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THE FABULOUS DESTINY OF RICHARD DEDEKIND

*

G1USEPPE DEVILLANOVA ¢ AND GIovANNI MoLica Biscr ®

ABSTRACT. By using the preliminary results given in a previous divulgative
note, we present here a concise and self-contained introduction to the construc-
tion of the real field as the unique, up to increasing isomorphism, Dedekind
complete totally ordered field. Moreover, we also show the equivalence be-
tween the Dedekind completeness property on totally ordered fields and some
meaningful well-known notions present in the literature, such as the Cauchy
completeness on totally ordered Archimedean fields. This characterization
result allows us to correctly encode the Dedekind completeness for totally
ordered fields in the general abstract setting of metric spaces. We believe
that the essential parts of the paper can be easily accessed by anyone with
some experience in abstract mathematical thinking. The paper completes the
lecture given by the second author during the International Workshop on New
Horizons in Teaching Science in Messina on June 2018.

“We are justified in calling numbers
a free creation of the human mind”

RICHARD DEDEKIND

1. Introduction

Julius Wilhelm Richard Dedekind! studied in Géttingen, where he was a pupil of
Johann Friedrich Carl Gauss. Later he taught in Gottingen, then in Zurich and finally
at the Technische Hochschule of his hometown. He was among the first to exhibit
the theories of Galois at university. Dedekind made fundamental contributions to
Number Theory, in particular by rigorously specifying the concept of real numbers.
Based on Cantor’s Set Theory, he provided a non—intuitive clarification of the notion
of natural number in purely set terms. Dedekind’s contributions to Mathematics go
far beyond that.

His other original research was directed towards the construction of the theory of
the field of algebraic numbers; moreover, he was responsible for the introduction of
the ideals, which opened further developments to the study of Modern Algebra. As

Braunschweig, duchy of Braunschweig (now Germany) 1831-1916.
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claimed by James S. Milne in 2017, the contribution of Dedekind laid the modern
foundations of Algebraic Number Theory by finding the correct definition of the ring
of integers in a number field, by proving that ideals factor uniquely into products of
prime ideals in such ring, and by showing that, modulo principal ideals, they fall
into finitely many classes.

In this didactic note we are mainly interested in the Dedekind completeness con-
dition and in some of its consequences in Real Analysis. The Dedekind completeness
condition, as well as the notion of continuity of the real line, the definition of the real
field by means of cuts, the formulation of the Dedekind—Peano Axioms for natural
numbers, are certainly topics which are familiar to any student who attends the
first year of Mathematics and, in some cases, even the last years of high school. The
same cannot be said, probably, for the important relationships that exist between
these concepts and for the profound implications that these arguments have with
the most important questions of Mathematics. The main purpose here is to discuss
these links, which will ultimately lead us to discover, paraphrasing the title of the
French movie Le Fabuleur Destin d’Amélie Poulain (2001), the fabulous destiny of
R. Dedekind, who always hovers when it comes to Mathematics.

Section 3 is devoted to the fundamental notion of Z—completeness on totally
ordered fields. The main result of this section characterizes the real field R as
the unique Z—complete totally ordered field up to increasing isomorphism; see
Theorem 3.3. In Proposition 3.4 we also prove that the rational Archimedean field
Q is not Z—complete.

As proved in Section 4 the Z—completeness is equivalent to the least upper bound
property?, as well as to the greatest lower bound property. We emphasize that the
least upper bound property implies several classical and fundamental results of
Mathematical Analysis valid for every continuous function on a closed and bounded
interval. Among others, as in the interesting paper Corgnier and Valabrega 2013,
we mention here: the intermediate value theorem; Weierstrass’s theorem; the mean
value theorem; Rolle’s theorem; see, for instance, the classical textbooks of the
Ttalian school of Mathematical Analysis: Cecconi and Stampacchia 1983; De Marco
1986; Giusti 1988; De Marco 1999; Lanconelli 2000 and Prodi 1970; Lanconelli 1998;
Marecellini and Sbordone 1998; Fusco and Sbordone 2001; Pagani and Salsa 2015,
2016.

Then, following Cohen and Ehrlich 1963, Theorem 5.1 we provide, in Theorem 4.1,
a list of statements equivalent to the Z—completeness on totally ordered fields. The
topics and facts adduced are largely standard, though our choice of examples,
problems, and manner of presentation may make some modest claim to freshness
if not to novelty, but many of these lines of inquiry are pursued here in a greater
detail if compared with other recent texts. For instance, an encyclopedic account
of equivalent notions of Z—completeness was studied in Deveau and Teismann
2014. In the aforementioned paper a massive list of mostly familiar statements of
Real Analysis has been considered, each of which turns out to be equivalent to
Z—completeness in totally ordered fields; see also Hall 2010. To complete the picture

2In 1817 the importance of the least upper bound property was firstly recognized by B. Bolzano.
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given in Section 4, a concrete example of Cauchy complete non—Archimedean totally
ordered field has been presented; see Corgnier and Valabrega 2017a, 2017b, 2015.

Finally, in Section 5 we exhibit some classical models for the real field R. More
precisely, we treat the following constructions of the reals:

o by Cauchy sequences (G. Cantor (1873));
o by Dedekind cuts (R. Dedekind (1872); E.A. Maier and D. Maier’s (1973));
o by Decimals (S. Stevin (1585)).

2. The didactic approach

To provide an explicit, precise and systematic definition of the real numbers is a
major step towards completing the arithmetization of Analysis. Further reflections
in von Neumann, Gédel and Bernays Set Theory are based on a universal ordered
field, namely the surreal number field which was defined in Knuth 1974 by following
the go endgame by J.H. Conway. In the monumental Conway construction every
other ordered field can be identified, by isomorphism, as a subfield of the surreals;
see Knuth 2016 for a funny introduction on the subject.

No conscious attempt was made to grade the arguments according to their
difficulty: they are arranged, in each section, in chronological order. Moreover, we
also emphasize that for the sake of completeness and future didactic scopes, the
arguments of the manuscript are summarize in a concise way.

The present paper goes well beyond a standard course on real numbers, and there
is enough material for supplementary reading. As general references on the topics
of this note we refer to the monographs Cohen and Ehrlich 1963; Burrill 1967 and
the references therein.

Note: From now on we use notations and definitions given in Devillanova and
Molica Bisci 2021.

3. Z—completeness: The real field R

In this section K = (K, +, -, <) denotes a totally ordered field. However, we
emphasize that the notion of Z—completeness given in this section remains valid
for a totally ordered set X = (X, <) as well as the validity of Theorem 3.1 given
below; see De Marco 1986, Section B.1.2.

3.1. Dedekind completeness. Given X and Y two nonempty subsets of K, we

shall use the conventlon:X <Y e (VreX,VyeY,r<y).

The field K is said to be Dedekind complete?, briefly Z-complete, iff: for every
X and Y nonempty subsets of K such that:

X<Y=FecK:VzeX,VyeY,z<z<y? (1)

3We emphasize that a totally ordered field K is not necessarily Dedekind complete.

4We also write X < z < Y. With abuse of notation the simbol X < z (resp. z <Y) means
that z < z (resp. z < y) for every z € X (resp. y € Y). Similar notations are tacitely assumed for
strict inequalities.
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Let X be a nonempty subset of K and denote by:

Uy the set of upper bounds for X in K,

as well as
Zx the set of lower bounds for X in K.

Moreover, when %x # 0 and, respectively, Zx # 0 we set
supg X = ming Zx and infg X := maxg Zx.

A nonempty set X C K such that Zx # () and x # 0 is bounded in K. The class
of bounded subsets of K is denoted by Hx.

Theorem 3.1. Let K = (K, +, -, <) be a totally ordered field. The following asser-
tions are equivalent:

(a) K is D-complete;

(b) for every nonempty X CK, if Ux # () then supg X exists;

(c) for every nonempty X CK, if Lx # 0 then infg X exists.

Proof. (a) = (b) Let X C K, X # 0 and %x # 0. Clearly X < %x and, by (a),
there exists z € K such that X < z < %x. Note that z = supg X, i.e., z = ming Zx,
indeed, 2 < Zx and z € Ux since z > X.

(0) = (a) Let X, Y CK, X,Y # 0, and X <Y. Let us prove that there exists
z € Ksuchthat X < 2<Y. Now X # () and x # D since Y C x and Y # (). By
(b) there exists z = supg X. Again, since Y C %x, it follows that z = ming ¥ <Y.
On the other hand, owing to z € Zx, one has X < z.

(a) = (c) Let X CR, X # 0 and ZLx # 0. Clearly £x < X and, by (a), there
exists z € K such that Zx < z < X. Note that z = infg X, i.e., 2 = maxg Zx,
indeed Zx < z with z € Zx since z < X.

(¢) = (a) Let X, Y CK, X,Y #0, and X <Y. Let us prove that there exists
z€Ksuchthat X < 2 <Y. Now Y # () and %4 # 0 since X C % and X # (). By
(c) there exists z = infx Y. Again, since X C %, it follows that X <infx ¥ = z.
On the other hand, owing to z € £, one has z < Y. O

The next property will be used in the sequel.

Proposition 3.2. Let K = (K, +,, <) be a totally ordered Archimedean field and
let p : K — K be an increasing function, i.e., such that

Ve,y e K, z <y inK= o(z) < py) in K.
Assume that ¢|g = idg.” Then ¢ = idx.

Proof. Let x € Kand € > 0 in K. By Devillanova and Molica Bisci 2021, Proposition
5.5, the field Q is dense in K. Hence, there are p,q € Q such that r —e <p <z <
g < x+¢. Since @ is increasing and ¢|g = idg, one has p = p(p) < p(z) < ©(q) = ¢
so that © — e < p(z) <  + . The last inequality and the density of Q in K ensure
that ¢(x) = . The proof is complete. O

5Note that every totally ordered field K contains a copy of the rational field Q.
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3.2. Isomorphism of Dedekind complete totally ordered fields. Let K; =
(K1, 41,1,<1) and Ky = (Kg, +2, -2, <2) be two complete ordered fields. A bijective
function ¢ : Ky — Ky is said to be an increasing isomorphism® (of fields) if ¢ is
an isomorphism of fields and
Ve,y € Ky, <1 yin K= ¢(x) <3 ¢(y) in Ks.
The main result of this subsection reads as follows.

Theorem 3.3. There exists a unique P—complete totally ordered field up to increas-
ing 1somorphism.

Proof. Let K; = (Kq,+1,1,<1) and Ky = (K3, +2, -2, <5) be two complete totally
ordered fields. For every z € K; let us define the set

Alx):={q:q € QA q <y x}.

Since Kj is an Archimedean field, the set A(z) is bounded from above in Q. Conse-
quently, the set” A(x) is also bounded from above in Ky. Since Ky is complete the
function ¢ : Ky — Ky given by

o(x) = supg, A(x) = supg,{q: ¢ € QN g <y 2},

is well defined®.

Since Q is dense in Ky, if <3 y then A(x) C A(y), i.e., the function ¢ is
increasing. Moreover, if € Q then z = maxg, A(x) and ¢(z) = .
Analogously, it is possible to define an increasing function ¢ : Ko — K7 such that
Y|g = idg. Hence, the compositions o ¢ : K; — K; and po ¢ : Ky = Ky
are increasing functions such that ¢|g = idg and ¢|g = idg. On account of
Proposition 3.2 one has that ¢ o ¢ = idg, and ¢ o9 = idk,. Then ¢ is an order
preserving bijective function. Let us show that:

(1) @(z+1y) = (@) +2 p(y) for every z,y € Ky;
(2) ¢z 1y) = ¢(x) -2 (y) for every z,y € K;.

From now on, in order to simplify the notation, we use the symbol + for sums
and the symbol - for products (and usually we shall omit the latter). Their meaning
should be clear from the context.

In order to prove (1) and (2), since Q is dense in K; and Ky, we will show that
for every € > 0 in Q and z,y € K; one has

o(r) +p(y) —e <oz +y) < (@) +oy) +e, (2)
and
p(r)p(y) —e < p(ry) < p(x)e(y) +e. (3)

5The notion of increasing isomorphism defines an equivalence relation in the class of ordered
fields. Theorem 3.3 ensures that all the complete totally ordered fields are in the same equivalence
class. Whenever two complete totally ordered fields are (order) isomorphic, they can be considered
to be essentially the same field with respect to operations and orders just by a renaming of the
elements.

"More precisely, the isomorphic copy j(A(z)) = {j(q) : ¢ € QA ¢ <1 z} in Ka.

8We notice that in the definition of ¢, with abuse of notation, we simply identify the different
copies of rational numbers in K; and Kg as well as their subsets.
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Again, the density of Q in K; ensures that there are p1, p2,q1,q2 € Q such that

€ € € €
m—§<p1<x<p2<m+§ and y—§<q1<y<q2<y+§. (4)

Now, we recall that ¢ is an injective increasing function with ¢|g = idg. Thus,

if x <p1 + % it follows that p(z) < ¢ (p1 + %) =p + ; e, o(z) — g < p1.

Analogously, by (4), it follows that

3 e g 3
pl@) =5 <pis p2<p@)+5; wy) -5 <ai @<ely)+s
Consequently,
p)+ey) —e<pi+q and  pa+qe < p(z)+o(y) +e (5)

Now, since (4) yields p1 +q1 < 24y < p2+¢qa, we deduce p1+q1 < p(x+y) < pa+qo
and so, by (5), inequality (2) holds. To prove (3), without loss of generality, we
suppose that z and y are positive in K;. Let § € Q such that
€

— <o
2z +y) 2
The density of Q in K; guarantees that such § exists. Let p1,p2,q1,q2 € Q such
that

0>0; o<z d<y; 0<

r—0<pi<r<pa<z+d and y—-O<q@ <y<qgs<y-+9o. (6)
Now, observe that p;, ¢;,p2 — d and go — ¢ are positive in Q. Thus, by (6)
P1q1 <Y <page; p2—0<x<p1+0; q—0<y<q +0. (7)
Consequently, by exploiting again the properties of ¢, we have
p1q1 < p(xy) < pa2ga, (8)
and
P2 =0 <) <p1+0d g—0<py) <q+0. (9)
By (9) it follows that
(p2 — 0)(q2 — 0) < p(x)e(y) < (p1 +6)(q1 +6). (10)

Now, by (8) and (10), one has
p(xy) — p(x)p(y) < p2ga — (P2 — 0)(g2 — ) = 6(p2 + g2 — 0) < (= +y +9),

as well as

o(zy) —o(@)e(y) > pigr — (p1+6)(q1 +6) = —6(p1 + 1 + ) > —d(z +y +9).

2z +y)
lp(zy) — p(z)p(y)| < d(z+y) + 6% <e.

In conclusion (3) is verified and the proof is now complete®. 0

Hence, bearing in mind that § < and 4% < %, it follows that

9See, for the same subject and related topics, the didactic notes of A. Zanardo, Course:
Fondamenti della Matematica, A.Y. 2011/12 - La struttura dei numeri reali: costruzione e
proprieta. Department of Mathematics - University of Padova, March 2012.
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Thanks to Theorem 3.3 the following definition makes sense:

The unique Z—complete totally ordered field (up to increasing isomorphism) is
denoted by R := (R, +, -, <) and it is said to be the field of real numbers.

3.3. Existence of /2. Let us prove that the field of rational numbers Q =
(Q,+,-, <) is not P—complete; Lanconelli 1998, Esempio 3.10.

Proposition 3.4. Let X be the subset of Q defined by
X:={q:q€Q Aqg>0,q¢* <2}
Then X # 0, Ux # 0 and the least upper bound o := supg X does not exist.

Proof. Since 1 € X, clearly X is nonempty. Moreover 2 € %x, indeed: if ¢ € X,
then
<2 = ¢#<4 =(@-2)(¢+2)<0 = g<2.
Arguing by contradiction, suppose that there exists ¢ := supgy X, that is ¢ =
ming Zx and o > 1. The trichotomy property of < ensures that only one of the
following cases occurs
0°<2, 00=2 0*>2
Case 0% < 2 - Since Q is Archimedean as proved in Devillanova and Molica Bisci
2021, Corollary 5.6, there exists n € N such that
20+ 1
n>max{1,2_92}.

1
Now, we claim that o+ — € X, that is
n

1 1 1\’
o+—€Q, 0o+—2>0, and |0+ — | <2
n n n
Indeed, since n > 1, it follows that n? > n and

2
1 2 1 2 1
(g+) — P+ <P o
n n n n n

<0P4+2-p2=2.

20+1
:QQ—'—ig
n

1
Hence o + — € X against ¢ := supgp X.
n

Case p? = 2 - Since p € Q and p > 0 there are two coprime!? integers m, n € N*
m

such that o = —. Hence
n

2

’=2 < m—2:2 & m? =2n? = Jp € N such that m = 2p.
n

Consequently

4p?

m
—y =2 T
n

5 =2 = n?=2° = niseven
n

10The integers m and n are coprime if their greatest common divisor is 1.
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Thus m and n are both even. We clearly have an absurd since m and n are coprime.
Case 0> > 2 - Since Q is Archimedean, there exists n € N* such that n >

1 2
max < —, e . Thus
0 0*—2

Indeed

1\2 2 1 2
(Q—) ZQQ——Q+—2>92——Q>QQ—92+2:2.
n n n n

1 1
We claim that o — — € %x. Indeed, since p — — > 0, for any ¢ € X one has
n n

1 1\,
0——>q<={o—— >q,
n n

taking into account that, for every ¢ € X

2
9 1
<2< (g — ) .
n
1 . .
Hence o — - € Ux against g := supgp X. This completes the proof. O

An element x € R\ Q is said to be irrational'!.

Let X be a nonempty set of R. If X is unbounded from below, i.e., Zx = 0, we
write infg X = —oo. Analogously, if X is unbounded from above, i.e., Zx = (), we
write supg X = +o0. Let X and Y subsets of R. Furthermore, let A € R and p € R,
with u > 0. Define

X ={-z:2€X}, and X+A={r+A:zeX}
as well as
uX ={px:x e X}.

The following properties hold whenever X and Y are bounded or unbounded, empty
or nonempty:

if X CY, then supg X <suppY and infg X > infg ¥ (monotonicity);
supg(—X) = —infg X, and infg(—X) = — supg X (reflection);
supgr(X + A) = supr X + A, and infg(X + A) = infg X + X (translation);

The extended real number system. The extended real number system R consists
of the real field R and two symbols, +0o and —oo; that is R := RU{—o00, +00}. We
preserve the original order in R, and define

—00 < x < +00
for every = € R.

1We notice that R\ Q # 0. Indeed v/2 := supg{q:q € Q Agq >0, ¢% < 2} exists since R is
Z-complete and by Proposition 3.4 clearly v2 ¢ Q.
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It is then clear that +o0o is an upper bound of every subset of the extended real
number system, and that every nonempty subset has a least upper bound. The
extended real number system does not form a field, but it is customary to make the
following conventions:

if z € R then
x x
x+ (+0) =400, x4+ (—00)=-00, — =— =0
+o00 —00
if z > 0 then
x-(+00) =400, and z-(—00) = —o0;
if z < 0 then
x - (+00) =—00, and x-(—00)=+o0.

(Note that no precise meaning is a priori given in the case x = 0.) If X C R is
a nonempty set unbounded from above (in R), then supgz X = +o0o. Analogously,
if Y C R is a nonempty'? set unbounded from below (in R), then infg Y = —oo0.
When it is desired to make quite explicit the distinction between real numbers, on
the one hand, and the symbols 400 and —oo, on the other, the former are called
finite; see Rudin 1976. As a topological space R is a compactification of the usual
line, i.e., a compact space containing R as a dense subspace, and it is homeomorphic
to a bounded closed interval of R; recall that a neighbourhood of +0co (resp. —o0)
in R is any subset of R containing a half line (z,+oc] (resp. [—oo,z)) for some
z € R, where
(z,40c] :=={y :y e R A z < y < +o0}
and
[o0,z) :={y :y e R A —co<y<z}.?
Let X,Y C R be two nonempty sets and let
X+Y ={z+y:2eXAyeY}
Then, the following addition rules hold:
supg(X +Y) =supg X +supg Y3
inf@(X + Y) = inf@ X + inf]R Y;
provided that also the right—hand sides are defined; in particular, this always holds
when X and Y are nonempty real subsets.

Completion: Assume that (X, <) is not a Z—complete totally ordered set. Then
it is p0551ble to construct a Z—complete totally ordered set!* X such that X is dense
in X see De Marco 1986, Appendix B.1.5; the construction of X is based on the
notion of Dedekind cuts as in the Cantor model of the reals given in Subsection 5.2.
Analogously, if (X, <) is not complete with respect to the order topology, then

X can be canonically embedded in a complete metric space YH; in this case the

121 order to avoid contradiction, we assume: infz 0 = 400 and supg ) = —oc.
13We also define: [z, 400 :={y :y €ER A 2 <y < 400} and [—o0,z] :={y :y ER A —00 <
y <z}

14We notice that the completion R of a field K cannot be a field; see Example 4.4.
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A18-10 G. DeviLLANOVA AND G. Mouica Bisct

construction of YH can be done by adapting the procedure given in Subsection 5.1
trough equivalence classes of Cauchy sequences; see Cecconi and Stampacchia 1983,
Capitolo 1 - Appendice: Completamento di Spazi Metrici. The following property,
that is peculiar of non—Archimedean fields, has been proved in Massaza 1969/70
and will be used in the sequel.

Lemma 3.5. Let K be a non—Archimedean field and let ZZOZO x, be any series®

over K. Then the series ZZO:O Ty 18 convergent in Kli , i.e., there exists S € KH
such that

lim Zxk =S5 mK,

n— oo
if
. N
lim z, =0 inK .
n—oo
oo o0
A . . . KH . . .
S a consequence, a series Ty, 1S convergent in iff |zn| is convergent in
n=0 n=0

K (absolute convergence).

It is clear that the Y—complete totally ordered set X is also Cauchy complete.
Finally, we emphasize that in the current literature there are several and different
notions of completion. For instance, the extended real line R constructed above
can be viewed as the Dedekind—MacNeille completion'® of the totally ordered
field Q.

Finally, we emphasize that the Zermelo’s theorem (see Devillanova and Molica
Bisci 2021, Theorem 6.6) ensures that a total order exists on the complex field
C := R? endowed by the operations defined by setting for every (z1,y1), (z2,y2) € C

(1,y1) +c (z2,92) == (1 + @2, y1 + Y2),
and

(x1,y1) ¢ (x2,92) := (L1272 — Y1Y2, T1Y2 + Y1 22).

However, thanks to the results presented in Devillanova and Molica Bisci 2021,
Section 4, it is easily seen that no total order exists on C which is compatible with
the field structure. For instance, this fact can be viewed as a direct consequence of
Devillanova and Molica Bisci 2021, Theorem 4.3 since the equation

2?2 +22=0 inC

admits the nontrivial solution (z1,22) = (1,i) € C2. The above remarks clarify that
the theory of ordered fields cannot be applied to study metric and analytic aspects
of the Euclidean space R¢, with d > 2.

5Qver an ordered field K the notion of series can be given as usual.
16Given a poset X := (X, <), the Dedekind-MacNeille completion of X is the smallest complete
lattice containing a subset order—isomorphic with X.
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4. Characterizations of Completeness

In most textbooks, the set of real numbers is commonly taken to be a totally
ordered Dedekind complete field. Exploiting this definition, one can then establish
the basic properties of the real field such as: the Bolzano—Weierstrass property,
the Monotone Convergence property, the Cantor completeness, and the sequential
(Cauchy) completeness; see Hall 2010. In the sequel, on account of Theorem 3.1,
we prove the equivalence between the Dedekind completeness property given in
Subsection 3.1 and some meaningful well-known notions present in the literature.

4.1. A fundamental characterization result. The aim of this subsection is
to show, as in Cohen and Ehrlich 1963, the equivalence between some notions
of completeness present in the classical literature. To this aim we recall a basic

definition. Let K = (K, +, -, <) be a totally ordered field. The pair (X,Y) is a cut
in Kif X and Y are two nonempty sets of K such that:

(1) XUY =K;

(2) ifzeX,yeY, thenz <y.
The sets X and Y are called, respectively, the lower class and the upper class
of the cut. A cut is a gap if its lower class has no maximum, and its upper class

has no minimum. We notice that if (X,Y) is a cut in K, then the sets X and Y are
intervals in K.

The main result reads as follows.

Theorem 4.1. Let K = (K, +, -, <) be a totally ordered field. The next facts are
equivalent:

(k1) K is Archimedean and (Cauchy) complete;

(ko) For every nonempty X C K, if Ux # () then supg X exists;

(ks) There are no gaps in K;

(ky) For every nonempty X C K, if Lx # () then infx X exists;

(ks) If X € Px is closed in K and # is a family of open intervals which covers

the set X, then W has a finite subfamily # which covers X (Heine—Borel

property);

(ke) If X € Bk is infinite, then DX # 0 (Bolzano—Weierstrass property);

(k7) K is Archimedean, and every nested sequence of closed intervals in K has a
nonempty intersection (Cantor property).18

17

Proof. The proof is divided in several steps:

(k1) = (k2) - Let X be a nonempty subset of K such that x # 0 and fix
b € K which is an upper bound for X. Furthermore, let 7 € X \ %x. Since K is

m
Archimedean, there is, for each n € N*, some m € N* such that Z + — > b in K.
n

17A family # of sets of K that covers X C K (usually called a covering of X) is a set # of
subsets of K such that for each z € X there is some W, € # with x € W.
I81f for each n € N*, X, is a closed interval in K, and Xn+1 € Xy, then ﬂnEN* X, #£0.
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A18-12 G. DeviLLANOVA AND G. Mouica Bisct

m
Hence, & + — is an upper bound for X. Thus, for each n € N*, the set
n

Bn:{m: :7:+me@/x}cN*
n
is nonempty and, by Devillanova and Molica Bisci 2021, Theorem 4.5, there exists
my, := miny+ B,,. Then, for each n € N*
Yn =T+ T ¢ Ux
n

and, by construction,

1 o omy, —
Ty =Yp—— =1
n n

< z in K for some z € X.

Hence, we get two sequences (), and (y,), such that for any m,n € N*

Tm < Yn,

1 1
Tm = Tn <Ynp — | Yn— — | = —,
n

so that
Ty — Tp| = max{&y, — Tp, Ty — T }

1 1
< max{, } in K for every m,n € N*.
n’ m

Since K is Archimedean, it follows that lim 1/k = 0. Consequently, (z,), is a

k—o0

Cauchy sequence in K and by (ki) there exists z, € K such that lim z, =z, in K.

n—roo

We claim that z, = supg X. Indeed:
To € Ux - Arguing by contradiction assume that z, < x for some = € X. Since

lim x, =2, in K and lim 1/n = 0, there is some n € N such that
n—00 n— 00

T — T, 1 T — T,

and — < in K.
n 2

Tn — T < |Tp — To| <

Hence

1 T — T, Tr— T, .
Yn =Tn + — < | To + + =z in K.
n 2 2

Since z € X, and y,, € %x a contradiction is obtained.

If ) € %Ux, then z, < z} in K - Arguing by contradiction, assume that there

exists x); € x such that z, > 2} in K. Then, for some n € N*,

To— Ty < |To — Tp| < 2o — ) in K.
Hence, z} < z,, in K and, consequently, by the construction of x,, 2} < z, <z in
K for some = € X. This is impossible, since z} € Zx.

(k2) = (k3) - Let (X,Y) be a cut in K. Then X is a nonempty subset of K
such that ) #Y C %x. Therefore, by (k2), there exists e’ := supg X. Now, since
X UY =K, either ¢’ = maxg X or ¢/ = ming Y so that (X,Y) is not a gap.

(ks) = (k4) - Suppose H is a nonempty subset of K and %y # 0. Let

X := %y, and
Y =K\ X =K\ Z.
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We claim that (X,Y) is a cut in K. Indeed, X UY = K by construction; X # 0
since X = Zy; Y # () since h+1 €Y for every h in H # (. Finally, if z € X and
y € Y, then z < y. Indeed, suppose otherwise that y < x, since x € X = £y we
should have y < x < h for every h € H, i.e., y € Ly = X and so X NY # () which
contradicts the definition of X and Y.
Now, since, by (k3), (X,Y) cannot be a gap two cases occur:

either 3maxg X or dming Y. In the first case Imaxg X = dmaxg Ly = infx H
and the the thesis is obtained, while the second case is ruled out since ming Y
have to belong to both Y and % = X getting in contradiction to the fact that
XNy =90.

(ka) = (ks) - Let X € Pk be closed in K, and let ¢ be a set of open intervals
J which covers X. Since X is bounded, there are elements x1,y; € K such that
X C [x1,y1]. Since X is closed, [x1,y1] \ X is open, so, for every y € [z1,31] \ X,
there exists an open interval J, such that y € J, and X N J, = 0. Let us consider
the set

H={Jy:y€ [z, y1]\ X, and J,N X = 0}.
Then the set & := _# U JZ covers the interval [z1,y:]. Now, let
L:={x : x € [x1,y1] and [z,y1] is covered by a finite subset of ¥}.

We claim that:

(c1) L # 0, in particular y; € L;

(c2) There exists e} := infg L;

(c3) e € L;

(ca) €} =my.
(¢1) Since [y1,y1] is covered by some open interval J € ¢ if y; € X, or by J,, € A
if y; ¢ X, it follows that y; € L, and so L # (.
(c2) Since x1 < x for every = € L, it follows that .2, # (. Hence, by (k4) there
exists ¢ := infg L.
(c3) We prove that €} € L, i.e., [e},y1] is covered by a finite subset of ¢4. Since
L C [z1,v1], €}, € [x1,11] and there is an open interval I; = (a,b) € ¢4 such that
e}, € I. Since ¢ = infg L, there is some z; € L such that a < e} < 21 < b,
i.e., such that [e},2z1] C (a,b) = I,. Now, since z; € L, there is a finite set
{I,..., I} C ¥ which covers the interval [z1,y;] and, as a consequence, the finite
set {I1,1Ia,...,Im} C ¥ covers [e],y1].
(ca) We prove that e, = x1. Arguing by contradiction, assume e # z1, i.e., that
x1 < €},. Since, with the same notation as above, a < e}, max{z1,a} < e}, and,
since K is dense (in itself), see Devillanova and Molica Bisci 2021, Proposition 5.4,
there is an element z; € K such that

max{x,a} < 21 < e}, <b<y. (11)

Since z1 < max{z1,a}, by (11) it follows that z; € [z1, y1]. On the other hand, since
a < max{z,a}, inequality (11) implies that [z1,y1] is covered by {I1, Is,..., I;n},
where I; = (a,b). Thus, z; € L. This is impossible since z; < €}, = infg L.
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We have shown that [z1,y1], and hence the subset X of [z1,¥1], is covered by the
sets {I1,12,..., I} C¥9 = _# UJ. Since no interval in % contains a point of X,
one has that # N{Ii,I,..., I} is a finite subset of _# which covers X.

(ks) = (k) - Let X € Pk be an infinite subset of K, and suppose, by contra-
diction, that DX = . Then X is closed. Suppose z € X. Since x ¢ DX, there is
an open interval J, such that X N J, = {z}. The set & = {J, : x € X} covers X.
Since X € Pk and is closed in K, by (ks), there is a finite subset & of J# which
covers X. If & = {J,,,...,Js, } then, for every x € X, there is some k € {1,...,n}
such that x € J,,, i.e., . = . Hence X = {x1,...,2,} is a finite set, against to
our assumption.

(k¢) = (k7) - Assume that (kg) holds. We divide the proof in two steps:

1 - K is Archimedean;
2 - Every nested sequence (J,,), of closed intervals J,, := [an, b,] in K has a
nonempty intersection.

Step 1 - Arguing by contradiction, suppose that K is not Archimedean. Hence,
there exist a,b € K such that 0 < a < b in K and a < na < b for every n € N*.
Therefore, the set {na : n € N} is bounded, infinite with no accumulation point
against (kg).

Step 2 - Since (J,)n := ([an, bn])n is a nested sequence we have J, 11 C J, for
each n € N*, so

ap < apy1 <bpiy <b, for every n € N*.

Let X :={a, : n € N*}. Since a; < a,, < b; for every n € N*, X is bounded in K.
If for some n € N*, a; = ay, for every j > n, then a, < an < by, for every n € N*, so
that an € (,,cn+ Jn giving the thesis. If, otherwise, for each n € N* there is some
j € N* such that a; > a,, the set X has no greatest element and it is therefore
an infinite subset of K. By the hypothesis, the bounded, infinite set X admits an
accumulation point z € K. If az > = for some n € N*, then a; > ap > z for every
j > 7. Thus, if 0 < € < ap — x, the interval (z — e,z + €) contains only a finite
number of points of X (indeed x + ¢ < an < q; for all j > n), against the fact
that © € DX. Hence a, < x for every n € N*. If b; < x for some n € N*, then
a; < by < x for every j € N. Thus, if 0 < ¢ < « — by, the interval (z — e,z +¢)
contains only a finite number of points of X (indeed a; < bz < z — ¢ for all j > n),
against the fact that x € DX. Hence x < b, for each n € N*. But then a,, <z <b,

for each n € N*, and = € [, oy~ Jn giving the thesis.

(k7) = (k1) - Under assumption (k7) we only need to prove that K is Cauchy
complete. Let (z,), be a Cauchy sequence in K. Then, for each k € N* there is
some ni € N* such that

Tpy — 7 < Tp < Tp, +

k
for every n > ny. For each j € N* let

k

p; =max{n; : ke N* ANk <j};
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THE FABULOUS DESTINY OF RICHARD DEDEKIND A18-15

so that

1
Tnyp — 7 < Tp < Ty, + —

" " for all £ < j and n > p;.

Then, set

ajzzmax{asnk— :kEN*/\ij}EK;

= o

o

b; ::min{xnk—&— : k;EN*/\k‘Sj} e K;
we get a; < z,, <bj, so that
a; < a1 < Ty < bjp1 < b; for every j € N* and n > pj4;.

Moreover, set J; := [a;,b;] for each j € N*, we get J;.1 C J; for every j € N*.
Then, by (k7) there exists A € K such that

xe ) 75
JEN*

We claim that lim z,, = X in K. Indeed, it is easily seen that
n—oo

1 1
mnj—ggajg)\gbjgxnﬁr; for every j € N*.
Moreover,
1 1
T, f; <xn<xnj+} for every n > p;.

Hence, by combining the previous inequalities, we get
2
|2n — Al = max{x, — A\, A —x,} < 7 for every j and n > p;.

Now, let € > 0 in K. Since K is Archimedean, there is some 7 € N* such that je > 2.
Hence |z, — A| < € for every n > p;, i.e., lim z, = X in K as claimed. O
n—oo

Additional characterizations of 2—completeness can be found in Hall 2010. We
emphasize that in a totally ordered Archimedean field K the Z—completeness is
equivalent to the fact that every bounded sequence admits a convergent subsequence
(Equivalently: every bounded and monotone sequence in K admits limit in K).

4.2. Comparisons properties. By Devillanova and Molica Bisci 2021, Corollary
5.6, and Theorem 4.1 next result holds.

Corollary 4.2. The rational field Q = (Q,+, -, <) is not Cauchy complete.

Proof. By Devillanova and Molica Bisci 2021, Corollary 5.6, Q is Archimedean, and
so if we assume, by contradiction, that Q is also Cauchy complete, Q should be, by
Theorem 4.1, Y—complete against Proposition 3.4. O

Finally, in order to complete the picture of the possible combinations of the above
recalled properties, we exhibit a meaningful example that naturally appears also in
many questions arising from Algebraic and Differential Geometry.
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Example 4.3. Let R((X)) be the set of formal Laurent series }_, r; X7, where
r; € R for each j € Z and such that for negative values of j only a finite number of
coefficients r; are different from zero. In R((X')) define the following operations:

Sum:
ZT’ij -+ ZSij = Z(T’j -+ Sj)Xj,

jez JET JET

(Cauchy) Product:

erXj . Zstj = Z Z T'pSq X7,

JEL JEL JEZ \p+a=j

According to the notations and remarks given in Devillanova and Molica Bisci 2021
the field of formal Laurent series R((X)) can be viewed as the field of fractions of
the formal series ring R[[X]]. Moreover, in R((X)) let us define the strict order

ZTij < ZSJ‘XJ

JEZ JEZ
if there is k € Z such that
rj =s; forevery j<k

and
T < Sk.

Then R((X)) = (R((X)),+, -, <) is a Cauchy complete totally ordered field; see
Morgan 1968, Theorems 1.7, 1.8, 2.14. However, R((X)), as structured above, is
not Archimedean; see Morgan 1968 for details.

Example 4.4. Let Q(X) := (Q(X),+,-) be the field of fractions of the polynomial
ring Q[X] endowed by the canonical operations of sum and product between rational
functions. We define a total order in Q(X) by setting, for every quotient of
polynomials:

X)L

9(X)
if the function X — f(X)/g(X) is positive for X sufficiently large in Q. Hence, on
the basis of the results contained in Devillanova and Molica Bisci 2021, Section 4,
standard computations ensures that (Q(X), <) is a totally ordered field. However,
the field Q(X) is not Archimedean. Indeed, given X € Q(X) and n € N the
polynomial f(X) :=n — X is negative for X large enough in Q. Thus, there is no
n € N such that n > X. We claim that Q(X) is not Z—complete. Indeed, let us
consider the series

S (L) e ()= ST (5 0)-
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1/2

Let for every n € N 5,(X) := Z( L

>Xk be the partial sum of the above
k=0

series. Now, observe that

lim (1/2>X” =0 inQ(X),

n—00 n

where 0 € Q(X) denotes the identically zero rational function. Thus, by Lemma 3.5,

oo
1/2 S
the series g ( / )X_” converges in the metric completion Q(X)‘ l, i.e., the
n
n=0

sequence (s,), C Q(X) C Q(X)"| converges'?, i.e., exists A\(X) € (@(X)l'| such that

lim s, (X) = nan;OZ <1£2> Xk =\X). (12)
k=0

Let us prove that A\(X) ¢ Q(X). To this goal, let us observe that

lim (s,(X))? = lim (Z <1]/€2>X’“> —1+ % in Q).

n—oo n—oo
k=0
Thus
1
MX) =1+ % ¢ Q)
as claimed. In conclusion, the Cauchy sequences (s, ), C Q(X) of the partial sums
= (1/2
of Z ( / >X ~" does not converge in Q(X). Consequently, the field Q(X) cannot
n
n=0

be Cauchy complete. We also notice that the field R((X)) = (R((X)),+, ) endowed
with the standards operations of sum and product (4, -), as well as of the total order
introduced above, is Z—complete. In such a case the completion R((X)) cannot be
endowed by a natural structure of totally ordered field. Indeed, the assumption,

—

by contradiction, that R((X)) is a Y—complete totally ordered field implies, by

Theorem 4.1, that R((X)) and, as a consequence R((X)) too, is Archimedean, and
this is not true.

We also mention the papers Corgnier and Valabrega 2017a, 2017b, 2013, 2015 for
related topics.

5. Real field models

We prove the existence of a complete ordered field (unique up to isomorphism)
exhibiting different classical models?.

9Note that (sn)n is a Cauchy sequence in Q(X) since (s )n is a Cauchy sequence in Q(X)H
by (12).

20A model for an axiomatic formal system is an interpretation of the primitive terms for which
the axioms became true propositions.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. S1, A18 (2021) [28 pages]



A18-18 G. DeviLLANOVA AND G. Mouica Bisct

5.1. Construction by Cauchy sequences. (G. Cantor (1873)) Let Q" be the
ring of sequences in Q and QY(%) be the subring of the Cauchy sequence in Q.
Furthermore, let _# be the ideal of QY(%) given by

7= {(xn)n  (@n)n € Q) A lim 2, =0 in @} .

Define on QY(%) the following equivalence relation:

V(@n)n, (Yn)n € QN(%)v (Tn)n ~ 7 (Yn)n € (Tn —Yn)n € 7.

Consider the quotient ring

QUE)/ 7 = {(an)n + 7« (zn)n € QY(E)}

endowed by the natural operations:

(@) + )+ ((Yn)n + ) = (Tn +yn)n + 7,
and
(zn)n + f) ((Yn)n + /) = (Tn - Yn)n + f7

for every (zn)n + 2, (yn)n + F € QN(¥)/ #. Since ¢ is a maximal ideal
in QY(%) the quotient QY(%)/_# is a field. More precisely, (QV(%¢)/_7,+,") is
a totally ordered field endowed by the order < ; defined by setting for every
(Tn)n + ja (Yn)n + / € QN(%)/j
(@n)n+ 7 < g (Yn)n+ F < either (y,—xy), is positive, or (yp—2n)n+ 2 = 7.

The field QY(%)/_# is Dedekind complete:

As observed before the quotient ring (QV(€)/_#,+,-, < ») is a totally ordered

field, hence it contains an isomorphic copy of Q. More precisely, it is easily seen
that the function

v:Q— QN(%)// given by ~y(z) := (z)n + 7,

is an increasing (injective) field homomorphism?!. Let us prove, on account of

Theorem 4.1, that the field QY(%)/_¢ is Archimedean and Cauchy complete.
Archimedeaness - Let (2,), + # € QY(%)/ #. Since (), € QY (%) the

sequence (zy,), is bounded in Q, in particular there exists k € N such that & > x,,

for every n € N. Thus (k) > 5 (2n)n + # in QY(€)/ 7, i.e., Q¥(€)/ 7 is an

Archimedean field bearing in mind Devillanova and Molica Bisci 2021, Proposition

5.5 - Part (7).

Cauchy completeness - For every (z,)n + # € QY(%)/_#, if k € N one has

Hence, since QY(¢)/_# is Archimedean, by Devillanova and Molica Bisci 2021,
Proposition 5.5, there exists ¢ € Q, depending on k € N, such that

(@t ) =@ <7 (57) (13)

21Here (x)n denotes the (constant) sequence whose general term is x, = x for every n € N.
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Therefore, if ((z(*)),, + _#)x is a Cauchy sequence in QV(%)/_#, by (13) for every
k € N there exists g € Q such that

[((23)n + ) = v(ar |<,¢7<kil>. (14)

Now, we are able to prove that:

(1) (qr)r € QY(¥), moreover
(2) (qr)x + 7 € QYE)) 7 and (qp)r + F = hm v(gn) in Q¥(%)/ 7,

where we recall that for any n € N v(¢) := (qh)k is the constant sequence of
constant value q;. More precisely:

(1) - Let 5 > 0 in Q there exists ve € N such that for every h,k € Nwith h, k > v,

one has |((z\),, + J) - (M), + Z)| < ~(e/3). Without loss of generality we
can suppose 1/(1/‘E +1) < e/3. Thus, by (14), for every h,k > v, it follows that

(ak) = (@)l < s (@) = ((@)n + 7))
+H(@)n + 2) = (@) + 7))
+v(an) = (@) + 7))

</7<11> +7(3)+7( Ei1>
<66

The above inequality immediately leads to |g; — gn| < € for every h,k > v., i.e.,
(gx)k is a Cauchy sequence in Q as claimed.
(2) - By (1) it is clear that (gx)r + # € QY(%)/_#. Hence, let us show that

Jim Y(qn) = (g)e + F in QY(¥)/ 7,

i.e., by recalling that v(qp) := (qn)x is a constant sequence,

(ax —an)k € e (au)e ~ 7 (n)k (15)

for every h € N sufficiently large.
Indeed, since (gx)r € QN(%¥), let us fix ¢ > 0 in Q and let v. € N such that
lgx — qn| < e for every h,k > v.. Consequently, for any large enough h, |((gx)x +
Z)—(an)| < g () for every k > v, concluding the proof of (2).

Now, observe that (14) yields

lim (@) + 2) = (@) =/ i QY®)/.7,

(@ =g € F i, (@)~ ()
for every h € N sufficiently large.
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In conclusion, the above relation and (15) give, by transitivity of ~ », that

(‘,E,Sch))k ~ 7 (q}C)k> i.e.,

Jim (@) + 7) = (@) + 7 € @Y%)/ 7,

i.e., the Cauchy sequence ((x%k))n + # )i, converges in QV(¢)/_#. The proof is now
complete; see also De Marco 1986, Sections B.2.13 and B.2.14.

5.2. Construction by Dedekind cuts. (R. Dedekind (1872); E.A. Maier and D.
Maier’s (1973)) We present a brief sketch of the construction of the real numbers
starting from Q by using Dedekind cuts. This is the same approach used in Principles
of Mathematical Analysis, Rudin 1976; see Appendix, Chapter 1 for a complete
and detailed proof. The elements of R are some subsets of QQ called cuts. On the
collection of these subsets, we define an order, an addition, and a multiplication.
We show that R endowed with this relation and these two operations is an ordered
field. Each rational number can be identified with a specific cut, in such a way that
@ can be viewed as a subfield of R.
Let Q = (Q,+, -, <) be the rational field. A set Y C Q is a cut?? in Q if:

(S) YV £0and Y £ Q;
(S2) If reY and g € Q, with ¢ < r, then ¢ € Y;
(S3) If y €Y, there exists « € Y such that z > y.

For instance, if r € Q, the set S(r) :={q: ¢ € QA g < r}is a cut in Q. Every set
of the form S(r) is said to be a rational cut in Q. Examples of rational cuts are
S(0) and S(1) that will be denoted respectively by 07 and 14, i.e.,

07 :={q¢:q€QAqg<0} and 1lg:={¢:qeQArqg<1}.
Now, let .7 be the set of cuts in Q equipped with the total order:
VX,YET, X<sY & XCY.
For every XY €  with X >4 05 and Y >4 04, define
XY :={q:qeQArg<rsforsomere X AseY}.

The set (7 ,<g) is a totally ordered field endowed by the following two operations:
the sum +4 : 7 X J — 7 given by:

VX, YT, X+gY ={z+y:ze X ANyeY},
so that the additive inverse of any X € .7 is the cut
—X:={q:q€QAqg< —r for some r € X},
and the product - : 7 x J — Z given by setting
X-207=09-9X=0g forevery X €.
22A comparison with the notion of cut introduced in Section 4 is necessary. The interested
reader should check the details.
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and

XY X >70z7andY >4 0o
(-X)(-Y) ifX<z70gandY <7 0o
—((-X)Y) ifX<z0zgandY >5 0o
—(X(-Y)) ifX>50zandY <z 0z,

So, for every cut X € 7\ {0}, the multiplicative inverse X ! € 7\ {07} is given
by:

XY := VX, Y € 7\ {07}

X t:={q:qeQAqg<r ! for somer € X}.
2 —-Completeness of the field 7 - To this goal we prove that the field 7 has the least
upper bound property, see Theorem 3.1 - Part (b). Let 2 be a nonempty subset of
7, and assume that there exists an upper bound Z for 2 in .7 (i.e., X C Z for all
X € 2). Define S := Uy X. Thus ¢ € Siff ¢ € X for some X € 2. We shall
prove that S € .7 and that S =sup, 2.

S € 7, ie., (S1)-(S3) are verified - Since 2 is nonempty, there exists a cut
X € 2. Since X C S, X # 0, it follows that S # (). Moreover, since X C Z for
every X € 2 it follows that S = Jy. 5 X € Z # Q. Consequently S # Q and (S5)
is verified. To prove (Ss), pick 7 € S. Then r € X, for some X € 2. If ¢ < r, then
q € X, hence ¢ € S and (53) is proved. Finally, in order to prove (S3), let y € S.
Hence, there exists X € 2 such that y € X. Since X is a cut in Q, there exists
x € X such that > y. Hence, also (S3) is verified since X C S.

S =supy 2 - Clearly X <z S for every X € 2 (i.e., S is an upper bound for
2 in 7). Now, suppose Y <5 S, Y # 5. Then, there exists ¢ € S such that ¢ ¢ Y.
Since g € S, g € X for some X € 2. Thus Y <5 X, i.e., Y is not an upper bound
for 2. In conclusion S = sup 5 2 as claimed.

We end this subsection by observing that the rational cuts preserves sums,
products, and order. In other words, the injective function S(-) : Q — . which
maps every rational number 7 into the rational cut S(r) € J defined above is an
increasing homomorphism of ordered fields:

S(p+q) = S(p) + S(q) for every p,q € Q;

S(pq) = S(p)S(q) for every p,q € Q;
If p < g, then S(p) <z S(q).

See Rudin 1976, Chapter I, Appendix for additional comments and remarks. The
construction of the real numbers from the rational numbers is an example of the
Dedekind completion of a totally ordered set.??

5.3. Construction by Decimals. (S. Stevin (1585)) We follow the nice construc-
tion proposed in Pagani and Salsa 2015. Let D be the set of symbols (Stevin’s
representations) of the form

Q= 0400, X1 X2Q3...(f...
where:

1. on €{+,—}

23The Dedekind—MacNeille completion generalizes the concept of Dedekind completion from
total orders to partial orders.
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2. g eN;

3. a; €4{0,1,2,...,8,9} for every ¢ € N.
If oy = 0 for every i € N we simple write?*

0 := 040, 000...0... = 0,000...0...
Two elements in D
Q1= 0400, X¥10203...0F... and ,8 = Uﬁﬁo,,@lﬁgﬁg...ﬂk...

are equal if

1. 04 =0p;

2. ag = fo (in N);

3. a; =p; (in {0,1,2,...,8,9}) for every i € N*.
An element a € D is said to be periodic if there exists ky € N and p € {0,1,...,8,9}
such that oy = p for every k > ky. Conventionally, to avoid contradictions, if ay =9
for every k > kg, we put

Q1= 0400, 01 0003...0,—1999... = 00, arasas...(ag,—1 + 1)
for every o € D. Moreover, if a = o,0q, ajasas...ak... € D we denote
—O0 = —0q0p, X10203...0...,

where

-1 ifo,=+1
—Oq = .
+1 ifo, =-—1.

We say that « € D is positive a >p 6 (resp. negative o <p 0) if o, = + (resp.
Ou = —).
The modulus of « € D is defined by

« ifa>p0
lal : =46 ifa=46
—a ifa<ph.

Bearing in mind the above conventions, on account of the results recalled in Devil-
lanova and Molica Bisci 2021, Subsection 4.5, every periodic element o« € D can be
identified with a rational number. Hence, the subset Qp C D of periodic elements
of D can be endowed by a natural structure of ordered field via the canonical
identification with (Q, +, -, <). The main idea is to extend the structure of ordered
field defined on Qp to the whole set D.
Lexicographic order in D: Let o, 8 € D
- Case 1: 04 =03 =+
we set o >p [ iff ag > By or ag = Py and there exists m € N such that
O > Bm oand, if m > 1, ap, = By for k <m — 1.
- Case 2: 0, = — and 03 = +
we set o <p 3.

24To avoid ambiguity we identify 40,000...0... and —0, 000...0... with 0, 000...0...
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- Case 3: 04 =03 = —
we set o >p B iff |B] >p |al.
Denote by
Dy :={a:a€eD Na>p 0 for every n € N}
the subsets of D of nonnegative Stevin’s representations with respect to the order <p.
Stabilized sequences of Stevin’s representations: let (a(”))nzl C Dy given by
al = +04(1) agl) (1)...041(;)...

2) . (2) (2) @ @
a? . =+ Qy ey

2 i 4ol? a0 ol

a™ = —i—a(n) a(n)aén)...a,gn)...

If for every k > 0 the sequence (a;n))nzl C N is definitively constant?®, the sequence
(a™),>1 C Dy is said to be stabilized. Clearly, if (a(™),>; C Dy is a stabilized
sequence, then there exists a unique v € D, given by

Y 1= 470, 1Yz Ve

in such a case we simply write a(™) ~ ~.
The following result will be crucial in the sequel.

Lemma 5.1. Let (a™),>; C Dy be a nondecreasing sequence. Assume that there
evists M € Dy \ {0} such that |a(™| <p M for every n € N*. Then (a\™),>; is
stabilized

a™ s,

with o\™) <p v <p M for every n € N*.

Proof. Let (« (n))n21 be the sequence of integer coefficients of (a(™),, C D,. Since

| (()")| <p M for every n € N, and (oz(()"))nzl is nonnegative and nondecreasing in N,
there exists 7 € N such that a(()") = 7y for every n > ng, with v <p M. Arguing
by induction: suppose that the first & terms of (a(™),,>; are stabilized, i.e., there
exists k € N such that

(n) _(n)

al™ = 79, 7172.. VKOG 10 o

for every n > nj and
+70, M172-- Yk <p M.

25Fixed k > 0, the sequence (oa,(cn))n21 in N is said to be definitively constant if there exists

ni € N such that agcn) = v for every n > ny, where v9 € N if k = 0 and v, € {0,1,...,8,9}
whenever k > 0.
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Since (041(:21)@1 c {0,1,...,8,9} is nondecreasing in N, there exists y4+1 € {0,...,9}
and ngy1 € N such that

(n)

al™ = —|—’yo,’yl’yg...'ykwg_i_la,(ﬁr)gakJrB...
for every n > ny41 and
+70, Y2 VK Vk+1 <p M.
Consequently, o™ ~» v with v <p M.
Let us prove that o™ <p ~ for every n € N*. Arguing by contradiction, suppose
that (™ > ~ for some 7 € N*. Thus
al™ = +70,’7172-~-’Yka;@1a;@2~-- >p Y= FY0,V1Y2 Yk
Consequently a,(cifl > Yk4+1. Now, since (oz,(ﬁz)l)mzl is nondecreasing for every m > n
we have a contradiction. This completes the proof. O

Let a, 8 € Dy, i.e.,

o= +O¢O’O(10¢2053...Oék... and ﬂ = +,80761B253"'/8k5"'

where: ag, 8y € N and oy, 5; € {0,1,...,8,9} for every i € N.
For every n € N let us define the truncated Stevin’s representations o™, ") €
QD = (@Dv +7 ) given by

al™ = tag, arasas...a,000...0...  and B = 48y, B18285...5,000...0...
Hence, the sequences
(ol + ﬁ[n])n21 and  ((al” .ﬁ["])[”])n21
are nondecreasing and bounded from above in D, more precisely:
o+ 82 <pag+Bo+2  and (@8] <p (a0 +1)(Bo + 1),

for every n € N*.
Thus, by Lemma 5.1, it is possible to define: for every a, 5 € Dy

a+p B := 0 where o € Dy and
a4 g s o
a-p B =( where ¢ € Dy and
(ol . glnhlnl o ¢,

We notice that in this framework the element o — 5 € Dy (with o >p ) is
determined by

(") = (B +107)) ~» 1,

The above operations of sum and product are extended to the whole D as follows:
ifa<p®and B <p 6:

a+p f:=—(la|+p [B])
a-pB:=lal-plbl;
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ifa>p#Hand 8<p6:

a—|p] if o« >p [f]

“+Dﬂ:{—W3—m ita<p |8

a-pf:= —|0l| ‘D |B|7

ifa<p 6 and g >p0:

_fB=lal  ifB>pla
“+Dﬂ’{wlm if 8 <p o

a-pB:=—lal-plbl.
The structure (D, +p, p, <p) is a totally ordered field in which:

The neutral additive element § € D is the identically zero Stevin’s represen-
tation:

6 :=0,000...0...
For every a := 0,00, a1as...a... € D, the inverse —a € D is given by:
—Q = —0h00, 109k
The neutral multiplicative element 1p € D is the representation:
1p =1,000...0...

The interested reader can easily check the details.

2—-Completeness of the field D - We show that if X C D is a nonempty set such
that %x # 0, then there exists supy, X. Without loss of generality we can consider
the case of an infinite set X C D. Indeed, the case in which X is finite is trivial.
Since x # 0, there exists yo € D such that yg > x, for every € X. Note that
if yo € X then yo = maxp X and the thesis follows. So, assume yo ¢ X and take
xg € X (with xg < yo). Set ¢p := w If ¢g € X N %x the thesis holds by taking
supp X = cg. So we have to face three cases:

- Case 1: ¢g € X \ Ux

- Case 2: ¢g € Ux \ X

- Case 3: ¢ ¢ X U%x.
Then we shall take

co € X if Case 1 holds Yo € Ux  if Case 1 holds
r1:=<x0€ X ifCase?2holds and wy;:=1<cy€ %x if Case 2 holds
To € X if Case 3 holds Yo € Ux  if Case 3 holds

where Zg is an element in X such that zg < ¢y < Zp.

In any case we get an interval [x1,y1] C [zo,yo0] such that the left end point
x1 € X and the right end point y; € Zx. Now, we repeat the argument by taking
cl = “Tﬂ“ If ¢; € X N %x we have done, otherwise, by arguing as above, we are
able to select an interval [z2,ya] C [21,y1] such that x5 € X and ys € Zx. So, if

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. S1, A18 (2021) [28 pages]



A18-26 G. DEeviLLANOvA AND G. MoLica Biscrt

the procedure does not stop in a finite number of steps, one inductively determines
a nested sequence of intervals ([zn, yn])n such that

— X
Ty € X, ynE%X; and yn735'n<M

for all n € N. (16)

Moreover, by construction, the sequence (), of the left end points is nondecreasing
and bounded from above (by yo). Hence, a careful analysis of Lemma 5.1 ensures
that there exists z € D for which x,, ~ Z. Since, by construction, for every k € N
and n € N, z,, < yx and x,, < Z <y, we deduce, in particular, that

Tp < T <vy,, foreveryneN. (17)

We shall get the thesis by showing that Z = supp X. To this aim we shall use the
characterizing properties of the supremum as given in Devillanova and Molica Bisci
2021, Proposition 4.2.

(j) T > x for every = € X.
Indeed, arguing by contradiction, assume that there exists x € X and
T <x. Set r:=x —Z > 0 and take n € N such that
Yo — To

on <Tr.

Now, (17) and (16) lead to

i.e., yn < x against the fact that each y,, € Zx and z € X.
(jj) Ve>0,Ix e X: > T —e.
Assume, arguing by contradiction, that there exists ¢ > 0 such that
x < T — ¢ for every x € X. Then, by taking into account that z,, € X for
all n € N, we deduce z,, <Z —¢, i.e., that |z — x,| =Z — 2, > ¢ which is a
contradiction to x,, ~~ .

We refer the interested reader to Pagani and Salsa 2015, Chapter 2, Appendix A for
a detailed proof of the results contained in this subsection.

Acknowledgments

Authors are members of the Gruppo Nazionale per ’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INdAM).

References

Burrill, C. W. (1967). Foundations of real numbers. New York: McGraw—Hill.

Cecconi, J. P. and Stampacchia, G. (1983). Analisi Matematica II: Funzioni di pit variabili.
Napoli: Liguori Editore.

Cohen, L. and Ehrlich, G. (1963). The Structure of the Real Number System. New York:
Van Nostrand Reinhold Company.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. S1, A18 (2021) [28 pages]



THE FABULOUS DESTINY OF RICHARD DEDEKIND A18-27

Corgnier L. Massaza, C. and Valabrega, P. (2017a). “Hensel’s lemma and the intermediate
value theorem over a non-Archimedean field”. J. Commut. Algebra 9 (2), 185-211. URL:
https://projecteuclid.org/euclid.jca/1496476821.

Corgnier L. Massaza, C. and Valabrega, P. (2017b). “Dai reali di Dedekind e Cantor ai
campi ordinati non archimedei”. Mat. Cult. Soc. Riv. Unione Mat. Ital. I (2), 45-61.
Corgnier L. Massaza, C. and Valabrega, P. (2013). “On the intermediate value theorem
over a non—Archimedean field”. Matematiche (Catania) 68 (2), 227-248. por: 10.4418/

2013.68.2.17.

Corgnier L. Massaza, C. and Valabrega, P. (2015). “Double series over a non—-Archimedean
field”. Atti Accad. Peloritana Pericolanti Cl. Sci. Fis. Mat. Natur. 93 (1,Al). por:
10.1478 /AAPP.931A1.

De Marco, G. (1986). Analisi Uno. Teoria ed Esercizi. Bologna: Zanichelli.

De Marco, G. (1999). Analisi Due. Teoria ed Esercizi. Bologna: Zanichelli.

Deveau, M. and Teismann, H. (2014). “72+42: characterizations of the completeness and
Archimedean properties of ordered fields”. Real Anal. Exchange 39 (2), 261-303.

Devillanova, G. and Molica Bisci, G. (2021). “Elements of set theory and recursive ar-
guments”. Atti della Accademia Peloritana dei Pericolanti. Classe di Scienze Fisiche,
Matematiche e Naturali 99(S1), A17. por: 10.1478/AAPP.99S1A17.

Fusco N. Marcellini, P. and Sbordone, C. (2001). Analisi matematica due. Napoli: Liguori
Editore.

Giusti, E. (1988). Analisi Matematica 1. Torino: Bollati Boringhieri.

Hall, J. F. (2010). Completeness of ordered fields. Cal Poly - San Luis Obispo.

Knuth, D. (1974). Surreal numbers. London, Amsterdam: Addison—Wesley Publishing Co.

Knuth, D. (2016). Numeri surreali: come due ex studenti scoprirono la matematica pura e
trovarono la vera felicita. Traslated by F. Oliveri. Milano: FrancoAngeli.

Lanconelli, E. (1998). Lezioni di Analisi Matematica 1. Bologna: Pitagora Editrice.

Lanconelli, E. (2000). Lezioni di Analisi Matematica 2. Bologna: Pitagora Editrice.

Marcellini, P. and Sbordone, C. (1998). Analisi Matematica uno. Napoli: Liguori Editore.

Massaza, C. (1969/70). “Sul completamento dei campi ordinati”. Rend. Sem. Mat. Univ.
Politec. Torino 29, 329-348.

Morgan, R. (1968). Completeness in an ordered field. Missoula: Scholar Works - University
of Montana. URL: https://scholarworks.umt.edu/etd/8202.

Pagani, C. and Salsa, S. (2015). Analisi Matematica, Vol. 1. Bologna: Zanichelli.

Pagani, C. and Salsa, S. (2016). Analisi Matematica, Vol. 2. Bologna: Zanichelli.

Prodi, G. (1970). Analisi Matematica. Torino: Bollati Boringhieri.

Rudin, W. (1976). Principles of mathematical analysis. Third edition. International Series
in Pure and Applied Mathematics. New York-Auckland-Diisseldorf: McGraw-Hill.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. S1, A18 (2021) [28 pages]


https://projecteuclid.org/euclid.jca/1496476821
https://doi.org/10.4418/2013.68.2.17
https://doi.org/10.4418/2013.68.2.17
https://doi.org/10.1478/AAPP.931A1
https://doi.org/10.1478/AAPP.99S1A17
https://scholarworks.umt.edu/etd/8202

A18-28 G. DeviLLANOVA AND G. Mouica Bisct

Politecnico di Bari
Dipartimento di Meccanica, Matematica e Management
Via Orabona 4, 70126 Bari, Italy

b Universita degli Studi di Urbino, Carlo Bo
Dipartimento di Scienze Pure e Applicate (DiSPeA),
Piazza della Repubblica 13, 61029 Urbino (Pesaro e Urbino), Italy

To whom correspondence should be addressed | email: giovanni.molicabisci@uniurb.it

Paper contributed to the international workshop entitled “New Horizons in Teaching Science”, which was held in Messina, Italy
(18—19 november 2018), under the patronage of the Accademia Peloritana dei Pericolanti

Manuscript received 21 June 2021; published online 30 September 2021

© 2021 by the author(s); licensee Accademia Peloritana dei Pericolanti (Messina, Italy). This article is an
open access article distributed under the terms and conditions of the Creative Commons Attribution 4.0
BY International License (https://creativecommons.org/licenses/by/4.0/).

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. S1, A18 (2021) [28 pages]



https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. The didactic approach
	3. D–completeness: The real field R
	3.1. Dedekind completeness
	3.2. Isomorphism of Dedekind complete totally ordered fields
	3.3. Existence of 2

	4. Characterizations of Completeness
	4.1. A fundamental characterization result
	4.2. Comparisons properties

	5. Real field models
	5.1. Construction by Cauchy sequences
	5.2. Construction by Dedekind cuts
	5.3. Construction by Decimals

	Acknowledgments
	References

