Communications to SIMAI Congress, DOI: 10.1685/CSC09308
ISSN 1827-9015, Vol. 3 (2009) 308 (12pp)

On the heat equation for n-type semiconductors
defective by dislocations

M. P. Mazzeo, L. Restuccia

Dipartimento di Matematica, Facolta di Scienze MM.FF.NN.
Universita degli Studi di Messina, Italy
mazzeo Qdipmat.unime.it
lrest@dipmat.unime.it

Abstract

In a previous paper, in a geometrized framework for the description of simple ma-
terials with internal variables, the specific example of defective semiconductor crystals
defective by dislocations was considered and a dislocation core tensor a la Maruszewski
and its flux were introduced as internal variables in the state space. Moreover, the entropy
function and the entropy 1-form, starting point to introduce a thermodynamical phase
space, were derived. In this contribution Clausius-Duhem inequality for these media is
exploited, and, using a Maugin technique, the laws of state, the extra entropy flux and the
residual dissipation inequality are worked out. Also, following Maugin, the heat equation

in a first and a second form is derived.

Keywords: Non-equilibrium thermodynamics, extrinsic semiconductor
crystals, dislocation defects, internal variables.

1. Introduction

The models for semiconductors with defects of dislocations may have re-
levance in several fundamentals technological sectors: in applied computer
science, in technology for integrated circuits VLSI (Very Large Scale Inte-
gration), in the field of electronic microscopy, in nanotechnology. Semicon-
ductor crystals, as Germanium (Ge) and Silicon (Si), are tetravalent ele-
ments with electrical conductivity in between that of a conductor and that
of an insulator. In Fig.1, we have the representation of a germanium crystal
that has a behaviour of an insulator at a temperature of 0°K. But at room
temperature, 300°K (see Fig.1p), electrons of the crystal can gain enough
thermal energy to jump to the conduction band. To modify the electrical
properties of intrinsic semiconductors, impurity atoms adding one electron
or one hole are introduced inside semiconductor crystals, using different
techniques of “doping”. By pentavalent impurities, as antimony, an n-type
extrinsic semiconductor is obtained, having more free flowing electrons (see
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Fig. 1. A symbolic representation in 2-D of a Ge crystal structure: (a) at 0°K; (b) at
300° K with a broken covalent bond and (c) doped by an atom of a pentavalent impurity
(Antimony)

Fig.1.). In extrinsic semiconductor crystals with defects of dislocations the
geometry of the internal structure of these materials can influence the phys-
ical fields occurring in the body. The dislocation lines form a network of
infinitesimally capillary channels inside the elastic solid. Then, these de-
fects, acquired during a process of fabrication, can self propagate, because
of changed and favorable surrounding conditions. Thus, they can provoke
a premature fracture. The dislocation lines disturb the periodicity of the
crystal lattice [1]. A dislocation line can be created introducing an extra
plane of atoms, as in Fig.2. The interatomic distances are not conserved

L] L]

Fig. 2. A perfect crystal in (a) is cut and an extra plane of atoms is inserted; in (b)
the bottom edge of the extra plane is an edge dislocation; in (c) a Burgers vector b is
required to close a loop of equal atom spacings around the edge dislocation

in the direct neighborhood of the dislocation line which has a shape de-
pending on the kind of dislocation. Thus, we introduce a dislocation core
tensor a la Maruszewski |2] and its flux in the thermodynamical state space
of independent variables for describing these defects. The definition and the
introduction of the dislocation core tensor is based (see Fig. 31) on a Ku-
bik’s geometrical model. In [3] Kubik considers a representative elementary
sphere volume € of structure of capillary porous channels (filled with fluid),
large enough to provide a representation of all the statistical properties of
the channel space Q. Q = Q% 4+ Q" where Q° is the solid space. Since
all the channels are considered to be interconnected the effective volume
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Fig. 3. (1) Characteristics of a channel-core structure (h < R) (after [2]); (2) A shear
force acting on a dislocation inside into a perfect crystal (a) causes the motion of the
dislocation through the crystal until a step is created and (b) the crystal is now deformed

1]

porosity is completely defined as f, = %h The analysis is restricted to
media which are homogeneous with respect to volume porosity f, , i.e. f,
remains constant in the medium. Let () be any scalar, spatial vector or
second order tensor a quantity describing a microscopic property of the flux
of some physical field flowing through the channel space Q¢ and written
with respect to a coordinate system &;. We assume that such quantity is
zero in the solid space °. The volume averaging procedures give

zéhlgaﬁmm a@%=$4ma@ma

where the quantities &(x) and a(x) (written with respect to the a coordi-
nate system x;) describe at macroscopic level the same property of the flux
of the physical field. They are average quantities on channel-volume and on
bulk-volume, respectively. Similarly, we define the average quantity of a(&)
on channel-area as follows

11)  ax)

(12 & (x.) = 1z [ (O,

where T is the central sphere section and T represents the channel-area of
I". The orientation of I' in €2 is given by the normal vector . Furthermore,
I' = I 4+ T'*", where I'* is the solid area. By definition the quantity c(¢)
is zero on the solid surface I'*. In such a medium, following Kubik in [3],
Maruszewski defines the so called dislocation tensor, as follows [2]

(1.3) a(x); = Rij(x, ) a5 (x, p).
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Eq. (1.3) gives a linear mapping between the bulk-volume average quantity

&(x) and the channel-area average of the same quantity & (x, ). In [3]
Kubik gives an interpretation of R;; considering the flux of a quantity o (x)
on a bulk-volume as a superposition of three unidimensional fluxes (along

three mutually perpendicular channels) having average values o (x, ) on
the orthogonal section areas of these channels. In [2] a new tensor, that
refers R;; to the surface I', is defined in the following way

RZ] (X’ IJ') = Faz] (Xa P’)

a;j is called dislocation core tensor and its unit is m~2. The components of
a;; form a kind of continuous representation of the number of dislocations
which cross the surface I'. Investigations show that a;; is also dependent on
time.

In [1] a thermodynamical model for extrinsic semiconductors with de-
fects of dislocations was developed in the framework of rational extended
non-equilibrium thermodynamics with internal variables [5]. In fact, dissi-
pative fluxes and gradients of the physical fields are included in the state
space and additional rate equations for fluxes and internal variables are
taken into consideration, so that the balance equations on such extended
state space form a hyperbolic system of partial differential equations giving
finite speeds of disturbances. Such finite velocity of propagation of physical
fields is very important in nanotechnology where the signals have transmis-
sion velocity very high. In |1] the laws of state and the constitutive relations
were deduced for defective semiconductors and wave propagations were in-
vestigated as applications. In [6] and [7] a geometrical model for these media
was derived, in a geometrized framework for the description of simple mate-
rials with internal variables [8]. The dynamical system for a simple material
element of extrinsic semiconductors was deduced and the entropy function
and the entropy 1-form, as a starting point to introduce a thermodynamical
phase space, were derived. In this contribution, within the model developed
in [1], we exploit the Clausius-Duhem inequality for these media and, using
a Maugin’s technique [9], we work out the laws of state, the extra entropy
flux and the residual dissipation inequality. Also, following Maugin [9], the
heat equation in a first and a second form is obtained. Moreover, by means
of the same methodology, dissipative processes were studied by us in perfect
semiconductors with trivalent and pentavalent impurities [10].

2. A non conventional model for n-type semiconductors

In [11], [12], thermodynamical models for semiconductors with impuri-
ties were developed. In [1] the behaviour of defective extrinsic semiconduc-
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tors was studied. In this paper we use the model developed in [1], taking
into account only n-type extrinsic semiconductors. We use the standard
Cartesian tensor notation in a rectangular coordinate system and we refer
the motion of our material system to a current configuration K;. We assume
that in defective, extrinsic, thermoelastic semiconductors the following fields
interact with each other: the elastic field described by the total stress tensor
T;; and the small-strain tensor €;;; the thermal field described by the tem-
perature 6 and the heat flux g;; the electromagnetic field described by the
electromotive intensity &£ and the magnetic induction By; the charge carrier
fields described by the densities of electrons n and holes p and their fluxes
J and j; the dislocation field described by the dislocation density tensor
a;; and the dislocation flux V;j;,. The independent variables are represented
by the set

(21) C= {gijvg’iv Bi7n7p707a/ij7Vijkmjz'n’jf’qivn,i7p,i70,’i7 a’ij,k}-

Now, in the following we present the laws that govern all the processes
occurring in the considered body.
Mazwell’s equations have the form

0B;

(22) EijkEk,j + _675 =0, Di,i — pZ =0,
0D;
- 5z _ v R
) i )
(2'3) EZ]ka] J ot 07 Bz 7 07

where E, B, D and H denote the electric field, the magnetic induction,
the electric displacement and the magnetic field per unit volume, respec-
tively. Moreover, H; = I%OBZ-, E; = % (D; — P;), w; is the barycentric
velocity of the body, €y and pg denote the permittivity and permeability
of vacuum, respectively. P is the electric polarization per unit volume. The
magnetization M is assumed to be zero, M = 0. The total charge density
Z and the density of the total electric current j% are defined as follows
Z =n—-—nyg+p+p— po, jZ-Z = vai+jZn+jf, where n < 0, ng < 0,
p>0,p>0,py>0and 5 =0, 77 = 0 and j7 = 0. The following charge
conservation law holds

(2.4) pZ + j% = 0.

n and p denote non equilibrium electron and positive charges, ng and pg de-
note the equilibrium electron and positive charges, p is the positive charge
of ionized pentavalent impurities. pZv; is the electric current due to convec-
tion, j* 4 j¥, which is called the conduction current, is the electric current
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due to the relative motion of the electrons and holes respect to the barycen-
tric motion of the body (i.e. j' = pn(v! —v;) and j¥ = pp(v! — v;)).

n are the negative electric charges coming from: the negative free charges
created doping the semiconductor by pentavalent impurities, denoted by
N (see Fig. 1.), and the free electrons coming from the intrinsic base of

the semiconductor, denoted by ;:L, (see Fig. 1p). Thus we have n = N + n.
Furthermore, we have positive electric charges coming from: the fixed and
positive ionized atoms of doping pentavalent impurities, denoted by p, (see
Fig.1.) and the holes coming from the intrinsic base of the semiconductor,
denoted by p (see Fig. 1p). The following charge conservation laws hold
PN+l =g, pntil=g" e+l =g,

where n = N—i—r*z, Jii :jl-{\g —i—jffi and g" = gV —|—g’*L.

Moreover, we have pp + j¥, = ¢, pp = gP, where j?i = 0, since the
fixed impurities ionized have velocity v (i.e. they are co{rnoving with the
body). Furthermore, we assume that the concentration p is practically
constant. Hence, p = 0 and gP = 0. Moreover, g¢" and g¢P de-
scribe the recombination of electrons and holes and satisfy the equation
g"+gP =0, in virtue of the law of balance of the total charge. Now, we call
non equilibrium conduction current the quantity pzv; = p(IN +n4p+ D)Vi ,
so that the following charge conservation law holds pz + j7; = ¢° , where

z=N+n +p+pand ¢° = g"+g” = 0. Now, we consider a thermodynam-
ical equilibrium state where the electromotive intensity &;, the deformation
tensor €;;, the velocity v of the body and the fluxes of the physical fields
assume the zero value, and all the other physical fields (indicated with the

M N

subscript ”(¢”) are constant. In such a state we have the following equilib-
rium charges zg = Ny+ ;LO +po + po, (with |ng| = |po|) and the balance
equations prig = 0, ppo = 0, po = 0. Thus, we can consider very small
deviations with respect to the thermodynamical equilibrium state and for
the charge carriers Z = z — 2y we have the following charge conservation
law pZ'—i—jfi =0 (see (2.4)). In fact, the Maxwell’s equ.s (2.2) and (2.3)
are equations in perturbation around the equilibrium state defined above.
Moreover, also the balance equations, the rate equations and constitutive
relations are equations in perturbation around the same equilibrium state.
The evolution equations for the electron, hole and heat flures have the form:

ji —JMC) =0,  ji —JP(C)=0,  G=QiC),

where J, JP? and Q are the electron, hole and heat flux sources.
Furthermore, we have: the continuity equation p+pvi; =0,
where p denotes the mass density. The mass charge carriers have been ne-
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glected compared to p;
the momentum balance:

A
(25) ,O’UZ - T’ji,j - pZEZ - 5ijk (]Jn +]§7+ PJ> Bk - PjgiJ’ = 0,

where Jgi: B + Pog gk — Prvg and & = E; + €450, B is the electric
field referred to an element of the matter at time t (i.e. to the so called
comoving frame /C.);

the momentum of momentum balance:

(2.6) Eijijk +¢; = 0.

In [1] it was demonstrated that the couple ¢; for unit volume is vanishing;

the internal energy balance:  pé — Tjv; j — (j]n + j?) & — ,05@'7ji +¢qii =0,
where e is the internal energy density, FP; = pP; and v;; is the velocity
gradient;

the evolution equation for the dislocation density and the dislocation fluxes:

aij +Vijkge — Ag(C) =0, Vijr —Viu(C) = 0.

All the admissible solutions of the proposed evolution equations should be
restricted by the following entropy inequality:

where S denotes the entropy per unit mass and J° is the entropy flux.
J% is defined by J° = %q + k, where k an additional term called extra
entropy flux density. In [1] constitutive functions Z = Z(C') with

(27) Z= {Tzij7pivCiveugTL’gp’Aij"/ijk’ ianZp7Qi7S7 stvunvup77rij}7

were obtained for extrinsic semiconductors with defects of dislocation in dif-
ferent cases to close the balance equation system. The entropy inequality was
analyzed by Liu’s theorem [13], using isotropic polynomial representations of
proper constitutive functions satisfying the objectivity and material frame
indifference principles (see Smith’s theorem [141]). u" = ‘g—;ﬁ, uP = ‘g—;ﬁ, and

Tij = pafzf’k are thermodynamical potentials, with ¢ =e—05— %SZ-PZ- the

free energy density per unit volume. In [1], the following form was assumed
for the quantities responsible for the dislocation field

(2.8)

a,ij = aéij, Az‘j = A(Sz‘j, T = 7T(5ij, Vz’jk = Vk(sij’ Vz’jk = Vkéij, Hf}k = Hﬁézj,



M.P. Mazzeo and L. Restuccia

and the following general representations were derived:
Ty = BLoij + Bleij + Bleiner + BrEEj + BE(ejni + einik) +
(2.9) +88 (e kersEils + eincrsEsE)),

(2.10) P, = (Bypdik + B + Bpcijcir)rs

S =pn+ 8%+ B30 + BiELEL +
(2.11) +(B36:5 + B%eij + Blejneni + BEEE; + BleinEilr)eij,

pt = Bin+ B2p+ 820 + Bla+ B2ELE +
(2.12) +(B88:; + Bleij + Boejneri + BAEE; + BleinEilr)eij,

1P = Bin+ Bip+ a0 + Bra+ BiErEr +

(2.13) +(B80i5 + Bleij + Biencni + BYEE; + By einEi€n)eis,
m=Gin+ B2p+ B30+ Bla+ B2EE +

(2.14) +(B36i; + Blei; + Biejneni + BoEEj + BrlejnEilr)eis,

where 3%, 6%, 32, 65, By, By (@ =1,2,..,,6), (y=1,2,3), (6 = 1,2,..,,9),
(e =1,2,...,10), can be functions of the following invariants

(2.15) n,p,0,a,EE;, €k, €ij€ijs €ijEjkEhi» €15 €y €ijEjkEiEk-

The general representation for the affinities IT7, II7, HZQ and T (defined

3
in the last section) were given in the form

(2.16) II} = BN Vit B +NIT +ON i, T = BpVitBpsi +Bpif +6pai,

(2.17) TIF = BoVit 07 +555 +Bbai. T = BhVitBAI7+ 6557+ Bhai

where ﬂ}s\,, ﬂfg, ﬂg, ﬂg, (6 =1,2,...,4), can be depend on the invariants:
ViVi, 331" 31 37 Vidi' s Vidt s Vidi, 57 iy 5] -

Approximated expressions for the evolution equations for the dislocation
density, dislocation, electron, hole and heat fluxes were obtained in the form
(see [1])

a+Vik = Olern +02n + 83p + 63T + 05a + 68&; + 67 a; + 68n; +
(2.18) +09pi + 62005 4+ G2V 4 0525 + 6134 4 514,
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(2.19) Vi= 0,8k + 000k +on g+ 30k + 000 1+ 00V + 0041 + 5358 + S,
(2:20) Jy= 888+ 02a s+ 0304+ OLp o+ 030 1+ 00 Vi + 0L + 538 + 83ar

P . .
(2.21) jp=0pEk + 0pa s + Oom i+ 5yp s + 000k + 59 Vie + O it + Oy + Gy

(2.22) Gp= 0,k + Spa g + 0on i+ 6y + 020 & + 60 Vi + Oy ikt + Oy + 65

where 55,53,52,53,52, (¢ = 1,2,..,14), (n = 1,2,...,9), can depend on
invariants built on the set C (2.1).

3. Clausius-Duhem inequality analysis

Now, taking into account the following set of independent variables
C = (E]a EZ') BZ') n,p, 95 Qij, V’ij)j@n)jfa Qi My Diis H,i) aij,k‘) ; where we have
chosen the deformation gradient Fj; as €;;, we exploit the Clausius-Duhem
inequality to derive the state laws, the entropy flux and the inequality gov-
erning the dissipative processes [9]. We consider the entropy inequality
(3.1) p0S + (077) , — J70,: >0,
where 6 > 0 and J° is the entropy flux. Then, we introduce the free energy
per unit volume ¥ =¢e¢ — 605 — %&Pi. By the time derivation we obtain

(3.2) b=é— 0508+ ~pep - 24P - Lep.
p p p

Using the internal energy balance equation and taking into account the
material derivative of the free energy 1 as a constitutive function of the
independent variables, from the entropy inequality we obtain the following
Clausius Duhem inequality:

Y ] . 0 .
(Tjiijl - p%) Fy, — (pa;:i + B-) & — Pa_giBi + pA"n + pAPp+

. o . o oY . oy . oY . o -
+pAijai;—p\ =5+ 0— k=PIl — Pt — p=—Gi— 0+
pAijaiy p(@@ S) 'Oavi.kvj’“ p@jl-"jz p@jsz p@qiq p@@yi ’

oy . oY
(3.3) —p [87171-” + .

0 0
P+ Bijrai; — ;k?z} + U +HiDE+ (;kzl) pi—0:J° > 0.



M.P. Mazzeo and L. Restuccia

In equ.(3.3) we have introduced the following notations:
o= 0% o _ov oy - _ %
szk - 8a¢j,k AZ] - |: aaij + <8aij7k ) ,k‘:| - Qg )

U e e

é_w é_w _ (195 99 . . .
where -, o and 6ai]- are the “space Euler—Lagrange derlvatlve respect

to n, p and a, respectively [9]. As T} ijl, b, 8B , S and 9 are assumed

not to depend on Ej, &, B;, 6 and 07“ while the remaining coefficients
may in general depend on their respective factors, from inequality (3.3) we
obtain the following laws of state

Lo 0w o

) . ou
Pory, ~ ki 9B, — 0 Pas, — O Tas

55 =5

_P)’iv

Moreover, since in non-equilibrium thermodynamics the residual dissipation
inequality has the standard bilinear form »_; XYy > 0, (with X and Y
fluxes and associated forces), the divergence term is assumed to be equal to
zero and by physical reasons the vector, to which the divergence operator
is applied, is taken to be equal to zero (see |9])

(Bt i Bugnasy — k) =0, ki = (G20 + §p+ By ) 6.
7

)

so that Clausius-Duhem inequality reduces itself to the following residual
dissipation inequality

) ) ) o o
n p . — R n
p A"+ pAPp + pAijai; — p Won Vijk — p ajznjz +
0 o 0
(3.5) —Paqijf - Pa¢ 4 (G50 E+ <;k1> pi—J20,;>0.

Very often the residual dissipation inequality is split in two parts |9]

. . . o o -
Dintr = pA" N+ pAPD + pAijai; — vaijk - p@ﬁ "
oy N 0
(3.6) —pajpjf’ ot (i +37) &+ <;ki> pi>0
and Py, = —Jis 0; > 0, where, in some sense, we recognize the different

qualitative nature of the two classes of dissipative processes. ®;,; and @y,
are the intrinsic and thermal dissipations, respectively [9].

10
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4. Heat equation

Now, in order to obtain the heat equation, we observe that it is none
other than a form of energy balance equation. Indeed, on using the free
energy expression ¢ = e—0S5— %EZ-PZ-, its time derivative and the laws of state
in the energy balance equation or, equivalently, “just comparing entropy
inequality (3.1) and the residual inequality” (3.6) (see |9]), we deduce a first
general form of the heat equation

(4.1) p0S + (0J7) . = Pinur,

where the intrinsic dissipation acts like a body source of heat. Now, taking
into account the state laws (3.4), (3.4)3 and (3.4)5 and the following mate-
rial derivative of the entropy S as a constitutive function of the independent

Variables

S 24
S=- aFae F+asae 5+anaen+apaep+a ‘9+aaae a

2 . .
+avos Y + ayzae 3 ajpae P+ AtttV + shs Va]’

setting
_ 8% 92 9% o
C= —pé? 862’ T= paFaev 1= %0ar 8= p0898£’ T = PBa>

_ _ 021
v= Peaeav’ h" Peaea ;o hP p‘gaaa ) 08_]"86”
_ 9?4 _ 024 _ FoR _ 021 _
Z= Peaeaqv p = pb apogs T = PO 5magr M= pHanBG’ pe@GBVa’

and using the definitions of affinities: II" = p g;ﬁ, I1? = 8jf,, e = Paq:

we obtain the second form of the heat equation
(4.2) CO+V-(035) = Bre+ Pra+ Pintr + Pret + Prc+ Py + Pep + et + D,

where @te:H(T-F>, b,y=1-a+v-V+m-Va,
Pintr = pA-a~TI" -V, =g & &= (z-1I9) g,

o = "+ BPp 40§+ p P x - Vit Vp, @, = (2K) -V,

n = pAi+ pAPp—TI"-j* —TIP-jP, & = (j° +j°)- €. The dissipation
terms in above equations are coming from the interaction among the differ-

ent physical fields inside the body. The non negativity of the specific heat
follows from the concavity of 1) with respect to 6. In semiconductor crystals
p is practically constant, so that the terms (%k) -Vp, %[)&Pi and %pPZ
can be neglected in previous equations. A special choice of the constitutive
equations and effects to take into consideration allow to consider and solve
analytically and/or numerically particular problems, describing dissipative
processes in real situations.

11
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