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Abstract

In this paper we propose an integrated procedure for the segmentation of decay regions

from color images of monuments. The integrated procedure consists in combining the nu-

merical techniques of anisotropic diffusion and fast marching. The anisotropic diffusion

has been introduced to limit the smoothing at zones of high gradient in the images. Then

we apply a numerical algorithm based on the theory of interface evolution to the images

obtained after the diffusion process. The study case concerns the impressive remains of

the city of Aosta (Italy).
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1. Introduction

In the Cultural Heritage the use of appropriate image analysis tech-
niques can contribute to analyzing the decay of ancient monuments. In
particular the application of an image segmentation strategy to color im-
ages of stony materials can be an important step to extract decay regions
characterized by chromatic alteration.
The decay region analysis on ancient monuments is a fundamental prob-
lem related to the state of preservation of historical buildings. On the wall
facades of the monuments there are different types of decay such as oxida-
tion, sediment and/or cavities which are recognizable by the feature of the
color. The acquired images, related to the facades of a monument, show, for
example, reddish stains due to oxidation, whitish ones due to the sediment
of saline efflorescence or generally dark / black ones due to lack of material
as in cavities. So in the images the decay areas are characterized by pixels
of different color [1].
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In our application we face the problem to extract decay regions from
color images by using the fast marching method. This method solves the
eikonal equation, whose solution represents the boundary of the Region Of
Interest (ROI) [2,3,4].
This approach allows us to use a segmentation technique, that works in a
local way, that is it extracts from the image, only the region under study.
The numerical model, based on finite difference technique and fast marching
method, approximates the evolution of a curve, that, starting from a seed
point located in the region of interest, expands by incorporating step by
step an increasing number of pixels up finding the contour of the ROI [5,6].
But then the decay areas show colored pixels, which are not distributed
in a homogeneous way. For example, an oxidation stain, in an image, can
contain red pixels or red-yellow pixels together with very dark pixels due
to dust. This may make the extraction of the decay from color images very
difficult.
For this reason we used the anisotropic diffusion to make the decay regions
more uniform and therefore simplify the next process of segmentation. The
basic idea is to smooth the regions and to reduce the smoothing effect near
edges [7]. The related numerical algorithm generates a sequence of smoother
images obtained while the evolution time goes by (space scale).
In this paper we propose an extension of anisotropic diffusion to color im-
ages. In this case the vector components are diffused independently of one
another, but the diffusion coefficient is defined fusing the three components
of the image [8]. The developed procedure constituted by anisotropic dif-
fusion and curve evolution to segment decay regions has been applied to
extract degraded areas from the images of the Roman impressive remains
in the city of Aosta [9].
Every pixel of the images has been analyzed in L*a*b* color components.
CIEL*a*b*, abbreviated CIELAB, color space has been defined by the CIE
(Commission International de l’Eclairage) as a uniform color space [10,11].
For our application, we have used color images taken from the Research
Project between ITABC-CNR and the Superintendence of Aosta.
The paper is structured as follows. Section 2 describes the anisotropic diffu-
sion, its extension to color images and the segmentation algorithm. Section
3 contains some experimental results. Some conclusions are drawn in Sec-
tion 4.
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2. Diffusion Tensor and Color Image Segmentation

In image analysis it is fundamental to smooth the regions of the image pre-
serving their boundaries.
To overcome this problem, Perona and Malik [7] proposed a nonlinear adap-
tive diffusion process, termed anisotropic diffusion, for gray levels images,
described by the PDE (Partial Differential Equation) equation

(2.1)
∂I(x, y, t)

∂t
= ∇ · (g(|∇I|)∇I), I(x, y, 0) = I0(x, y)

where g(|∇I|) > 0 is a decreasing function of the gradient.
In this model the smoothing process is given by the value of |∇I(x, y)|. If it
is high the diffusion is low and therefore the “exact” location of the edges
is obtained. Instead, if |∇I(x, y)| is low the diffusion leads to smooth still
more around (x, y). In this paper we choose as diffusion coefficient function

g(|∇I|) =
1

1 + ( |∇I|
k

)2

where the parameter k is a constant and acts as an “edge threshold”. The
choice of the k parameter is critical. If the value is too large, the result of
the diffusion process will give a blurred image; whereas if the value of k is
too small the result will be an image similar to the original one. For this
reason we assume the parameter k based on the mean gradient magnitude
of the whole image [12].
In order to extend this approach to the color images, let I : Ω → R

n be
an intensity image function with the domain Ω ⊂ R

2, that maps a point
to n-vector I. This definition clearly includes monochromatic or gray level
images as in particular case (n = 1). A color image (n = 3) is constituted
by the three monochrome components [10], that is it may be represented
as a vector function I = (f1(x, y), f2(x, y), f3(x, y)).
In image analysis a color image, visualized by additive mixtures of the RGB

(Red, Green, and Blue) primary colors, can be processed in different color
spaces as RGB, XYZ or CIEL∗a∗b∗.
The application of nonlinear diffusion PDEs to color images I is based on a
local vector geometry [8], in this case the natural extension of the equation
(2.1) becomes

(2.2)
∂I

∂t
= div(g(‖G‖) · ∇I)

where ‖G‖ is a norm of a tensor defined as

(2.3) G =
n

∑

j=1

∇fj∇fT
j
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which is a 2 × 2 symmetric and semi-positive-definite matrix, called by us
diffusion tensor, and gives the local variation of the image.
In this way ‖G‖ fuses the different components of the image. In fact, the
components are diffused independently of one another, but they are linked
by means of the norm of the tensor G.
In (2.3), each ∇fj corresponds to the spatial gradient of the jth vector
component of the color image I.
Let be

G =

(

g11 g12

g12 g22

)

where

g11 = (
∂f1(x, y)

∂x
)2 + (

∂f2(x, y)

∂x
)2 + (

∂f3(x, y)

∂x
)2

g22 = (
∂f1(x, y)

∂y
)2 + (

∂f2(x, y)

∂y
)2 + (

∂f3(x, y)

∂y
)2

g12 =
∂f1(x, y)

∂x

∂f1(x, y)

∂y
+

∂f2(x, y)

∂x

∂f2(x, y)

∂y
+

∂f3(x, y)

∂x

∂f3(x, y)

∂y

The elements of G define the local geometry related to the image discon-
tinuities. The eigenvalues λ± of G define the local min/max vector-valued
variations of color image I corresponding to spatial directions given by the
orthogonal eigenvectors θ±. More specifically

λ± =
g11 + g22 ±

√
∆

2

and

θ± =

(

2g12

g22 − g11 ±
√

∆

)

where ∆ = (g11 − g22)
2 + 4g2

12.
We observe that λ+ ≥ λ− ≥ 0 and for scalar images when n = 1 λ+ = ‖∇I‖
and θ+= ∇I

‖∇I‖ . Moreover if λ+ = λ− = 0, the region of interest is flat and
does not contain any edges or corners; while if λ+ >> λ−, there are many
edges in the region.
To complete the analogy with (2.1) we have to introduce a metric for G.
We adopt as tensor norm

Θ =
√

trace(G) =
√

λ+ + λ−

that in natural way extends the gradient norm of color images. In fact in
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the case of gray level images (n=1) the tensor Θ reduces to |∇I|. More
specifically we can define

Θ =

√

∑

i

|∇fi|2

and ||G|| = Θ.
Moreover the coefficient function g(||G||) in (2.2) is

(2.4) g(||G||) =
1

1 + ( ||G||
k

)2

where the parameter k is based on mean tensor norm ||G|| of the whole
image.
Now a curve evolution approach is proposed integrated with the previous
anisotropic model.
Let Ĩ : Ω → R

n be the diffused intensity image function.
The goal of image segmentation is based on partitioning Ω in order to ex-
tract disjoint regions from the image Ĩ such that they cover Ω. The bound-
aries of these regions may be considered as curves belonging to a family
whose time evolution is described by a level set equation [2,3]. The main
advantages of using the level set is that complex shaped regions can be
detected and handled implicitly [13].
As in [14] the governing equation of a monotonically advancing front in the
image domain is given by a non linear eikonal equation

(2.5) |∇T (x, y)| =
1

F (x, y)

where T (x, y) is the function representing the arrival time at which the
curve crosses a given point at the time t, 1

F (x,y) = f(x, y) is the so called

curve slowness [14].
In details the known term F (x, y) is typically computed in image form and
it represents the front speed point by point. So, known F (x, y), the solution
of differential equation is the minimum time T (x, y), for each pixel, neces-
sary for the front to arrive at the pixel location.
It is well known that the choice of the speed term in the fast marching
method is a fundamental task and in this paper we propose as speed func-
tion F (x, y) = 1

1+||G||
In the opinion of sector expert scientists the procedure of integration be-
tween anisotropic diffusion and curve evolution has the advantage solving
the problem of non-uniform distribution of the colors in the ROI without
smoothing decay boundaries.
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2.1. Numerical Approximation

For the numerical approximation of the equation (2.2) we introduce the
computational domain Ω obtained by subdividing the original domain into
N x M points.
Let Pi,j ≡ P (xi, yj), i = 1, . . . , N , j = 1, . . . , M be a point in Ω and
Ii,j ≡ (f1(xi, yj), f2(xi, yj), f3(xi, yj)) we introduce the half steps in the x,y
directions and Pi+ 1

2
,j , Pi,j+ 1

2

, Pi,j− 1

2

, Pi− 1

2
,j are the corresponding compu-

tational points.

The equation (2.2) may be written

∂I(x, y, t)

∂t
=

∂(c(x, y, t)Ix)

∂x
+

∂(c(x, y, t)Iy)

∂y

where c(x, y, t) = g(||G(x, y, t)|| and in the point Pi,j we define ck
i,j =

g(||G||ki,j).
Usually in an image ∆x = ∆y = 1 and so the numerical scheme is

(2.6) Ik+1
i,j = Ik

i,j + ∆t
[

ck
i+ 1

2
,j
(Ik

i+1,j − Ik
i,j) − ck

i− 1

2
,j
(Ik

i,j − Ik
i−1,j)

]

+∆t
[

ck
i,j+ 1

2

(Ik
i,j+1 − Ik

i,j) − ck
i,j− 1

2

(Ik
i,j − Ik

i,j−1)
]

where ∆t is the integration time step.
Moreover let Ti,j be the value of the function T (x, y) in Pi,j . The following
formula, based on an upwind approximation, numerically solves the eikonal
equation (2.5)

(2.7) [max(D−x
i,j T,−D+x

i,j T, 0)2 + max(D−y
i,j T,−D

+y
i,j T, 0)2]

1

2 = fi,j

where D−
i,j and D+

i,j are the usual backward and forward finite difference
operators, respectively. For example we have

D−x
i,j T =

Ti,j − Ti−1,j

xi − xi−1
.

and analogously for the other operators. It is well known that this approx-
imation is consistent and stable [2,3,4].
In order to solve the nonlinear equation (2.7), we have adopted the fast
marching method because it seems more appropriate for image segmenta-
tion applications. The algorithm starts from an initial point, named seed
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point. The front evolving from this point, propagates to the normal direc-
tion with a special speed F (x, y) [6,13].
We underline that we have to calculate the arrival times Ti,j in order for
the front to cross the boundary point Pi,j and the values of the function
Fi,j are known in every point of the computational domain. We can observe
that in this algorithm each grid point depends only on the smaller adjacent
values and thus we can build the solution in order to increase values of Ti,j .
Moreover the fast marching algorithm may be connected with Huyghen’s
principle and with the Dijkstra’s method; the first asserts that the wave-
front of a propagating wave at any instant produces an envelope of spherical
waves emanating from every point on the wavefront at the prior instant,
the second is a depth-search technique for computing shortest paths on a
network.
Therefore the solution of the eikonal equation may be interpreted in the fol-
lowing way: circular wave fronts are drawn at each point on the boundary
with the radius proportional to f(x, y). The envelope of these wavefronts is
used to construct a new set of points and the process is repeated until the
limit of the eikonal solution is obtained.

3. Experimental Results

In this section we show the results obtained by applying the developed
procedure, based on the integration of anisotropic diffusion model and curve
evolution method to real images of the Roman Theatre and Arch of Au-
gustus in the city of Aosta.
The Roman Theatre which dates back to the Augustan age (1st century
A.D.) is a rare example of the Roman architecture of covered theatres. For
our application, we have utilized color images taken from SIINDA (SIstema
Innovativi di iNdagine e Diagnosi Assistita) ( [15].
The acquired images have been geometrically and chromatically corrected
by using a colorimetric target under controlled light conditions.
An example of the obtained results related to oxidation and sediment decays
are shown in the figures 1 and 2, respectively.

The Arch of Augustus, dedicated to the Emperor Caesar Augustus,
dates back to the same period when the town of Aosta was founded by the
Romans in 25 B.C. It was built with local stone and is 11.50 meters tall.
The acquired images of this building have been geometrically corrected and
ortho-rectified [9].
The contours related to stains of biological decay obtained by the appli-
cation of the procedure are shown in figure 3; analogously the resulting
contour of additional material of black color is shown in figure 4.
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Fig. 1. Stain of oxidation

The prototype software has been implemented on a 2.4Ghz PC.

4. Conclusions

In this paper we have presented an integrated procedure of segmen-
tation applied to color images, based on curve evolution method and an
anisotropic diffusion extended to color images by local vector geometry.
The tensor obtained fuses the different components of the image.
This procedure has been suggested by the type of the real images exam-
ined, which present decay regions constituted by pixels of different colors
not uniformly distributed.
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Fig. 2. Stain of sediment

Fig. 3. Colored stains of biological decay
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Fig. 4. Black stain of material addition

Heritage, 8 (2007), pp. 170–175.

2. J.A. Sethian, Level set methods and fast marching methods, Cambridge
University Press, 1999.

3. J.A. Sethian, A fast marching level set method for monotonically ad-
vancing fronts, National, Academy of Sciences 4 (1996), pp. 1591–1596.

4. J.A. Sethian, Evolution, implementation and application of level set and
fast marching methods for advancing fronts, Journal of Computational

Physics 169 (2001), pp. 503–555.

5. G. Sapiro, Color snakes, Computer Vision and Image Understanding,
68 (1997), pp. 247–253.

6. J.Yan, T. Zhuang, B. Zhao, L. H. Schwartz, Lymph node segmentation
from CT images using fast marching method, Computational Medical

Imaging and Graphics 28 (2004), pp. 33–38.

7. P. Perona, J. Malik , Scale-space and edge detection using anisotropic
diffusion, IEEE Transaction on Pattern Analysis and Machine Intelli-

gence 12 (1990), pp. 629–639.

8. D. Tschumperlé, R. Deriche, Vector valued image regularization with
PDEs: a common framework for different applications, IEEE Trans-

action on Pattern Analysis and Machine Intelligence 27 (2005), pp.
506–517.

10



DOI: 10.1685/CSC09332

9. P. Salonia, V. Bellucci, S. Scolastico, A. Marcolongo, T. Leti Messina,
3D Survey technologies for reconstruction, analysis and diagnosis in
the conservation process of cultural heritage, in Atti del XXI CIPA

International Symposium, Atene, 2007.

10. R. Lukac, K. N. Plataniotis, Color Image Processing Methods and Ap-

plications, Taylor & Francis Group, 2007.

11. G.Wyszecki, W.S. Stiles, Color Science: Concepts and Methods, Quan-

titative Data and Formulae, 2nd ed., John Wiley and Sons, 1982.

12. S. Chao,D. Tsai, An anisotropic diffusion-based defect detection for low-
contrast glass substrate, Image and Vision Computing 26 (2008), pp.
187–200.

13. J.Deng, H. T Tsui, A fast level method for segmentation of low cost
noisy biomedical images, Pattern Recogntion Letters 23 (2002), pp. 161–
169.

14. M.M. Cerimele, R. Cossu. Image segmentation using the fast marching
method. In Proceedings MASCOT06, 2006 pp. 37–48.

15. Progetto SIINDA, Ricerche e sviluppi di distemi innovativi di indagine
assistita, Piano Nazionale di Ricerca Parnaso, 2001.

11


	Introduction
	Diffusion Tensor and Color Image Segmentation
	Numerical Approximation

	Experimental Results
	Conclusions

