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Abstract

Fractal Riemann surfaces are generated as iterators of branched covers (complex

multi-valued functions). They feature self-similar geometries, an interesting Iterated Mon-

odromy Group (img) driving their topologies, and an easy way to get their symbolic dy-

namics browsed. On the contrary, convergence issues, numerical accuracy and the onset

of chaotic dynamics are present in the direct, homotopy problem of computing paths

on them. Theoretical results of analysis and synthesis will be given, with a final look to

possible applications in Computer Science (signing and private-key cryptography) and

Physics (scattering in fractal resonators).
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1. Algebraic Toplogy

Let P ∈
(
Cd[z]\Cd−1[z]

)
/C for some d ∈ N\{1} (i.e. P be a complex-

coefficients, monic, dth-degree polynomial) with 1≤j≤r distinct roots’ vec-
tor z≡(z1, z2, ..., zr)∈Cr of multiplicities’ vector m≡(m1,m2, ...,mr) (and
m1+m2+...+mr=d). Consider Riemann surface A1 defined by the implicit
equation [1]

(1) wp − P (z) = 0.

A1 is equivalent a covering space of C̃ via map f−1:A1−→C̃, where

(2) w = f(z) ≡ p
√

P (z),
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is the explicit, multivalued equation defining the same Riemann surface.
Polynomial P can be written in factorized form in a compact notation too,
where 1n :≡ (1, 1, ..., 1)∈Nn as:

(3) P (z) =
r∏

j=1

(z − zj)
mj :≡ (z1r − z)m.

In a similar fashion let the r-tuplets µ,π∈Nr, µ

π
:≡

(
µ1

π1
, µ2

π2
, ..., µr

πr

)

∈Qr and

π∞∈N such that (1≤j≤r):

(4)
mj = µjgcd(mj, p)

p = πjgcd(mj, p)
d = π∞gcd(d, p)






=⇒

{
m

p
= µ

π

gcd(µj , πj) = 1

Then (3) may be compactly rewritten as:

(5) w = f(z) = (z1r − z)
µ

π .

Next paragraph is dedicated to the algebraic-geometric properties of mul-
tivalued function f , whereas next Chapter is devoted to studying the nth

iteration fn(z) = (f ◦ f ◦ ... ◦ f)(z).

1.1. First iteration

Equation w = f(z) globally defines a Remann surface with lcmπ sheets,
where lcmπ≤p and equality holding iff m1,m2, ...,mr |p, so we may assume
that is the case (otherwise such an f could be simplified). All the roots of
P such that πj>1 are branch points of multiplicity πj−1 (as well as ∞, of
multiplicity π∞−1); let B⊂C̃ be this set of branch points.

Fig. 1. Real and Imaginary parts of 5
p

z (z6
− 1), with branch cuts in red.
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Considering f−1 as a branched p-covering [2] ofA0:=C̃\B allows to com-
pute the topology of A0: any closed path γ⊂A0 winding clockwise around
the jth branch point kj∈Z times, jumps ‘up’ by kjmjmodp sheets, so there
is a 1-cycles’ homomorphism

(6)

Z1(A0) −→ Z1(A1) −→ H1(A1)
l l l
Zr −→ Zr

p −→ µ

π
Zπ :=

⊕r
j=1

µj

πj
Zπj

,

a homology class of loops (1-cycles) in A0 being thus represented by a modp
multi-index [k]∈Zr

p, whereas its generalized genus is, cfr. (12):

(7) κ1 = |π|+ π∞ − 2p − r + 1,

and if κ1 is even, then g1=
κ1

2 and A1 is homeomorphic to a g1-handled torus
Tg1

. This is also consistent with the well-known hyperellipticity condition
[2] (i.e. p = 2 and P with simple roots only), in fact in that case

(8) g1 =

⌈
d

2

⌉

− 1.

1.2. Monodromy groups

Let c:C−→X be a finite covering of path-connected and locally path-
connected topological space X and let γx be a loop based in x∈X; its
lift c ↑ γx is a path on C ending in a different point from c−1(x). This
fibres’ permutation x̥ is the (right) monodromy action [2] of π1(X,x) on
symc−1(x); the monodromy group of x is the subgroup

(9) mgxX
def

= x̥ (π1(X,x)) ∼=
π1(X,x)

c∗π1(X,x)
≤ sym c−1(x).

Since on A1 all the branch points are present on every sheet its mon-
odromy group does not depend of the chosen point, the surface’s funda-
mental group Zr

p acts as a permutation of the p sheets (with symZp = Sp)
and the monodromy action s̥ ∈ Hom(Sp, Z

r
p) only depends on the sheet

number s ∈ Zp where the loop γ of winding vector [k] starts from:

(10) s̥[γ] = (s + [k] ·m) modp.

Let f(z)=(z− z6)
6
√

(z − z1)(z − z2)2(z − z3)3(z − z4)4(z − z5)5(z − z7)7 as
an example. p=6, r=7, and m=(1, 2, 3, 4, 5, 6, 7); then µ=(1, 1, 1, 2, 5, 1, 7)
and π=(6, 3, 2, 3, 6, 1, 6) (with lcmπ=p=6).

Consider a loop [k] with k=(−1, 2, 1, 0, 1, k6 , 0) ∀k6∈Z starting from
3rd sheet. Whether its winding order around the branch points is
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Fig. 2. Higher iteration of the imaginary part in Fig.1; branch-cuts are shown as trans-
parent planes linking different-generation sheets.

yz1xz2xz2xz3xz5 or xz2xz5xz3yz1xz2, the visited sheets’ sequence
is 3 2 4 6 3 2 or 3 5 4 1 6 2, respectively, always ending on
the 2nd one, according to (10).

2. Higher iterations

Consider multivalued equation w=fn(z), defining the Riemann surface
An, ∀n∈N; now formally letting w0=z, wn=w and wk=fk(z) for 1≤k<n it
is clear that wk+1=f(wk), so f−1 is a branched p-covering An+1−→An; this
time branching happens with respect to variable wk+1 which depends from
multivalued wk: every sheet of An (which is called an nth-generation sheet)
ramifies to p sheets of An+1 which, by induction on n, has pn+1 sheets. The
nth-generation branch points for the nth-generation sheets are clearly for
f(wk)∈{0,∞}, with the same considerations of §2.1, but lower-generation
branch points are present also, linking lower-generation sheets with each
other. To find these branch points on the original Riemann surface one
goes by induction: for example, consider the partial branched self-covering

A2
f−1

−→ A1
f−1

−→ A0:

(11) w2 = f(f(z)) = f(w1) = p

√
√
√
√
√

r∏

i=1



 p

√
√
√
√

r∏

j=1

(z − zj)mj − zi





mi

.
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The 1st-generation branch points are z∈B, whereas 2nd-generation branch
points are all the p determinations of w1 being in B (i.e. the ramification
points of A1 are the 2nd-generation branch points of A2). It may happen,
though, that fn(z)=0 has some solutions in common with fk(z)=0 (k<n) so
there are nth-generation branch points linking also lower-generation sheets
with each other. This phenomenon, which will be called cascading, does not
disrupt the self-similar branching of the surface, as it will happen between
every sheets whose generations are multiple of n and k, respectively: a
symmetry gets broken, but is restored later at higher orders. Also note that
cascading trivially happens for every n if P is a homogeneous polynomial.

Fig. 3. Real (top) and Imaginary (bottom) parts of fn(z), for f(z) = 3

q

z
`

z −

1
2

´

and

(left to right) n = 1, 2, 3.

The topology of An is recovered by applying the Riemann-Hurwitz for-
mula to the branched self-covering: the surface is homeomorphic to the
connected sum of κn real projective planes and, if κn is even an gn=κn

2 , it
is Tgn

— a sphere with gn handles:

(12) κn =
pn − 1

p− 1
(|π|+ π∞ − 2p− r + 1) .

2.1. The iterated monodromy group

Let (On)n∈N be a self-cover of a topological space (or orbifold) O, where
c:O1−→O is the partial self-covering. Let ̥n

x be the monodromy action of
cn:On−→O in x∈O, then the Iterated Monodromy Group (or img) of O is
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(cfr. [3] and [4]):

(13) imgO
def

=
π1(X)

⋂

n∈N
Ker n̥

x

.

The img of a post-critically finte function like f−1 is the img of its Julia set
Jf , i.e. the accumulation points’ set of the forward orbits of f . The imgJf

is properly topologized and proven in [3] to be homeomorphic to Jf , so it
provides a algebraic (symbolic) explaination —via the shift map— to the
symbolic dynamics of Jf under f (since every Julia set is invariant but not
fixed by f itself).

Function f maps every point [sheet] wn∈An to p points [sheets] in
wn+1∈An+1 — exactly in the uncascaded case, so the p-ary rooted trees of
f ’s images are all isomorphic with each other and the monodromy groups do
not depend on starting point wn. The monodromy groups act faithfully on
the sheets by bringing forward the orbits of such points via automorphisms
of the aforementioned tree. For n→∞, such actions become invariant on the
orbispaces (orbifolds, since the underlying space of such discrete dynamics
is a Riemann surface) of the monodromy groups. The img is generated as
a portrait of the limit fractal Riemann surface itself and its elements act
like a sort of ‘global positioning system’ (gps) on it.

In fact, travels on such Riemann surfaces are represented by the sym-
bolic dynamics of the visited sheets. In the absence of cascading, this means
that every path on An is equivalent to a free product of winding vectors,
such that every time the path stays on kth-generation sheets, its symbolic
dynamics is simplified to that of a path homeomorphic to one on Ak, i.e. it
is represented by the free-product group

(14)

n times
︷ ︸︸ ︷

Zr
p ∗ Zr

p ∗ · · · ∗ Zr
p

Using (11) a loop γ∈ C0([0, 1],A0) travels on A2 by its lift f−2↾γ=f2(γ)
whose dynamics is coded by words of free double alphabet of [k1] and [k2]:

(15) f2(γ(t)) = e2πik1·
µ

π
p

√
√
√
√
√

∣
∣
∣
∣
∣
∣

r∏

i=1



e2πik2·
µ

π p

√
√
√
√

r∏

j=1

|z − zj|
mj − zi





mi
∣
∣
∣
∣
∣
∣

.

Plots in Figs.2–5 show Argfn(z) for several polynomial functions. Dots’
brightness is proportional to the principal argument, with white-to-black
discontinuities representing the branch cuts: most branch cuts tend toward
infinity, whereas those between finite branch points often show self-similar
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Fig. 4. Branch cuts shown as Argfn(z), for f(z)=
p

z (z2 + 1) (n = 13, left) and

f(z)= 7
p

(z − 1)(z7 + 1) (n=11, right).

discrete symmetries and/or bifurcations, as long as different-generation
sheets are glued together.

Of course it is possible to use rational functions N(z)
D(z) instead of simple

polynomials P (z): in this case, provided gcd(N,D)=1, the branch points
of f are of two types: branch zeroes are N ’s roots, and branch poles are
D’s roots (i.e. the polar singularities of the rational function), whereas ∞
can be either a branch point, a branch zero or a regular point. Other than
cascading, a pole-zero (pz) cancellation phenomenon may occur, where at
some iteration the zero [pole] of a higher-generation rational function can-
cels a pole [zero] of some lower-generation functions out; cfr. Figs.5–6.
Hereinafter, rational-type prefractal Riemann surfaces are indicated as Bn.
At every iteration the factors of N and D in fn get mixed together, so
the dynamics get more entangled and a few analytical examples can be
found; the consecutive branching of prefractal surfaces is not only affected
by occasional cascading, but also on pz cancellations, removing branch
points among different- and same-generation sheets and —in some patho-
logical cases— dominate over the standard dynamics, leaving the sheets
with poorer connections. In some cases this leads to prefractal surfaces
with a number of sheets which is either fixed or grows with n slowly than
the number of branch points (so the sheets’ connection matrix is definitely
sparse).

If degN=degD the limit function limn fn(z) is well-defined on the cor-
responding Julia set Jf : this is guaranteed by the fact that branch poles
are equipotent with regular branch points on C and that there always exist
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Fig. 5. Branch cuts shown as Argfn(z), for f(z)= 5

q

z5+1
z(z5

−1)
(n = 23, left) and

f(z)= 6

q

z6+1
z(z6

−1)
(n=32, right).

  

Fig. 6. Branch cuts shown as Argfn(z), for f(z)=
q

z2+1
z−1 (n = 11, left) and

f(z)=

q

(z+ı)2

z−1 (n=17, right).

a connected open set which |Dfn| < 1 holds inside (it can be found by
adjusting the monodromy path of a loop travelling on An).

Plots of Figs.5–6 show the argument of such iterated functions as be-
fore, this time with equidistributed zeroes and poles along with the already
observed self-similar symmetries.
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3. Galois theory and the Iterated Monodromy Group

Consider the Galois group of C[wn]/C[wm], for some m<n. Locally, ev-
ery expression like wn = fn(z) is represented by a Puiseux series in C[[wm]];
for example, near branch point zj there exists one in C[[z− zj]]. In the sim-
pler case p=1 (but with rational initiator), the explicit equation (1) can be
written as wDn(z)−Nn(z) = 0; let Σn be the splitting field of (Weierstrass)
polynomial Nn − wDn ∈C{w}[z], which is also a polynomial with respect
to the unknown z and coefficients in the field of rational functions C{w} of
variable wn+1, since

wn+1 =
Nn(z)

Dn(z)
=

N(wn)

D(wn)
.

Thus Σn = C{wn} (ker (Nn −wDn)) is an algebraic extension field. The
associated Galois field Gal Σn

C{w} is well-known to be isomorphic to the mon-

odromy group of the branches fn : C̃ −→ C̃, e.g. to the permutations’ group
of sets f−n(w0) induced by the action of goup π1 (Bn, w0), then:

(16) Gal
Σn

C{w}
= mgfn.

Theorem 3.1. If f = N/D∈C{z} is a post-critically finite rational func-
tion, then its profinite img is isomorphic to the corresponding Galois group,

imgf = Gal
Σ

C{z}
,

where

Σ =
∞⋃

n=1

Σn = lim
n

Σn.

The splitting fields’ sequence (Σn)n∈N0
, with Σ0 = C{w}, are inclusively

mutual extension fields with Σn≤Σn+1, whereas the Galois groups contain
automorphic functions fixing C{z}. That leads directly to a newly proven
result:

Lemma 3.1. The monodromy-group sequence of prefractal Riemann sur-
faces (Bn)n∈N0

is an inclusive sequence of mutually normal subgroups, i.e.
[1]:

mgBn ⊳mgBn+1

and
ordmgBn = (ordmgB1)

n
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Theorem 3.2. If f features no pz cancellation phenomenon, then mgBn

is solvable if and only if mgB1 is solvable itself and, ∀m,n∈N s.t. m<n:

mgBm+n

mgBm

∼= mgBn.

The profinite img of the limit fractal surface B∞ is the inverse limit of the
(finite) monodromy groups’ sequence, i.e.:

imgf ∼= lim←−
n

mgBn.

Apart from being a sufficient condition for the solvability of the monodromy
problem, this result shows that symbolic dynamics on a such a Riemann
surface can be formally described by a starting sheet number and a se-
quence of winding vectors, each one accounting either consecutive wind-
ings on highest-generation branch points, or a single winding on another
branch point, which means that the path crosses from one family of same-
generation sheets to another (either the same generation or a different one).

4. Riemann chaos

The number of branch points (both poles and regular ones) exponen-
tially increases and does so on every sheet —apart from pathological cases—
due to dominant cascading or zero-pole cancellation. The branch points of
lower generations are usually solved, locally near a higher-generation one,
by cyclotomic-like equations, so the mean distance between them is locally
decreasing as n increases. Any arbitrary choice of branch cuts produces a
family of curves whose branch endpoints are definitely near with each other
(locally, where f is contracting), so crossing any two of such near cuts may
lead onto completely different sheets: this phenomenon is thus called Rie-
mann Chaos. The main result regarding such phenomenon is related with
the Wreath Recursion Theorem [3], where the self-similar action of imgf
on B∞ is given by recursions imgf = Sp ≀ imgf . Then a discrete dynamical
system

(
Jimgf ; f−1

)
exists, behaving like a shift map on the boundary of

B∞, which is invariant (but not fixed) by f , cfr. [1].

Theorem 4.1. The limit set of a post-critically finite, branched self-cover
f : B0 −→ B1 is homeomorphic to the multi-valued Julia set of f .

The complete algebraic structure of a fractal Riemann surface is thus graph-
ically represented by the Julia set of its iterator, which is the boundary be-
tween a surface where regular motion takes place —i.e. finite-length paths
cross only a finite number of branch cuts— and one where chaotic motion
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does — i.e. where finite-length paths cross a countably infinite number of
cuts, thus leading to routes which are irreversible for any finite-precision
arithmetics on the surface. There is also a natural boundary (the Julia set
in fact) beyond which branch cuts are dense and no analytic continuation
is viable: the associated multivalued functions are either ∞ or 0.

Many open problems arise from these considerations. Such entangled
complex structures are described by iterating complex functions living in a
simple parameter-space, like (p, z,m)∈N×Cr×Nr: is there a way to further
characterize their geometric, algebraic and analytical properties according
by synthesis of such a space? Are there effectively computable Lyapunov
exponents on them? Is it possible to find a (integrable) dynamical system
whose phase space is given by a surface of this kind?

5. Applications

As far as applications are concerned, such functions are usable as
cyphers: symbolic computation of direct paths is easy (provided sufficient
numeric precision), whereas surfaces’ synthesis in order to rebuild a sym-
bolic dynamics from a path’s lift is not. Two scenarios are available.

The first one is to let a digital message be codified in a base-pn alphabet,
then choose an aforementioned phase-point (p, z,m) as a key corresponding
to some non-cascading, non-pz function f . Such a fn(z) covers a pn-sheeted
Riemann surface Bn where, in some regions, almost-dense branch points are
present. The encryption algorithm chooses a path γ ∈ C0([0, 1], C) which,
staring from the sheet whose number corresponds to the first message sym-
bol (encrypted in some other fashion and passed along with the key), trav-
els on Bn winding around different-generation branch points (i.e. crossing
branch cuts): the number-sequence of sheets visited by f−n↾γ corresponds
to the symbols’ sequence of the original message. Sampled coordinates of γ
with a high-enough precision are then transferred through a untrusted chan-
nel, whereas the key must be through a trusted one (or broken into public
and private parts by other cyphers, e.g. rsa). The decryption algorithm
numerically computes back the path fn(γ(t)) and extrapolates its visited
sheets’ number-sequence, i.e. the original message. The cypher’s robustness
is a smart-enough choice of paths winding near clustering branch points,
such that missing them by little means definitely travelling on arbitrarily
distant sheets (according Bn’s metric), thus recovering a wrong message.

A harder way is to let γ be a path on the complex plane which repre-
senting the analogic message. Let such a Riemann surface be given by the
phase-point above. For any large-enough iteration orders n the lifted path
f−n↾γ=fn(γ) is a new signal, this time traveling on a multi-sheeted Rie-

11

DOI: 10.1685/CSC09313



mann surface. By projecting this path back on C we have another simple
encrypted signal, whose key is the phase-point. The robustness is in this
case given by a smart choice of (p, z,m) which is critically near to a topo-
logical phase transition. This term refers to the distribution of the branch
zeroes/poles on the polynomial (for An-like surfaces) or rational (for Bn-
like ones) coefficients: such phase transitions occur when either such roots
merge or split (thus changing the branching types) or move up to change
the surface homotopy (and monodromy). If a phase is chosen near such a
critical point, missing the key by little recovers a critically different message.

Restating that using symbolic dynamics, let the signal be given by either
a sheet transition like p1 p2 ... ps (former proposed kind of encryption
scheme) or a specific homotopy class for a curve like yz1xz2y...xzs (lat-
ter encryption scheme): whenever a wrong key is picked (thus leading to
different Riemann surfaces along with their monodromy groups) the sym-
bolic dynamics recovers a completely different curve (and thus message).

Before concluding the author would like to point out that such Rie-
mann surfaces and the formalism introduced here are good starting points
for the analysis of iterated complex functions (even of transcendental type).
Another application which is currently being investigated is in the electro-
magnetic scattering from self-similar domains (or domains with multifractal
inhomogeneities): in this case the classical direct and inverse scattering tech-
niques can still be applied by induction on prefractal domains, where the
scattering kernels are iterations of complex wave-vectors κ∈C3 functions.
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