diagonalizable endomorphisms with a
common S-eigenbasis «, the family a = (a(t)):cr of the systems of eigenvalues of the
operators A(t) on « is called the system of eigenvalues of the curve A. For every p, we
define the function a, : R — C associating to ¢ the value of the function a(t) on the n-tuple
P ap(t) = alt)(p).

If A is a continuous curve of S-diagonalizable endomorphisms with a common S-
eigenbasis «, the functions a, are continuous. In fact, from the equality A(t)(a,) = ap(t)ay,,
if ¢ does not belong to the kernel of «,, we deduce

for every ¢, so a, is proportional to the continuous function A(c,)(¢) and then it is
continuous.

a(p) =

Theorem. Let A be a differentiable curve of S-diagonalizable endomorphisms on Sy,
in the pointwise topology induced by o(S),,S,). Assume that the endomorphisms of the
curve have a common S-eigenbasis for the space and real eigenvalues. Then the curve of
states B :t — exp (iA(t)) is differentiable in the topology o(S),S,), and

B'(t) =iA’ (t)expiA (t),
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where we used the multiplicative notation for the composition of endomorphisms. As a
consequence, for every state ¢ the curve u defined by u(t) := exp (1A (t)) (v) satisfies the
differential equality u' (t) =iA" (t) (u(t)).

Proof. Let ty be a real time, we have

/ _ (80,80 1 EXPEA (L) () — expidA (to) (¥)
B (to) () = 75 lim —

)

if the right-hand limit exists. We prove the pointwise existence of B'(ty) for an eigenbasis
a of A. To this aim a, : R — C will be, for every n-tuple p the unique function such that
A(t)(ap) = ap(t)ay, it is continuous by the above argumentations; we have

B (to) (a) = lim expiA (t) (o) — expiA (to) (o) _

t—to t—1o
] elar(t) o, elap(to)
= lim E P —
t—to t—1o

elap(t) _ piap(to)
= lim ——— Oép =
t—to t—1o

— i) (to) expiA (to) () =
— i A’ (to) (expiA (to) (ap)

Now, let z be a tempered distribution, for the difference-quotient we have

Qn (10,0 (5) = S2ANE Z o A E)

= _1750 [epr(t) (/Rn(z)aa) —exp A (1) </Rn(2)aa)} —

_ 1 [/RW(Z)O‘ exp A (1) (o) — /uw(Z)a exp A (o) (a)} —

t—to

_ / (2), ZPAW) () — exp A (to) ()

t—to :

passing to limit

B'(to)(2) = Jim Rn(z)anp i) (O‘i - Z‘P iA (to) (@)

:/@MMW%@MWWF
.

=iA (tg) o expiA (to) / 2)a =
R
=iA' (tg) o expiA (to) (),

so B'(t) =iA’ (t)expiA (t). Applying the preceding result, we have

u' (t) = iA' (t) (expiA (t) (¢)) = iA(t) (u (1)),

and the theorem is proved. H
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The preceding theorem can be generalized.

Theorem. Let A be a curve of S -diagonalizable operators with a same S-basis of the
space, namely «, and let, for every n-tuple p, a, the complex function defined on the real
line such that A(t)(a,) = ap(t)ay, for every real time t. Then, the curve A is differentiable
with respect to the pointwise topology T induced by the weak topology o(S),S,) on the
space SEnd(S!) at a real time to if and only if a, is differentiable in to for every n-tuple
p. Moreover, in these conditions the operator A'(ty) is S-diagonalizable with the same
S-basis a and its system of eigenvalues is the system of derivatives p — aj, (to).

Proof. For every n-tuple p, assume the function a, be differentiable at a time ¢y, we
have to prove that the pointwise-limit

there exists, i.e., that for every « in S}, the o(S},, S,)-limit

(80,50 i (M(U))

t—to t—to

there exists; we begin with the basis a:

A (to) (ap) = 755 Jim (—A ) - 4 ko) (ap)> =
t—to t—to
A () = A i) (o) _
t—to t—to
— lim M (t) ap — ap (to) op _
t—to t—1o

- (jy = eoli)

t—to t—to

o (S},5Sn)

= a; (to) ap.

Now, let u be a tempered distribution, for the difference-quotient, we have

t—to t—to

- (40 [ @i aw) [ wa) -
— o ([ e ama- [ @, awa) -

1
= | . (40 - At -
- [, (=2,

so by (8!, S,)-continuity of superpositions, the limit

0(81.:84) Tim (M(U)>

t—to t—1o
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exists and its value is the superposition

JRCRCADENN
4. The Dyson Formula

First of all we generalize a fact of elementary Linear-Algebra, namely the following: if
A and B are two diagonalizable endomorphisms on a finite-dimensional vector space with
the same eigenbasis v, then every linear combination aA + bB has the same eigenbasis
and evyaipp(v;) = aeva(v;) + bevp(v;), for every vector v; of v, where evy is the map-
ping associating to every eigenvector of the linear operator L the corresponding (unique)
eigenvalues.

Theorem. Let H be a continuous curve of S-diagonalizable operators with the same S-
etgenbasis and let j1 be a Radon-measure on R. Let n = (n,)per» be the common eigenbasis
of the operators of the curve, and let, for every n-tuple p, E, : R — C be the unique
function such that H(t)(n,) = Ep(t)n,, for every time t. Then, for every n-tuple p,

(/t: Hd”) () = ( /t: Epdﬂ> () -

Proof. 1t’s straightforward,

(/tot Hd”) np) = w (np) dp =

t,

= (/tt Epnpdu> =
= (/tt Epdu> (np). M

Theorem. Let H be a continuous curve of S-diagonalizable operators with the same
S -eigenbasis. Then, for every time t,

( / v HdA) (1) = H (1)

Proof. Let n be the common eigenbasis of the operators of the curve, and let E, : R — C
the unique function such that H(t)(n,) = E,(t)n,, for every n-tuple p and for every time
t. We have, for every n-tuple p,

([ = ([ 5

Let us compute the difference-quotient at a time t;

e (L= [y = 20 () o= ([ 7)on) -
- t_ltl </to Ep_/tolEp>77p7
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passing to limit we have

) '
( /t Hd)\> (t1) (np) = Ep(t1) (mp) = H (t1) (1) -

For every u, we have

e ([ [ )= (L= ) (f o) -
[t ([ ),

when ¢ — ¢, by the previous step, the right hand side tend to

[, Hton = He) w)
and the theorem is proved. B

We finally can conclude with the main result.

Theorem. Let H be a continuous curve of S-diagonalizable operators with a same
S-eigenbasis for the space S),, let (to,uo) be an initial condition in RxS,, and let u be the

curve in S}, defined by
t
u:t— exp (/ HdA) (uo),
to

for every real time t. Then u is o(S},,Sy)-differentiable and it is such that

for every real time t, and u(ty) = ug. Moreover, for every pair of times s and t we have
u(t) = S(s,t)u(s),

where S : R? — SEnd (S!) is the propagator defined by

S(s,t) = exp </t Hd)\> .

Proof. Applying the preceding theorem we obtain

o (1) = ( /to(') HdA)l(t) (exp < /tt Hd)\) (uo)) -
- ( /t:') de>/<t> (u(t) =

= H (t) (u(?)).

Concerning the propagator we have

u(t) = S(to, s)S(s,t)ul(ty) = S(s,t)S(to, s)u(ty) = S(s,t)u(s). A
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Analogously, for the Abstract Heat equation, fundamental in the study of financial
evolution, we have the following.

Theorem (on the abstract Heat equation). Let A:RZ — SEnd(S),) be a continu-
ous curve of S-diagonalizable operators with a common S-eigenbasis for S), and with real
and positive eigenvalues. Then, for every initial condition (0,up) € RZ x 8!, the curve

Y RZ — S given by
t
b () = exp <— / AdA) (o).,
to

for every t >0, is such that ¢/ (t) = —A (¢ (t)), and ¢ (0) = 1.
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