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Staircase polytopes and visualization of targets
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Abstract

Staircase diagrams of monomial ideals in two or three variables are employed for
having geometric objects useful in some applications to security problems.
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Introduction

Monomial ideals are very interesting objects from the combinatorial point
of view.

In the square-free case, their connection with graphs theory, simplicial com-
plexes, makes them precious for the applications in different fields from the
commutative algebra and algebraic geometry.

Our aim is a project of application in the field of security in the world to
help to encrypt messages, to transmit reserved information.

The techniques that we have to utilize are complex and, as a consequence,
accessible only a restricted and selected set of mathematicians, so they are
a very sure instrument for reserved operations.

Source of inspiration is the staircase speak, in the 2- or 3-dimensional
case, since we can build diagrams significant for our purposes.

More precisely, in section 1. we recall some definitions and introduce
new classes of monomial ideals, obtained, through a selection process, by
Veronese monomial ideals, the so-called ideals of Veronese type and the
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bounded ideals of Veronese type (see [1], [0]).

In section 2. we consider the bi-dimensional and three-dimensional cases
and the staircase polytopes that are the diagrams of a monomial ideal.
Then we consider the construction of selected staircase diagrams, useful in
the security field.

In section 3. we give, as an application, the construction of a friend graph,
located on the surface of the staircase polytope. From such a graph we can
obtain new regions and new paths on the staircase surface, for reserved
information.

1. Selection procedures for monomial ideals

In this section we will introduce some definitions and results that we
will utilize later.
Let A be the polynomial ring A = K[z1,22,...,2,], K a field.

Definition 1.1. Let I be a monomial ideal of A generated in degree ¢ > 0.
We call I a g-Veronese ideal if I is generated by all monomials in A of
degree q .

Let I be a monomial ideal of A and I, denote the ideal generated by all
monomials in I of degree q.

Definition 1.2. Let I be a monomial ideal of A.
We call I a Veronese ideal if I, is a g-Veronese ideal, for each ¢ > 0.

Definition 1.3. Let I be a monomial ideal of A generated in degree ¢ > 0.
We call I an ideal of Veronese type if I is generated by the set of monomials
in A of degree ¢ such that

n
{xcllil---ajziﬂZaij:q, 0<a; <s1, ..., 0<a;, <sp} .
i=1

We denote this ideal I, . s,-
If $1 =+ = s, = s, we write Iy;.
For s = ¢q, it is I, = 1.

Definition 1.4. Let I be a monomial ideal of A.
We call I an ideal of Veronese type if I, is Veronese type, for each ¢ > 0.

Example 1.1. (Ideal of Veronese type generated in degree 3)
Let A = Klx1,x9,23].
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2 2 2 .2 2 2

I3 = (x{we, x{T3, X125, THL3, T1T5, T2T3, T1T223)
2 2

I3011 = (x{w2, B3, T1T223)

Example 1.2. (Ideal of Veronese type)

Let A = Klx1,x9,23].

I= (x%,xlftg,ﬁﬂg,:ﬂll’%,ngﬁ%)

Iy =1y = (.%'%,.%'1332,.%‘%)

Is =13339 = (x:{’, $%$2,$%ﬂ?3,$1$%,1)1$2$3, :El.CC%,SC%,l‘%l’g,.TQZL‘%)
Iy = I4443

Is = I5554

Remark 1.1. If [ is an ideal of Veronese type, for some ¢ > 0, then [ is
Veronese type.

Let’s now introduce a new class of ideals that, from our point of view, is
more interesting than the previous class of ideals of Veronese type.

Definition 1.5. Let I be a monomial ideal of A generated in degree g > 0.
We call I a bounded ideal of Veronese type if I is generated by the set of
monomials in A of degree ¢ such that

n
a; iy
{af" - an > e, =q, 0<ri <a, <s1, ..., 0< 1, <ag, <sp}
j=1

We denote this ideal Ig.p .. rnis1,. 8-
Ifry =.-- =mr, =0, the ideal [ is an ideal of Veronese type in degree

Definition 1.6. Let I be a monomial ideal of A.
We call I a bounded ideal of Veronese type if I, is a bounded ideal of
Veronese type, for each ¢ > 0.

Definition 1.7. Let I be a monomial ideal of A.
A selected ideal I' from I is a monomial ideal generated by a subset of the
set of minimal generators of I.

Prop 1.1. Let I be a Veronese ideal in degree ¢, I’ be the ideal of Veronese
type in degree q and I” be the bounded ideal of Veronese type in degree g.
Then I’ and I” are selected ideals from I, and I” a selected ideal from I’.

Example 1.3. (selected ideals)
Let A = K|z, 22, x3].
Let’s consider the ideals in the Example 1.1 and select generators inside
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them.
2 2 2 2
I301.1221 = (zi22, 2123, 523, T2xF) .
In fact, we select 4 generators inside I3.s.
_ (2 2
I3911:2,1,1 = (x122, T723) .
In fact, we select 2 generators inside I3.21 1.

Definition 1.8. Let I be a monomial ideal in Kz, z2, x3].
We call I a strongly generic ideal if every pair of minimal generators a:zlx% ]3?
and 2% 23 25" of I satisfies

i#4d ori=i =0, j#5 or j=5'=0, and k#k or k=K =0.

Example 1.4. I = (2% 23,23, 1129, 2013) C K|x1,29,23] is strongly
generic.

Remark 1.2. In general, Veronese ideals or ideals of Veronese type are not
strongly generic.
But I = (22, 7172,23) yes.

2. Staircase polytopes

The staircases speak uses the convex geometric techniques, and, contem-
porary, combinatorial and algebraic methods, to express data associated to
arbitrary monomial ideals in two or three variables.

Our main purpose is that to describe the (planar) graphs arising from the
monomial ideals in two or three variables. For this reason we will denote
the variables x1,x2,x3 by x,y,z, obtaining a visible effect.

Consider an arbitrary monomial ideal I in the bivariate polynomial ring
A = Klz,y], I = (mq,...,m,), where each m; is a minimal monomial
generator of . We write

= (,rn17 o 7mr) _ (xmybl’xazybz7 . 7xarybr)’

where a1 > a9 >--->a, >0 and by > by >--->b. >0.

Remark 2.1. The diagram for I shows the interface between two regions
of the plane zy:

15t region: contains monomials in I (as exponent vectors of the monomials),
27d region: contains monomials not belonging to I.

The staircase diagram for the ideal I is the following:
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s e 0 s 00000000
e e 00000000
® & & 0 0 0000 0

Fig. 1.

Let I be a Veronese ideal in degree ¢, I’ be the ideal of Veronese type in
degree ¢ and I” be the bounded ideal of Veronese type in degree q.

Let’s D denote the staircase diagram of I and D’, D" denote the staircase
diagrams of I, I" respectively.

Remark 2.2. The diagrams D’ and D" can be obtained from D by skip-
ping some corners.

Example 2.1. I = (22, zy,y?)
Yy

(0,2) 00—

¢ I = (1,0) € 2" region
w3y € I = (3,1) € 1% region
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Example 2.2. [ = (22, zy)
Y

T
(2,0)
Example 2.3. [ = (zy,1?)
Yy
(0,2) ¢
(1,1)
T

Remark 2.3. In the Examples 2.2, 2.3, we delete (or select) a lattice joint.
Moreover:

in the Example 2.1, I is the 2-Veronese ideal of K[z, yl;

in the Example 2.2, I is the ideal of Veronese type of K[z,y| in degree 2,
with il < 2, ig < 1;

in the Example 2.3, I is the ideal of Veronese type of K[z,y| in degree 2,
with il S 1, ig S 2.

In the following we will look at these examples in two variables for some
ideas about security.
Each ideal of Veronese type in degree ¢ selects monomials inside the minimal
generators of the ¢-Veronese ideal.
Example 2.4. Let ¢ = 4, I = (2% 23y, 2%y?, 293, y*) be the 4-Veronese
ideal. We can consider the correspondences:

4— {(47 0), (37 1)7 (27 2)7 (L 3)7 (07 4)}

(4; 37 2) - {(37 1)7 (27 2)}7

where (4;3,2) means the Veronese ideal generated in degree 4 and type
(3,2), in the sense that I = (z12% | iy +is =4, 41 < 3, iz < 2).
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Other examples:
(4; 27 2) - {(27 2)
(4; 37 3) - {(37 1)7 (2a 2)7 (1a 3)}

Remark 2.4. In the staircase diagram of a Veronese ideal, no step is

skipped.

In the staircase diagram of an ideal of Veronese type, some steps are
skipped.

}
}
}

For monomial ideals in three variables, the staircase diagram is more inter-
esting from our point of view. Consider the monomial ideal

_ 4 4 4 3 2 3.2 2 2 3
I—(:L‘,y,z,myz,a:yz,xy,:cyz)

(not generated in the same degree).
Its staircase diagram in three variables is the following ( [3], Fig. 3.1):

004

LA 13

C
C J
\ 040

321 Y

400

Fig. 2.

The surface of the staircase diagram is the interface between being in I or
not being in I. The lattice points strictly behind the interface are those
outside of I. Any lattice point that is visible in the staircase diagram is the
exponent vector of a monomial in I. Dark dots correspond to the minimal
generators of I (sit at the inner corner).
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In the same way, as in the 2-dimensional case, we can select lattice points
in the staircase diagram in 3-dimensional case.

In particular, if we consider ideals of Veronese type or bounded ideals of
Veronese type instead of Veronese ideals, we have a combinatorial rule to
select points (loci) in possible displacements of targets.

3. Buchberger graphs

Definition 3.1. ( [3], Def. 3.4)

Let A = K[z1,x2,...,z,] be the multivariate polynomial ring over a field

K. Let I = (my,...,my) be a monomial ideal of A.

The Buchberger graph of I, Buch(I), is a graph such that:

1) its number of vertices equals the number of minimal generators of I;

2) the couple (4, j) is an edge if, denoted m = lmc (m;, m;), each generator
my, k # i, 7j, having degree different from that of m in every variable
that occurs in m, satisfies my t m.

Example 3.1. If I = (my,...,m,) is a monomial ideal in K|x,y], then
Buch(7) has r vertices and r — 1 consecutive edges.

In the 3-dimensional case, there exist monomial ideals such that Buch([)
can be embedded nicely into staircase diagrams, in the sense that one re-
quires that Buch(I) is planar or Buch(I) is connected, and other its nice
properties.

Example 3.2. Let I = (2, 3%, 24, 2322, 29222, 2y?, 2%y23) .
We have the following picture for Buch(I) ( [3], page 48),

Fig. 3.
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This is a planar and connected graph.

Proposition 3.1. If I C K|z,y,z| is a strongly generic ideal, then the
Buchberger graph is planar and connected.

Proof. See [3], Prop. 3.9.

Definition 3.2. Let I C A be a Veronese ideal in degree ¢, I’ be an ideal
of Veronese type in degree ¢ and I” be a bounded ideal of Veronese type in
degree q.

Let G be the Buchberger graph of I.

The Buchberger graphs G’, G” of I', I"” respectively, are called selected
graphs from G.

Remark 3.1. G’ and G” are obtained from G by deleting vertices and
joining the remaining vertices.

The following definition characterizes classes of graphs in the 3-dimensional
case with nice properties.

Definition 3.3. Let I = (my,...,m,;) be a monomial ideal of

Klxy,29,...,2] .

We call Buch([I) a friend graph if the following conditions are satisfied:

1) Imc (m;, m;) lies on the staircase surface of the staircase diagram of I;

2) Imc (m;, m;) has not other edge passing through it;

3) each edge (i,7) in Buch(I) is drawn in the staircase surface as the
union of two line segments (from m; to lmc (m;,m;) and from m; to
Imc (mi, m]))

Example 3.3. If I C K|z,y, 2] is strongly generic, then Buch(7) is a friend
graph and, in addition, Buch([) lies on its staircase surface.

Example 3.4. [ = (222, 2yz,y%2) C K|z,y, 2] is a friend graph.
In fact, Buch(I) is the graph:

(2,0,1) (l,rl\,l) (0,2,1)

2

and Imc (222, ryz) =22yz, Imc (222, y%2) =22y%2, Imc (zyz, y?2) =29%2.
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The staircase diagram is the following:

z

T

and we can see the planar graph on the plane z = 1.
The lattice point (2,2,1) on the surface of the staircase polytope is not a
vertex of the graph, but it satisfies conditions 1), 2), 3) of Definition 3.3.

Proposition 3.2. Let I be a monomial ideal of A = K|[x,y,z| generated
by r monomials m;j;, = ziyl 2k, 0,4,k <0 such that i = const, or j = const,
or k = const. Then Buch (1) is planar and it has r vertices and r—1 edges.

Proof. In ¢ = const, all lattice points that correspond to the generators
of I lie on the plane x = const of the staircase diagram. Then Buch (I) is
planar. Similarly for the remaining cases. O

Remark 3.2. In particular, if i = j, all lattice points lie on the line having
equation ¢ = const, j = const, and Buch (I) is a path with r vertices and
r — 1 edges. Analogue result if i =k or j = k.

We encourage to utilize the previous results for developing topics and
their applications in security fields. The same direction has been followed
in the papers [2], [1].
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