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Abstract

From the equations of the system container-liquid, one deduces the variational equa-

tion of the problem, and then an operatorial equation in a suitable Hilbert space. The

study of the normal oscillations is reduced to the study of an operator bundle, the kind

of which is well known. One obtains an infinity of aperiodic damped motions and, for a

sufficiently small viscosity, a finite number of oscillatory damped motions.
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1. Introduction.

The problem of the small oscillations of a container, partially filled by
an inviscid heavy liquid, and acted by a given system of forces, has been
studied by many authors: Sretenskii, Narimanov, Moiseyen and others 7.

Moreover, Kopachevskii, Krein NgoZuy Can in 6 have studied, in de-
tails, the problem of the small oscillations of an heavy viscous liquid which
partially fills a fixed container; by using a little long method, the authors
reduced this problem to a operatorial equation of a known class.

We can obtain this equation more easily by leaving from the variational
equation or, in an equivalent way, from the Principle of the virtual works.
This last method was used by Capodanno in 2, in an article on the oscilla-
tions of two viscous liquids placed one upon another.

We apply this method to the planar problem of the small oscillations
of a container partially filled by an heavy viscous liquid which is acted
by two horizontal forces: the first is an elastic force, proportional to its
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displacement, due, for example to two springs, the second is a dissipative
force proportional to the velocity, due to the friction.

This problem is a part of the study of the general problem of the oscil-
lations of a viscous liquid in a container, acted by a given system of forces,
near a stable equilibrium position. In a previous paper 4 we have considered
the problem of a pendulum partially filled by a viscous liquid.

2. Position of the problem

We restrict ourselves to a two dimensional problem.
We consider a liquid in a domain Ω, limited, in equilibrium, by a free

horizontal line Γ and a regular curve S. We denote with RC(01, X1X2) a
system of orthogonal inertial planar axes, (01X1 coincides with Γ), and with
Rc(0, x1x2) a system of orthogonal inertial planar axes, associated with the
container, which coincides with RC in the equilibrium position.

The motion of the container is defined by
−→
010 = X(t)−→e1 , where −→e1 is the

unit vector of the axis 01X1 or 0x1 and X(t) is a unknown function of the
time t , belonging to C2.

The container moves in the horizontal direction, acted by the elastic
force −k2X(t)−→e1 and by the dissipative force −φ ˙X(t)−→e1 , where k and φ are
positive constants. Between the wall of the container and the free surface
there is a gas with constant pressure p0.

3. Equations of the motion of the system liquid-container

We denote with ρ and µ the density and the coefficient of viscosity of
the liquid (they are constant) and with −→u (t, x1, x2) the displacement of a
particle of the liquid with respect to the axes of Rc from its equilibrium
position. We suppose that the displacement is small and we study classically
the problem in linear theory.

We write the linearized Navier-Stokes equations of the motion
of the liquid in the following form:

(1)






ρ
··
ui = ∂σij(P,

·−→u )
∂xj

+ ∂
∂xi

(−ρgx2)− ρ
··
Xδi1 (i = 1, 2)

div−̇→u = 0 in Ω ,

where σij(P,
·−→u ) are the components of the stress tensor and δij indicates

the Kronecker’s symbol.(Here we have taken the sum with respect to i).
We add the laws between the stresses and the velocities of deformation:
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(2) σij(P,
·−→u ) = −Pδij + 2µεij(

·−→u ) ,

where P is the pressure and εij(
·−→u ) =1

2( ∂
·

ui
∂xj

+ ∂
·

uj

∂xi
) are the components

of the tensor of the velocities of deformation.
In linear theory, we can integrate the equation div−̇→u = 0 from the date

of the equilibrium position to the instant t, and we obtain
(1’) div &u = 0 in Ω.
Now we consider the boundary conditions:
- the no-slip condition at the rigid wall S is:−→̇

u |S= 0 ;
in the same way, we can replace it by

(3) −→u |S= 0 ;
- if x2 = ζ(t, x1) indicates the equation of the free line, we have in the

same way
(4) ζ = u2 |Γ

(this condition gives only ζ, i.e. the free line, if &u is knonw);
and the dynamic conditions :

(5) σ12 = 0, σ22 = −p0 , on Γ,

i.e. (5’) ∂
·

u1
∂x2

+ ∂
·

u2
∂x1

= 0 , −P +2µ∂
·

u2
∂x2

= −p0 on Γ .
The system container-liquid is acted by the elastic force and the dis-

sipative force, by the weight and the normal components of the reactions
of the framework, which are vertical ( we know that the forces due to the
constant pression of the gas form classically a null system).

Then, the projection on the axis 0x1 of the theorem of the quantity of
motion gives the following equation, where M is the mass of the container:

(6) M
··
X +

∫
Ω ρ( ··

u1 +
··
X)dΩ = −k2X − φ

·
X ,

or, if M0 = M + ρ meas(Ω) is the mass of the system:

(6’) M0

··
X + ρ

∫
Ω

··
u1dΩ = −k2X − φ

·
X.

From these equations we want to deduce the variational equation of the
problem.

For a formal calculation, we introduce the space of the admissible
displacements:

W = {−→w/ div−→w = 0 on Ω,−→w |S= 0},
with &w sufficiently smooth. This space will be precised later.
First, as div−→w = 0, we have

∫
Ω div−→w dΩ = 0, and therefore by using

Green formula and (3),
∫
Γ−p0 w2 |Γ dΓ = 0. By multipling the i-th Navier-

Stokes’ equation for wi, by adding with respect to i, and by integrating on
Ω, we obtain

∫
Ω ρ

··
uiwi dΩ =

∫
Ω

∂σij(P,
·−→u )

∂xj
widΩ+

∫
Ω

∂
∂xi

(−ρgx2)widΩ−ρ
··
X(t)

∫
Ω w1dΩ.
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But
∫
Ω

∂σij(P,
·−→u )

∂xj
widΩ =

∫
Ω[ ∂

∂xj
(σij(P,

·−→u )wi)− σij(P,
·−→u )∂wi

∂xj
]dΩ,

and the Green’s formula gives
∫
Ω[ ∂

∂xj
(σij(P,

·−→u )wi)]dΩ =
∫

Γ+S
σij(P,

·−→u )njwidS,

where nj are the components of the external normal unit vector −→n to
the boundary of Ω.

Taking into account that −→w |S= 0, and (5), we get easily
∫
Ω

∂
∂xj

(σij(P,
·−→u )wi)dΩ =

∫
Γ−p0 w2 |Γ dΓ = 0;

by using (2) , we have

−
∫
Ω σij(P,

·−→u )∂wi
∂xj

dΩ =
∫
Ω[Pδij − 2µεij(

·−→u )]dwi
dxj

dΩ =
∫
Ω P dwi

dxi
dΩ− 2µ

∫
Ω εij(

·−→u )dwi
dxj

dΩ.

As dwi
dxi

= div−→w = 0 and εij are symmetric,

−
∫
Ω σij(P,

·−→u )∂wi
∂xj

dΩ = −2µ
∫
Ω εij(

·−→u )εij(−→w )dΩ
and finally
∫
Ω

∂σij(P,
·−→u )

∂xj
widΩ = −2µ

∫
Ω εij(

·−→u )εij(−→w )dΩ.

On the other hand,∫
Ω

∂
∂xi

(−ρgx2)widΩ =
∫
Ω

−−→
grad(−ρgx2) · −→wdΩ =

∫
Ω[div(−ρgx2)−→w +

ρgx2div−→w ]dΩ;
by applying the Green formula, it is∫
Ω

∂
∂xi

(−ρgx2)widΩ = −
∫
Γ ρg u2 |Γ w2 |Γ dΓ.

Therefore, we get
∫
Ω ρ

··−→u · −→wdΩ + ρ
∫
Ω

··
X · w1dΩ + 2µ

∫
Ω εij(

·−→u )εij(−→w )dΩ
+

∫
Γ ρgu2 |Γ w2 |Γ dΓ = 0.

By multiplying the (6’) for ξ, where ξ is any complex number and
adding, we obtain the variational equation:

(7)
∫
Ω ρ

··−→u · −→wdΩ + M0

··
Xξ + ρ

∫
Ω(

··
Xw1 + ··

u1ξ)dΩ+

+2µ
∫
Ω εij(

·−→u )εij(−→w )dΩ + φ
·

Xξ +
∫
Γ ρgu2|Γw2 |Γ dΓ + k2Xξ = 0,

∀−→w ∈ W , ξ ∈ C,
where Ω and Γ are now the fluid domain and the free line in the equi-

librium position.
Directly we could have obtained this equation, by using the Principle

of virtual works: in fact, the first line represents the opposite of the virtual
work of the inertia forces of the systems, the second one is, classically, the
virtual work of the viscosity forces, of the elastic force, of the dissipative
force and of the weight, respectively.
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4. Variational formulation of the problem

In this section we are giving the exact variational formulation of the
problem. For this reason we introduce the space (of the admissible dis-
placements of the liquid):

V = {−→u ∈ H1(Ω) = [H1(Ω)]2/ div−→u = 0; −→u |S= 0},
equipped with the scalar product

(−→u ,−→w )V = 2µ
∫
Ω εij(−→u )εij(−→w )dΩ.

Its associated norm is equivalent to the classical norm ‖ · ‖ V of H1(Ω)
by virtue of Korn inequality. We denote with V the product space C×V of
the pairs U = {X,−→u }, Ũ = {ξ,−→w } with the scalar product(

U, Ũ
)

V
= φ (X, ξ)C + (−→u ,−→w )V = φXξ + (−→u ,−→w )V .

Now we put,(
U, Ũ

)

H
=

∫
Ω ρ−→u · −→wdΩ + M0

··
Xξ + ρ

∫
Ω(

··
Xw1 + u1ξ)dΩ;

also in this case, it is easy to see that it is a scalar product and its
associate norm ‖ · ‖H is equivalent to the norm of the space of C × L2(Ω) =
C ×[L2(Ω)]2,defined by

‖ U ‖2=| X |2 +
∫
Ω | −→u |2 dΩ.

We denote with H the functional completion of V for the norm of L2(Ω).
It can be shown 3 that

H = {−→u ∈ L2(Ω)/ div−→u = 0; un = 0 on [H1/2
00 (S)]′}.

We shall call H = C×H the functional completion of V for the norm
‖ · ‖H . Setting:

b
(
U, Ũ

)
=

(
U, Ũ

)

V
=: 2µ

∫
Ω εij(−→u )εij(−→w )dΩ + φXξ,

a
(
U, Ũ

)
=

∫
Γ ρgu2|Γw2 |Γ dΓ + k2Xξ .

Then, we can deduce from (7) the following:

Theorem 4.1. The exact variational formulation of the problem is:
to find U(t) = {X(t),−→u (t)} ∈ V such that

(8)
(

··
U, Ũ

)

H
+ b

(
·
U, Ũ

)
+ a

(
U, Ũ

)
= 0 ∀Ũ ∈ V.

5. Operatorial equation

In this paragraph we want to deduce an operatorial equation from (8),
by studying the forms b

(
U, Ũ

)
and a

(
U, Ũ

)
.
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First, the embedding of V into H is, obviously, dense and continuous.
It is, also, compact: in fact, let {Un} = {Xn,−→un} be a sequence weakly
converging in V. By virtue of Rellich Theorem, {−→un} strongly converges in
L2(Ω), so {Un} strongly converges in C × L2(Ω) and then in H.

Second, the sesquilinear form b
(
U, Ũ

)
is Hermitian, continuous and

coercive in V × V. To this form, classically, we can associate an unbounded
operator B of H, whose the domain of definition D(B ) is the set of the U

∈ V, such that b
(
U, Ũ

)
is continuous in V with respect to the topology of

H, i.e. such that | B
(
U, Ũ

)
|≤ KU ‖ Ũ ‖H, ∀ Ũ ∈ V, where KU depends

on U. We have
b
(
U, Ũ

)
=

(
BU, Ũ

)

H
∀U ∈ D(B ),∀Ũ ∈ V .

The properties of the operators B −1,B 1/2,B −1/2 are well known 8 and
they are recalled in the paragraph 5.

Finally, we study the sesquilinear form a
(
U, Ũ

)
. For every u2 ∈ L2(Γ),

(not only for the normal trace on Γ of any element −→u of V ), X ∈ C and
Ũ = {ξ,−→w } ∈ V, we have (also in this case we denote

a
(
U, Ũ

)
=

∫
Γ ρgu2w2 |Γ dΓ + k2Xξ )

| a
(
U, Ũ

)
|≤ ρg ‖ u2 ‖L2(Γ) ‖ w2 |Γ ‖L2(Γ) +k2 | X | | ξ | .

Later, C1, C2, C3 will be positive constants. As the trace application is
continuous, we get

| a
(
U, Ũ

)
|≤ C1

[
‖ u2 ‖L2(Γ) ‖ −→w ‖V + | X | | ξ |

]
,

from which we obtain
| a

(
U, Ũ

)
|≤ C1(| X |2 + ‖ u2 ‖2L2(Γ))

1\2 · (| ξ |2 + ‖ −→w ‖2V )1\2,
but we can write
ξ 2+ ‖ −→w ‖2V≤ C2 ‖ Ũ ‖2V .

On the other hand, we introduce the space V̂ = C × L2(Γ); if U2 =
{X,u2} and Ũ2 = {ξ, w2} belong to this space, we can define a scalar
product in it as

(
U2, Ũ2

)

V̂
= Xξ +

∫
Γ u2w2dΓ.

Then, we have
(9) | a

(
U, Ũ

)
|≤ C3 ‖ U2 ‖2V̂‖ Ũ ‖V ,∀U2 ∈ V̂,∀Ũ ∈ V.

When U2 is fixed in V̂, a
(
U, Ũ

)
is an antilinear continuous form in V ,

by virtue of Riesz Theorem, the equation
b
(
W, Ũ

)
= a

(
U, Ũ

)
∀ Ũ ∈ V
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has a unique solution in V, which shall denote W = T U2, where T is
a linear operator of the whole space V̂ in V. We prove that T is bounded.
In the relation

(
T U2, Ũ

)

V
= a

(
U, Ũ

)
, we take Ũ = T U2, from (9) we

obtain
‖ T U2 ‖V≤ C3 ‖ U2 ‖V̂ ∀U2 ∈ V̂.

Therefore we can write the variational equation of the problem:
to find U(t) ∈ V such that

(10)
(

··
U, Ũ

)

H
+ b

(
·
U, Ũ

)
+ b

(
T U2, Ũ

)
= 0 ∀Ũ ∈ V,

where U2 = {X, u2|Γ}, and u2|Γ is now the normal trace on Γ of an
element −→u of V . By virtue of a classical result 3 this variational equation
is equivalent to an operatprial equation. More precisely, we have the

Theorem 5.1. The operatorial equation is:
to find U(t) ∈ V such that

(11)
··
U + B

·
U + B(T U2) = 0.

6. Operator bundle of the problem and esistence of the eigenval-
ues

We are finding solutions of the equation (11) under the form:
U(t, x1, x2) = e−λtÛ(x1, x2), λ ∈ C ;

we obtain
(12) λ2Û − λBÛ + B(T Û2) = 0

In order to prove the existence of the eigenvalues, we want to substitute
the equation (12) with an equation on the space H . Setting U∗ = B1/2 Û
and applying the operator B−1/2, we obtain

(13) U∗ = λB−1U∗ + 1
λB

1/2[T (B−1/2U∗)2],
where the unknown function U∗ ∈ H .
The equation (13) is of the kind considered by Askerov, Krein,

Laptev, 1 i.e.
f = λPf + 1

λQf,
where f belongs to a Hilbert space H , P is a self adjoint, compact, pos-

itive definited operator and Q ia a self adjoint, compact and non negative
operator.

In this case, we have
1) P = B−1/2. It is classically a compact operator of H in H, self adjoint

and positive definite;
2) Set Q = B1/2[T (B−1/2 ·)2]. The application
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U∗ ∈ H −→ (B1/2U∗)2 ∈ Ṽ.
is compact. Indeed, we can decompone it in

U∗ ∈ H −→ Û = (B1/2U∗) ∈ V −→ Û∗
2 = (B1/2U∗)2 ∈ V̂.

B1/2 is classically continuous from H in V 8. The application Û −→ Û2

is compact, because the application normal trace from V into L2(Γ) is
compact and the dimension of C is finite.

On the other hand, T is continuous from V̂ into V and B1/2 is continuous
from V into H, consequently, Q is compact from H into H. Moreover for
every U∗ ∈ H ,Ũ∗ ∈ H, we have(

QU∗, Ũ∗
)

H
=

(
B1/2(T [B−1/2U∗]2, Ũ∗

)

H
;

setting Ũ∗ = B1/2 ̂̃
U, we get(

QU∗, Ũ∗
)

H
=

(
B1/2(T Û2),B1/2 ̂̃

U

)

H
=

(
T U2,

̂̃
U

)

V
= a(U,

̂̃
U),

that means that Q is selfadjoint as a(·, ·) is Hermitian; Q is also non
negative because (QU∗, U∗)H =a(U, U) ≥ 0.

Now we are ready to give the main theorem deduced from the Askerov,
Krein, Laptev theorem 1. First we recall that the operator B depends on
coefficient of viscosity µ and on coefficient of friction φ(

BU, Ũ
)

H
= b

(
U, Ũ

)
=

(
U, Ũ

)

V
=: 2µ

∫
Ω εij(−→u )εij(−→w )dΩ + φXξ).

Theorem 6.1.
The problem has a countably eigenvalues λ with real part positive ad-

mitting λ = 0 e λ = ∞ for points of accumulation.
There are countably aperiodic motions arbitrary strongly damped (λ real

→ ∞) and countably aperiodic motions arbitrary weakly damped (λ real→
0).

1) If 4 ‖ B−1 ‖‖ Q ‖< 1, all eigenvalues are real and there are no
oscillatory motions (it is the case in which µ and/or φ are sufficiently
great).

2) If 4 ‖ B−1 ‖‖ Q ‖> 1, there is at most a finite number of complex
eigenvalues, in the circular ring 1

2‖B−1‖ ≤| λ |≤ 2 ‖ Q ‖; oscillatory

dampened motions correspond to these eigenvalues..

Remark 6.1. The problem is studied in the framework of the linear theory.
It seems difficult to take into acount of non linear terms in the Navier-
Stokes equations . Indeed, in the chapter 3 of the classical book 9, the
author presents existence and uniqueness theorems and stability results for
non linear problems involving the Navier-Stokes equations. But, besause
the conditions on the free surface, it seems tricky to extend these results to
our problem.
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7. Conclusion

The problem is reduced to the study of a classical Askerov, Krein ,
Laptev pencil. The small motions of the system dapend on the dissipa-
tive coefficient. There are always damped motions, but damped oscillatory
motions can appear only for weak dissipative coefficient.
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