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Abstract

In the last decades a number of countries have shown interest towards anti-satellite
systems for strategic military purposes. In general, anti-satellite weapons are employed
to intercept and destroy adversary or malfunctioning satellites. This study is concerned
with the determination of the optimal, i.e. minimum—time trajectories leading to the in-
terception of low Earth satellites by a ground-launched interceptor, which is represented
by a two—stage rocket. The target satellite is assumed to be placed in a repeating ground
track orbit, so the performance of the anti-satellite interceptor can be evaluated over
the period of repetition of the repeating orbit. This paper addresses the additional opti-
mization problem of determining the geographical regions where the launch site can be
located so that interception can occur in a specified time. The numerical solutions are
derived through the use of a direct optimization method, termed “direct collocation with

nonlinear programming”.
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1. Introduction.

Anti-satellite (ASAT) systems represent strategic weapons tailored to
intercepting and destroying adversary satellites. The U.S. and the USSR
have shown a significant interest towards such systems since the 1950’s, with
the development of several projects. The U.S. air force started developing
the Weapon System WS-199A project, which led to several tests with the
use of the Bold Orion and High Virgo air-launched missiles. The USSR
developed the UR-200 rocket as launch vehicle for the Istrebitel Sputnikov,
which was a co-orbital system. In the twentieth century the last successful
test was performed by the U.S. through the use of the ASM-135 ASAT
missile, carried by a modified F15 aircraft, and led to intercepting and
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destroying the Solwind P78—-1 satellite. Most recently, in 2007 China carried
out its first anti-satellite test, by intercepting the F'Y-1C weather satellite,
orbiting Earth at an altitude of 865 km. Finally, in 2008 the U.S. employed
the Raytheon SM-3 rocket to intercept and destroy the USA-193 spysat.

A consistent number of studies concern anti-satellite systems. Of course,
a relevant number of them is classified for strategic (military) reasons. In the
scientific literature, some researchers [1] focused on the analysis of complex
battle scenarios, whereas other studies were mostly concerned with existent
ASAT systems [2)3]. Kelley et al. [4] addressed the complementary prob-
lem of determining the evasive maneuvers that spacecraft can perform to
avoid interception. A similar problem involving missiles (instead of orbiting
spacecraft) was treated by Pontani and Conway [5].

The objective of the present research is to formulate and solve nu-
merically the problem of interception of a low Earth satellite by a high—
performance, two—stage rocket. More precisely, four distinct optimal con-
trol problems are being considered, in order to identify the minimum—time
trajectories leading to interception and the geographical regions where the
launch site can be located so that interception can occur in a specified time.

2. Problem definition.

This research addresses the problem of the optimal interception of a low
Earth satellite by a two—stage, ground—launched interceptor rocket. Both
the missile and the satellite are modelled as point masses in the context of
a three—-degree—of—freedom problem.

2.1. Repeating orbit of the target satellite

The target satellite is assumed to be placed in a circular, repeating, low
Earth orbit at an altitude of 200 km. For such orbits, Earth oblateness (J2
zonal harmonic) is the only perturbation that produces significant effects on
orbital elements. In particular, Jo perturbation affects the right ascension
of the ascending node (RAAN) 2, the argument of perigee w, and the mean
anomaly M:
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where Rg, ug, and Jo are the Earth radius, gravitational parameter, and
oblateness coefficient, whereas a and i are the orbit semi-major axis (SMA)
and inclination, respectively. For circular orbits the perigee is not defined,
so only the argument of latitude, § (= M + w), is meaningful. Let Qqo, woo,
Myo, and 6yg denote the values of ), w, M, and 6 at the reference time
too, which is set to 0 and is assumed to correspond to the ascending node
crossing. It follows that

(4) Q@) = Qoo+ Qa, i)t and  O(t) = oo + 0(a, i)t

where § = M + & and 6yy = Moo + wgo. The time tgo corresponds to the
ascending node crossing and this circumstance implies that 6py = 0.

An orbit is termed “repeating” when phased with Earth rotation, i.e.
when the trajectory ground track is periodically repeated. This occurs if
the satellite completes N; orbits in m nodal days:

(5) mDy(a,i) = NyT,(a,t)

In Eq. (5) T, = 27/0 denotes the nodal orbital period (i.e. the time in-
terval between two consecutive ascending node crossings), whereas D,, =

2/ (wE — Q) represents the nodal day (i.e. the time required for the Earth

to complete a rotation with respect to the orbital plane); wg is the Earth
rotation rate. Once the SMA (or the altitude for circular orbits), Ny and
m are specified, the relationship (5) determines the inclination ¢. In this
work Ny is set to 16 and m is set to 1, and the inclination ¢ for a repeating
orbit is ¢ = 52.9 deg. The related ground track is illustrated in Fig. 1, under
the assumption that the Greenwich sidereal time and the RAAN at tgg are
zero, i.e. 0400 = 0 and Qg = 0.

2.2. Missile characteristics and equations of motion

The anti-satellite (ASAT) rocket is composed of two stages with spec-
ified characteristics. The propulsive performance of the interceptor missile
is defined by simply specifying the following three parameters:

e the specific impulse of the propulsive system of each stage, Isp;
(i=1,2)

e the thrust-to—mass ratio at ignition of each stage, ng; (i =1, 2)

e the ratio u(()z) = my) /m(()z), where m(()z) and m'” denote the initial
and final mass of each stage, respectively (i = 1,2)
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Fig. 1. Repeating ground track of the target satellite.

Under the assumption of constant, maximum thrust for each of the two
stages, the thrust—to—mass ratio (7'/m) of the interceptor rocket is given
by:

n019g .
T #t—om) it tp <t<tp+ Atp
m

(6)

n .
#i% lf tL+AtBl StStL+AtBl+AtBQ

where Atp; = (1 — u((]i)) /q; represents the burn—out time of each stage, t1,

denotes the unspecified launch time, gy = 9.798 m/ sec?, and ¢; = no; /Isp;.
The following values are assumed for the above parameters:

(7) Stage 1: ngp = 3, u(()l) =0.4, Igp1 = 350sec
Stage 2: ngy = 2, u((]Q) =0.2, Igps = 350sec

Using the data (7), Eq. (6) yields reasonable values for the acceleration
provided by the propulsive system of each stage: for the first stage the
thrust—to—mass ratio (7'/m) varies from 3 gg to 7.5 go, whereas for the sec-
ond stage the same ratio goes from 2 gg to 10 go. In addition, the burn—out
times turn out to be Atg; = 70sec and Aty = 140 sec.

The trajectory of the ASAT missile can be described through a conve-

nient set of variables, related to the orbital frames (f, é, fL) and (ﬁ, 0, iL),

where 7 and © are the unit vectors aligned with the position and the ve-
locity vectors, r and v, whereas h is associated to the specific angular
momentum h (= r x v). This set of variables defines the state of the ASAT
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rocket and includes: the instantaneous radius r, the absolute longitude &,
the latitude ¢, the flight path angle ~, the velocity v, and the coazimuth
angle ¢, which is portrayed in Fig. 2l These variables form the state vector
x=1r & ¢ v v C]T. The control is performed through the thrust
direction, described by the two angles a and (§ defined in Fig. 2. Hence, the
control vector w is given by u = [« B]T. If one neglects the aerodynamic
forces, the three—dimensional equations of motion are written as follows:

L : . vCcosYy T sin a cos 8 W E COS 7Y
7 = vsinvy y =2y Lo — bego
- _ wcosycos( - T _ kEsiny

(8) §= "reosd ¥ = .- cosacos I — FEET
. wcosysin( C _ T sinf8  wcosvysingcos(
(Z)_ T T muvcosy 7 COS ¢

The equations (8) are also referred to as the “state equations” and can be
written in compact form as & = f(x, u,t).

(@) . (b)
F 2

plane of motion

Local horizontal plane

E = local East T = thrust direction

Fig. 2. Axes and angles related to the local horizontal plane (a) and to the instantaneous
plane of motion (b)

The respective initial conditions depend on the launch time ¢; and on
the launch site (identified by the geographical longitude, pys, and by the
latitude, ¢;5) and are given by:

() r(tr) = RE E(tr) = Og00 + wrtr + fus é(tr) = dus
Y(tr) =0 v(tr) = wpRE cos ¢ ¢(tr) =0

The launch time is unspecified, i.e. chosen as an optimization variable, and
this implies that also the absolute longitude at ¢;, is unspecified, unlike the
remaining initial values of the state components. Interception terminates
the problem and occurs when the missile reaches the instantaneous position
of the target satellite.
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3. Formulations of the optimal control problem.

In this research, the rocket is assumed to perform a ten—second verti-
cal ascending arc after launch, then the trajectory is optimized in order to
minimize the objective function of interest. The problem of interception can
be formulated as an optimal control problem defined over the time inter-
val [to,t¢], where both to (= ¢tz + 10 sec) and ty are unspecified. The time
interval [to,ty] is partitioned into two subarcs (each corresponding to the
propulsion of a single stage): [to,ts] and [tg,t¢], where tg =t +Atp1. More
specifically, this paper considers four distinct optimal control problems. If
¢ denotes the objective function, the following optimal control problems
are defined:

A. Determine

e the optimal initial time t§ (= ¢} + 10 sec)
e the optimal control law u*
e the optimal initial absolute longitude of the launch site, £*(to)

such that the time for interception, ty — ¢z, is minimized (¢ =ty — tp)

B. Given the geographical longitude of the launch site, u;s, determine

e the optimal initial time ¢ (= ¢} + 10 sec)
e the optimal control law u*

such that the time for interception, ¢ty — tr,, is minimized (¢ =ty — o)

C/D. Given the time of flight, t; — ¢7, which is set to 3 min, determine

e the optimal initial time t§ (= ¢} + 10 sec)
e the optimal control law u*
e the optimal initial absolute longitude of the launch site, £*(to)

such that
C the geographical longitude of the launch site, p;,, is minimized

D the geographical longitude of the launch site, p;s, is maximized

For all the above cases, the latitude of the launch site is assumed specified,
whereas the geographical longitude, 1y, is given by ps = &(to) — 84(to),
where 04(t9) = wrto. Hence, for case C: ¢ = s = &(to) — b4(to), whereas
for case D: ¢ = —ps = 04(to) — &(to)-

After introducing the Hamiltonian H = AT f and the function of ter-
minal conditions ® (depending on ¢ and on the boundary conditions of
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the problem), the optimal control problem can be translated into a two—
point boundary-value problem (TPBVP) [6]. Omitting details for the sake
of brevity, through the Pontryagin minimum principle the optimal control
can be expressed as a function of the state vector «, of the adjoint variable
A (conjugate to the state equations), and of the time t: u = u(x, A, t). In
addition, for the problem at hand the Weierstrass—Erdmann corner con-
ditions [0] state that the adjoint variable must be continuous across the
time tg (when the first stage separates from the rest of the rocket). This
circumstance implies that the control must be continuous at ¢ = tg, since
also the state x is continuous at tg. This property is a consequence of the
necessary conditions for optimality and must be fulfilled by the numerical
solution of the optimal control problem in each specific case.

4. Method of Solution.

This study employs the direct collocation with nonlinear programming
(DCNLP) algorithm to achieve the numerical solution to the ASAT optimal
interception problem. The DCNLP algorithm is a direct method of opti-
mization [7], which has been successfully employed to solve a wide variety
of aerospace optimal control problems. Its features are the following;:

e the continuous problem is discretized in time, so only the values of
the state and of the control at discrete times are employed by the
algorithm

e the state equations are translated into nonlinear algebraic equa-
tions by means of high—order quadrature rules (the highly accurate
Gauss—Lobatto fifth-order quadrature rules [8] in this research)

e the resulting nonlinear programming problem is solved by a nu-
merical optimizer, for instance NPSOL [J], which does not utilize
explicitly the adjoint variables

For the transcription of the optimal control problem into a discrete prob-
lem, each subarc i is partitioned into N subintervals. The values N(}) =
N® = 10 have been used for the problem at hand. The method of solution
requires the discretization of the continuous variables, which are to be rep-
resented by a set of parameters. Their number corresponds to the degree of
the polynomial that approximates each state variable in each subinterval.
With the fifth-order Gauss—Lobatto quadrature rules, each state is rep-
resented by the values at the initial, at the central, and at the terminal
point of each subinterval. Similarly, each control component is represented
by the respective values at the initial, at the central, and at the terminal
point of each subinterval, and also by two additional values corresponding
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to two interior collocation points (cf. [§] for further details). Once the DC-
NLP algorithm has produced the numerical result, the state components
are interpolated through fifth—degree polynomials, which represent the con-
tinuous approximations of their optimal time histories.

5. Numerical results.

The DCNLP algorithm has been successfully employed to solve the four
optimal control problems defined in Section 13| with reference to different
latitudes of the launch site.

The optimal control problem A is related to the determination of the
optimal location of the launch site (i.e., the optimal geographical longitude
L, as the latitude ¢, is specified). For all the cases that have been taken
into account the optimal locations lie along the ground track of the tar-
get satellite. The optimal trajectories are represented (approximately) by
vertical ascending trajectories (with the thrust direction T always aligned
with 7). The time for interception, ty — ¢z, is nearly independent of the
launch latitude and is equal to 1.96 min. Figures [3-5/ portray the optimal
control laws, the ground tracks, and the optimal trajectories (represented
in the local frame centered in the launch site) for three illustrative exam-
ples. All of them correspond to a launch latitude of 40 deg. With regard
to problems B (Fig. 3), C (Fig. 4), and D (Fig. D), in the local frame the
optimal trajectories are associated to a constant azimuth angle and are
nearly perpendicular to the target trajectory at interception. These two
properties turn out to be common to all the numerical solutions, also for
different launch latitudes. For all cases, the control variables are contin-
uous at the first stage separation, as predicted by the analytical necessary
conditions for optimality. The related time histories are strongly nonlinear,
as it emerges from the inspection of Figs. 3(c), 4(c), and 5(c).

Figure [0l reports the launch sites (indicated with points) for the test
cases that have been considered. In particular, the points corresponding to
the Figs. 3, 4, and |5/ are marked. For each latitude, the solution of problems
C and D allows determining the longitudinal range where the launch site
can be located so that interception can occur within a specified time (3
minutes). This leads to defining the stripe portrayed in Fig. 6, which repre-
sents the region where the launch site can be located so that interception is
guaranteed in 3 minutes or less. Due to symmetry, it is relatively straight-
forward to determine the stripe with respect to the remaining portion of
the target ground track. With reference to a single orbit of the target satel-
lite, Fig. [7l portrays the entire “stripe of interception”, which includes the
possible launch locations that guarantee interception in 3 minutes or less.
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Similar stripes can be traced with regard to the remaining orbits in the pe-
riod of repetition of the target satellite and this process leads to identifying
the “region of interception within 3 minutes” all over the world.

The method employed in this research is capable of determining the
optimal ASAT trajectories also when the atmospheric drag is considered.
Several test cases have been performed by employing a realistic atmospheric
model. The optimal control time histories turn out to change as a function
of the ballistic coefficients of the two stages, as well as the performance at-
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tainable by the interceptor missile. For instance, with reference to a launch
latitude of 40 deg, the longitudinal extension of the launch region that guar-
antees interception within 3 minutes is a function of the ballistic coefficient
at ignition of the first stage, Bp;. Under the assumption that atmospheric
drag is negligible by the time of ignition of the second stage, the results
reported in Table (1 have been obtained.

Table 1. Feasible region for the longitude as a
function of Byy (¢;s = 40 deg).

Boy (mQ/kg) w7 (deg) | i7" (deg)
0 28.1 44.5
1x107% 28.2 44.4
5x 1074 28.4 44.1
1x1073 28.6 43.9
5x 1073 29.8 42.4

As expected, the inclusion of atmospheric drag reduces the performance of
the rocket and narrows the feasible region for the launch longitude.

6. Concluding remarks.

This research addresses the problem of optimal interception of a low
Earth satellite by a high—performance, ground-launched, two—stage rocket.
Four kinds of optimal control problems have been considered, to determine
the minimum—time trajectories leading to interception and the geographical
region where the launch site can be located so that interception can occur
in a specified time. The absolute minimum—time trajectories correspond to

11
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the optimal locations of the launch site, which must lie along the ground
track of the target satellite.

The results reported in Section [5 neglect the effect of the atmosphere in
order to determine the rocket performance regardless of its mass. However,
depending on the ballistic coefficients of the two stages, the atmosphere can
worsen considerably the performance attainable by the interceptor missile.

Real-time guidance is a central issue in the concrete realization of an
anti-satellite system. Due to the short time of flight, its implementation is
nontrivial. In addition, the performance attainable by the interceptor rocket
can depend significantly on the possible bounds on the control variables
(not considered in this study). However, the determination of the optimal
trajectories leading to interception is an essential premise to the definition
of the guidance strategy, and defines the best performance attainable by an
anti-satellite rocket with specified propulsive characteristics, such as that
considered in this research.

REFERENCES

1. L. J. Fogel, D. B. Fogel, and W. Atmar, Evolutionary programming for
ASAT battle management, Rec. of the 27" Asilomar Conf. on Signals,
Systems, and Computers (1993), Pacific Grove, CA, pp. 617-621.

2. N. L. Johnson, Space control and Soviet military strategy, Defense Elec-
tronics, 20(5) (1988), pp. 74-80.

3. M. Lyons, Soviet antisatellite (ASAT) system model, Proc. of the 24"
Annual Computer Simulation Conf. (1992), Reno, NV, pp. 956-960.

4. H. J. Kelley, E. M. Cliff, and F. H. Lutze, Pursuit-Evasion in Orbit, J.
of the Astron. Sciences, 29 (1981), pp. 277-288.

5. M. Pontani and B. A. Conway, Optimal Interception of Evasive Missile
Warheads: Numerical Solution of the Differential Game, J. of Guidance,
Control, and Dyn., 31(4) (2008), pp. 1111-1122.

6. A. E. Bryson and Y. C. Ho, Applied Optimal Control, Hemisphere, New
York, NY, 1975.

7. C. R. Hargraves and S. W. Paris, Direct Trajectory Optimization Using
Nonlinear Programming and Collocation, J. of Guidance, Control, and
Dyn., 10(4) (1987), pp. 338-342.

8. A. L. Herman and B. A. Conway, Direct Optimization Using Collo-
cation Based on High—Order Gauss—Lobatto Quadrature Rules, J. of
Guidance, Control, and Dyn., 19(3) (1996), pp. 592-599.

9. P. E. Gill, W. Murray, M. A. Saunders, and M. H. Wright, User’s Guide
for NPSOL (Version 4.0): A Fortran Package for Nonlinear Program-
ming, SOL 86-2, Stanford University, CA, 1986.

12



