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Abstract

Governing equations for a one-dimensional, second gradient porous system with a
solid-material discontinuity are deduced using an extended Hamilton-Rayleigh variational
principle. Darcy-Birnkman dissipation is included in this model, while inertial effects are
neglected. The linearized problem is used to study the problem of the consolidation of a

soil layer. First and second gradient numerical solutions are compared and discussed.
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1. Introduction.

In this work we study the mechanics of one-dimensional fluid-filled
porous media in the framework of second gradient theories by using a vari-
ational approach. In order to do so, we first introduce a kinematical scheme
suitable for describing the motion of a one-dimensional, fluid-filled porous
medium with a solid-material discontinuity (see also [2], [3]). As a second
step, we introduce a Hamilton-Rayleigh variational principle, extended to
continuous systems, in which we take into account Darcy-Brinkman dissi-
pation due to viscous flow of the fluid inside the pores of the solid matrix,
but we neglect inertial effects. We also assume that the deformation energy
of the porous system depends not only on the basic kinematical fields, but
also on their space derivatives (second gradient theory). As a result, we
obtain governing equations for the porous medium and jump conditions
on the considered discontinuity. We particularize these equations and jump
conditions to the limit case of a porous medium surrounded by a pure fluid.

We finally apply the obtained differential system to the problem of the
consolidation of a soil layer originally considered by Terzaghi. We find some
numerical solutions for this problem and compare first and second gradient
solutions underlying that second gradient ones are appropriate to describe
boundary layer effects in the vicinity of the boundaries of the layer.
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2. Kinematics

In this section we set up a kinematical framework suitable for describ-
ing the one-dimensional motion of a porous medium with a solid-material
surface discontinuity. Let By and By be two open subsets of R (usually
referred to as the Lagrangian configurations of the two constituents), (0,7)
be a time interval and let

Xs : Bs x (0,T) — R, Xf:Brx(0,T)—R

be the maps which represent the placement of the solid and fluid con-
stituents respectively. Moreover, let ¢, : By x (0,T) + By be the map
which locates, for any instant ¢ € (0,7'), the fluid material particle X
which is in contact with the solid material particle X;. The three intro-
duced maps are related by ¢ = ijl o xs. We also assume that ys and ¢
are continuous in By, while their space derivatives x’, and ¢/ are continuous
a.e. in B except in a point S; which is assumed to be fixed in the solid-
Lagrangian configuration®. This means that, correspondingly to the point
Ss, the fields x’, and ¢, suffer a jump. From now on we also assume that
Xs(Bs,t) = xf(By,t) and we denote B.(t) this time-varying sub-domain of
R usually referred to as Eulerian configuration of the porous system. This
means that we are adopting a macroscopic kinematical model since each
point x of the physical space is assumed to be simultaneously occupied
both by a solid and a fluid material particle.

As far as the solid constituent is concerned, we introduce on Bj the
displacement field u and the Green-Lagrange deformation field ¢, which in
the considered one-dimensional case are given by

(2) u(Xs,t) = Xs(Xsyt) — Xs, and e:==((x)*—1).

N —

In the sequel, owing to Eq. (2), we replace x/, with 1 + v’ since we want to
deal only with physical quantities.

Notation 1. Given two fields a(x,t) and b(Xy,t) defined on B.(t) and By
respectively, we denote by a® (X, t) and b® (X, t) the corresponding fields
transported on By as: a®= a o ys and b® = b o ¢;.

Let now 7 and 7y be the solid and fluid Lagrangian apparent densities,
defined on B, and By respectively. We introduce the solid-Lagrangian fluid

density as my = 77}@ ¢, and in the sequel we assume that 7 is constant

%From now on the apex ' always indicates the derivative with respect to the variable
Xs.
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in space. We also assume that no creation (or dissolution) of mass occurs
during the motion of the porous system so that dn,/0t = 0 and dn/0t = 0.
Following classical poromechanics (see e.g. [1], [2], [3] for details) the fluid
conservation equation is pulled-back on the solid-Lagrangian configuration
B, and in the one-dimensional case reads

(3) iy (1P :) =0,

where 1hy = Omy/0t and bs = O, /Ot. In the sequel a superposed dot
always indicates the time derivative of a solid-Lagrangian field.

3. Extended Hamilton-Rayleigh Variational Principle

We now assume that the volume deformation energy density
U(e,my, € ,m’f) depends not only on the deformation of the solid matrix
and on the density of the fluid (classical theory), but also on the space
derivatives of these fields (second gradient theory). Assuming that inertial
effects are negligible, we can define the action functional A for the one-
dimensional porous system as

(4) A::—/ \I/(&?,mf,el,m’f).
Bsx(0,T)

Let i := KnP/ms(1+u')ps and 7 := B/(1+u')(5nF/my(1+u')g,) be
the only non-vanishing components of Darcy and Brinkman friction forces
(see [2] for their extended formulation); the coefficients K and B are known
as Darcy and Brinkman coefficients. We introduce a Rayleigh-like functional
R accounting for Darcy-Brinkman dissipation as

5) 2R = nf@l ¢ 1 nf@l | 1+
(5) = I m—f( +U)¢sm+(1+u,) mf( +u)ds | ™| (L+u).

The Hamilton-Rayleigh variational principle can then be formulated as
(6)

sa DA L DA A o ToR IR

O 5ot A U FOCLF Sy -
o, X T 5, 00t 6¢' 0% = )y 85,00 550

where all the dlfferentiation operations appearing must be understood in
the sense of Frechet derivatives.

Recalling the definition of W it is easy to recover that the variation 6.4
of the action functional can be evaluated as

M:_/ o o o ov

O¢! e ﬁm} omy,
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where, recalling the definitions of € and my, it is clear that de = x,0x,
omyg =1y Do), 0e' = (d2) = x4 6X, + x4 Ox and dm'y = (dmy)’ = 77@59%)”

We now assume that the test functions dys, d¢s, dx, and (5q§’ have
compact support K C B, such that the point S5 belongs to K. This means
that, for any compact set K C B; these functions vanish on the boundary
and outside K. Integrating by parts in space, recalling that 7 is constant
and simplifying, the variation of the action functional gives

ov  (0w\' \7'
= {0 (2 (32 e
B.NK x(0,T) ( ) O ¢’ f
or [T’
[l @t
H e ¢! Ssx(0,T) ! amf Sex(0,T)
(7)
VAW 1\
- H (1+u) (%) } Xy — n,@aa ; 3¢ -
€ Syx(0,T) my Ssx(0,T)
Here and in the sequel the symbol [|f|] indicates the jump of the quantity
f through the discontinuity S;.
As for the variation of the Rayleigh dissipation functional it can be
recovered starting from expression (5) that its variation dR gives
® ® !
1
SR = U1t ) ket , U )| 7| (40 560+
BsnKx(0,T) | Mf (1+u) \'my
77@
+/ L (14 7 g,
B.NK x(0,T) M f
which integrating by parts and simplifying reduces to
(8)
® ® 77®
SR = A+u) | L a+u)s— Lo |6¢s+ || Q+u)Lr S¢bs.
BsnK % (0,T) my P soxom)

Replacing in the Hamilton-Rayleigh principle (6) expressions (7) and (8)
for A and dR respectively, noticing that these expressions hold for any
compact set K included in By and assuming the arbitrariness of the test
functions dxs, d0¢s, 0X%, and d¢, we obtain the following set of equations
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of motions and jump conditions valid in Bs; x (0,7") and in Ss x (0,7")
respectively

o ren (e (3 -

ov  [(ow)] ® ®
1 ®| Y _ -1 N2 AN
[ G VAW
(11) (14 ) (a_ — <a_/> > } =0
L Os Oe Sy (0,T)
| . ow 0w\ n®
(12) n® — — [ == =— || Q+u)-Lr :
f omy om’ my
L f Sex(0,T) Sex(0,T)
[ ow\’ ov
L € SSX(O,T) mf SSX(O,T)

4. Porous Medium-Pure Fluid Interface

When the discontinuity S is such that it separates a porous medium
and a pure fluid, the differential system (9)-(13) must be rewritten for this
particular case. In order to do so, we denote by U™ the potential energy
of the porous medium, by ¥~ the potential energy of the pure fluid and
we notice that in the pure fluid region x = m = 0. Since ¥~ is the solid-
Lagrangian free energy of a pure fluid, it must be such that

(0) U (emg) = () sl = VITEE uy (L)),

This expression for ¥~ is simply the pull-back of the energy ¢, of a pure
fluid which, by definition, must depend only on the Eulerian fluid density
pJ@ =myp(l4+ )~L. Notice that the energy of a pure fluid does not depend
on second gradient fields so that OV~ /9’ = 0¥~ /Om'; = 0.

We now introduce the pressure py and the chemical potential py of a
pure fluid as py := —1)y + ,oj@ a@z)f/ap]@ and fiy = 8¢f/8pj@. Deriving with
respect to X it is easy to recognize that p} = p}@ u}.

Starting from expression (14) for ¥~ and using these definitions for p; and
s it can be recovered that 00~ /0e = —1/(1+u') py and OV~ /Omy = uy.
We can conclude that in the pure fluid region the equations of motion
(9) and (10) simplify into p} = 0 and p’ = 0 respectively. These two
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equations are clearly equivalent in virtue of the relationship between p’f
and u}. On the other hand, the motion of the porous region is still ruled by
equations (9) and (10) simply setting ¥ = ¥, while the jump conditions
(11)-(13)become

(15)
ou+ [T+ out  [ou+)
: B _ @+ 0T _ @

oUt\’ oUt
/ _ ® _
(1+u)(86’> =0, "y am}_

where clearly all the quantities on the left hand sides are relative to the
porous medium and those on the right hand side are relative to the pure
fluid. Nevertheless, in order to lighten notation + and — superscripts are
omitted if no confusion can arise.

(16)

0,

5. Linearization of the differential system

We now consider the problem of the consolidation of a soil layer orig-
inally studied by Terzaghi. In particular, we consider a semi-infinite soil
layer of initial depth L and we assume that both deformation of the solid
matrix and fluid flow happen only in the vertical direction which we label
by x . Moreover, we assume that the surface of the soil layer is in contact
with a thin layer of fluid, so that Egs. (9), (10) are suitable to describe the
motion of the porous system, while jump conditions (15)-(16) have to be
used at the discontinuity point. We are not interested here to study the
motion of the external fluid. Notice that if an external load p¢*t is applied
to the surface of the layer (e.g. construction of a building), a proportional
increasing of the fluid pressure appearing in Eq. (15) is expected, while we
can assume that the variation of the chemical potential ¢ is negligible.

We now study the motion of this porous layer linearizing the differential
system obtained in the previous section around the equilibrium configura-

tion my = m(}, e = 0. As a first step we linearize the balance of mass (3)

around this equilibrium configuration which, recalling that 775® is constant

gives

(17) iy =P ¢l =0,

where, with abuse of notation, we still indicate with m ¢ the perturbations
Amy around m(}. This abuse of notation will be kept in the sequel.

’From now on x labels the solid-Lagrangian space variable previously indicated by X
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As a second step we introduce the following quadratic form for the second
gradient deformation energy WU+

2
1 1 m m
(18) Ut = —p&tle + B (A +2p+ bQM) e+ §M <m—§> —bM 5m—§
1 2 2 m} p 1 m/f i

The constant coefficient p§* accounts for the pressure of the external fluid

in the equilibrium configuration (before the application of the external load
@), X and p are the classical Lamé coefficients, b and M the Biot param-
eters and M, K¢ and K,y are the second gradient constitutive parameters.
Using this expression for ¥, equations of motion (9) and (10) are linearized
as

(19)
m/! /
[(—pS” A 20+ BM) £ — DM d — (Koo + MEZ) " — MKy —F | =
my my
and
(20)
m(} M—L 5= G €~ OSf - My | = Kn_]iﬂbs - Bn_];¢;/’
0 m m 0 m m
oty gy

where Eq. (10) has been multiplied on both sides by ¢/, and where, with
abuse of notation, we also indicate by ¢ the perturbation Ae around the un-
deformed equilibrium configuration. Notice that the fields m ; and ¢ depend
on the variables x and ¢. If we now integrate the first equation of motion
and integrate the second one (with respect to x) and if we introduce the
dimensionless quantities

~ t
E=2, mp=—L F=2, with r= ="

L being the depth of the layer, we get the following dimensionless differential
equations

(A + 2u + b2M — pg™) bM (K + MK?f) "
X+ 2p Tt T T v ©
MK t
(2) - Mg old)

S +2w L2 T T N+ 2u

0,
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and

i .
By Mo i~ B
In the firs equation cy(t) is clearly an integration constant with respect to
x, while in the second equation we used the balance of mass (17). In the
sequel, with abuse of notation, we do not distinguish m from m; and,
if not specified, my indicates the dimensionless quantity. Moreover, the
dimensionless variables £ and t are also indicated by x and t if no confusion
can arise.

This differential system is of the sixth order in space and has an unde-
termined integration constant: we need seven boundary conditions to find
a unique solution. We choose some of these boundary conditions between
those arising from the variational principle (natural BCs) and we choose
the remaining ones on the basis of the physics of the problem. In particular,
we impose in z = 0 (i.e. on the surface of the layer) the B.C.s (15) which
in their linearized, dimensionless form read

(23)

m.l;.l/ +

2
()\ =+ 2/J + b2M — prt) o bM S (Kss + Mst) I
A+ 20 Xt2u T (Nt 2u) L2
Mst ” Apezt
24 - ===
(24) A+20) L2 T (A +2p)
and
MK, , M , B . myAp
(25) my — be — IS T ™ +KL2mf: i =0,
where Ap®! represents the incremental external pressure acting on the

surface of the layer due to the application of an external load and Ay ¢t

is the incremental chemical potential at the surface of the layer which we
assume to be negligible.

Moreover, we use the natural BCs (16) both in # = 0 and = = L. Their
linearized, dimensionless form read

(26) m'y + e =0, and m}+ K& =0.

For the last BC we assume that the soil layer is impermeable in z = L.
This means that in = L the relative velocity ¢, of the fluid with respect
to the solid is vanishing. With this assumption Eq. (20), which is valid for
any z in (0, L), particularize in x = L as

MKSf " M " B,

VL2 e+ ML2mf - KL2mf =0.

(27) —m}y+be +
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Comparing equation (22) with the boundary condition (24) it is immediate
that co(t) = —Ap®*. From now on we assume that the external applied
load is constant with respect to time.

Finally, the initial condition (corresponding to the instant in which the
external load is applied) is deduced assuming that the apparent Lagrangian
fluid density is vanishing for t = 0T, i.e.

(28) my (z,t=0") =0.

This initial condition states that, correspondingly to the instant in which
the external load is applied, there is no instantaneous variation of the fluid
density my inside the soil layer.

6. Linearized Problem of Consolidation

In the previous section we derived an initial boundary value problem
which is suitable for describing the evolution of a porous soil layer of depth
L after the application of an external load. We now introduce an auxiliary
function V' (x,t) which satisfies the following relationships ¢

KM 11 bM

(29) g = WV + mv

and
(A+2u+0°M —pg™) - Ko+ MKZ L Apt
(A +2p) (A +2p) L2 bM

(30)  my=

In such a way, Eq. (22) is identically satisfied, while Eq. (23) can be rewrit-
ten, after some straightforward calculations, as

31) vV — vV — oIV 4 oV 4 oV — gV = 0.
On the other hand, the boundary conditions given in Eqs. (25)-(27) read

(32) C VIV -GV — 3V 4+ CuV +4+C5V +C6=0 in 2 =0,
(33) vi=o, V=0 in z2=0,1L, VV'=0 in z=L.

All the coefficients appearing in these equations are given in the Appendix
in terms of the constitutive parameters. Finally, the initial condition (28)
becomes

Apext 1

(34) V(@0%) = Vo = -

“In order to use a compact notation, from now on the Roman figure superscripts
indicate the order of the derivative with respect to x
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Considering the linearity of the differential problem and the non homo-
geneity appearing in b.c. (32) we look for a solution V' (z,t) in the form

(35) V(z,t) =V () + W(z,1t)

where V (z) is the solution of the stationary part of the problem (the terms
in which appears the time derivative are neglected) with non-homogeneous
BCs, while the deviation W (x,t) is the solution of the non-stationary part
of the problem with homogeneous BCs and non-trivial initial condition
W(z,0%) := Wi, = Vip — V (2).

It can be proven that the solution of the stationary part of the problem
when C4 # 0 is given by V (x) = —Cg/Cywhile if C4 = 0 the stationary
solution V () exists if and only if Cg = 0; in this case an infinite family of
constant solutions of the stationary problem arises.

As for the deviation W (x,t), we use the separation of variables method
setting W(x,t) = X (z)T'(t) and looking for a Fourier series solution. In
particular, we find the following formal expression for W

+oo L

1

(36) W (z,t) = C4CsWiy, E [—HXkH2 /0 X (x) dl‘:| X (x) e)‘kt,
k=1

where A\ and X}, are the eigenvalues and eigenfunctions of the space prob-
lem respectively. Moreover, || Xi|? := ao fOL X Xpdr + oy fOL X,gX,gdx +
o fOL XX+ ag fOL XXz, where the coefficients a; are defined
in the Appendix.

As a final step, we find a numerical solution for this problem choosing
values of the first gradient constitutive parameters relative to a normally-
consolidated clay filled of water and trial values of the second gradient
dimensionless parameters (see table 1).

Table 1. Values of first and second gradient parameters.

M (GPa) | A (GPa) | u (GPa) k1 ko k3 k4
5 2.3 1.5 107211072 ]107? ] 1072

Figure (a) shows second gradient solutions for instants close to the ap-
plication of the external load (¢ = 01). It is immediate to note a perfect
convergence of the solution to the initial datum m s(x,0") = 0. Moreover,
an over-pressurization phenomenon is visible close to x = L which is not
predicted by the classical theory. This means that in the deeper regions of
the layer the fluid remains entrapped in the pores which are deforming and
this results in a pressure of the fluid increased with respect to the initial
value. In the superficial regions of the layer the fluid is flowing out resulting

10
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in a decreasing pressure. Figure (b) shows the behavior of m for further
times. We note that the fluid start flowing also in the deeper regions and for
infinite times m y reaches a constant value which is the same as the classical
theory.

—~0.0001 -0.0002
—0.0002 —0.0004
mg m¢
—0.0003 —0.0006 |~
—0.0004 —0.0008 =
-0.0005 [':2> -0.001 |2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

(a) 24 gradient solutions for small times (b) 2"¢ gradient solutions for further times

Figures (c) and (d) show a comparison between Terzaghi’s and sec-
ond gradient solutions for two different instants. In particular Fig.1 is the
solution relative to t = 0. We note an incompatibility between initial da-
tum and the boundary conditions in z = 0 for the Terzaghi solution. This
incompatibility is cured by the second gradient solution which smoothly
converges to the initial datum.

0

oo —0.000025
0.00002 —0.00005
—0.000075
mg 0 mg

—0.0001

—0.00002 — Terzaghi —0.000125 — Terzaghi

— Second Gradient — Second Gradient
—0.00004 -0.00015
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
X X

() 15t and 2"¢ gradient solutions at t = 0 (d) 1°* and 2"¢ gradient solutions at ¢ > 0
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A. Appendix: Coefficients of the Differential Problem
The constant coefficients C; and C; appearing in the differential problem

given by Egs. (31) and (32)-(33) are defined as

Ch1 = kiks, Cy =k + ks3ks (kﬁz + b) , C3=ky (kﬁl + kgk‘g)k‘%)z + k3Cy

ext

Po 2
Ci=1- Cs =k4|C k k ksksk Ce=0C k
4 N+ 20 5 4 [Cy + ke) + k1 + k3ksks, 6 4 + Ko,
with
K M B
:$ :K = —_— = — — g 2 .
k1 e YL ko sfr k3= k=g ks o ke = b"ks

Moreover, the coefficients appearing in the boundary conditions (32) are
defined as Cl = Cl, CQ = CQ, Cg = Cg, C4 = 04 and

Apeazt
bM

Cs=0C5 — (k1 + k3k5k§) ) Ce =
Finally the coefficients of the inner product appearing in (36) are given by

ag = CyCs, ap = C4C5 — C4Cs + CoC,
g = C4C3 — C3C4 + CoC5 — C9Cs + C1Cq, ag = CyC3 — CC3 + C1C5 — C1Cs.
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