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ABSTRACT. By using y-operations on an m-structure and a hereditary class .7, we define
the notion of y-compactness modulo hereditary classes (or ideals) called y.7#-compact.
We obtain several properties of y.7#’-compact spaces and y.7¢-compact sets relative to
m-structures.

1. Introduction

Let (X, T) be a topological space and & (X) the power set of X. Ogata (1991) introduced
the notions of y-operations and y-open sets and investigated the associated topology Ty
and weak separation axioms y-T; (i = 0, 1/2, 1, 2). More recently Noiri (2011) defined
an operation on an m-structure with property %. The operation is defined as a function
my:m — ZP(X) such that U C my(U) for each U € m and is called an operation my
on m. Then it turns out that the operation is an unified form of several operations (for
example, semi-y-operation: Sai Sundara Krishnan ef al. 2007; pre-y-operation: An et al.
2008) defined on the family of generalized open sets. Moreover, Noiri obtained some
characterizations of my-compactness.

In this paper, by using hereditary classes (Csdszar 2007) and ideals (Jankovi¢ and Hamlett
1990), we define the notion of y-compactness modulo hereditary classes (or ideals) called
Y7 -compact. In Section 3 we obtain several properties of y.7#-compact spaces and y.7¢-
compact sets. In Section 4 we deal with functions between m-spaces with operations and
hereditary classes and obtain several properties of such functions and some preservation
theorems of y.77-compact sets. Recent papers have introduced some new classes of sets via
hereditary classes (Al-Omari and Noiri 2016, 2019).

This paper is dedicated to Professor Filippo Cammaroto (University of Messina) on the occasion of his
retirement.
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2. Preliminaries

Definition 2.1. Let X be a nonempty set and & (X) the power set of X. A subfamily m of
P(X) is called a minimal structure (briefly m-structure) on X if m satisfies the following
conditions:

(HOemand X € m,

(2) The union of any family of subsets belonging to m belongs to m.

A set X with an m-structure is called an m-space and is denoted by (X,m). Each member
of m is said to be m-open and the complement of an m-open set is said to be m-closed.

Definition 2.2. Let (X,m) be an m-space. For a subset A of X, the m-closure of A is defined
by Maki et al. (1999) as follows:

mCI(A) =N{F :ACF,X\F €m}.

Lemma 2.3. (Maki et al. 1999). Let (X, m) be an m-space. For the m-closure, the following
properties hold, where A and B are subsets of X :

(1) A C mCl(A),

(2) mCI(0) = 0, mCI(X) = X,

(3) If A C B, then mCIl(A) C mCI(B),

(4) mCl(mCI(A)) = mCI(A).

Lemma 2.4. (Popa and Noiri 2000). Let (X,m) be an m-space and A a subset of X. Then
x € mCl(A) if and only if U NA # 0 for every U € m containing x.

Lemma 2.5. (Popa and Noiri 2002). Let (X, m) be an m-space and A a subset of X. Then,
the following properties hold:

(1) A is m-closed if and only if mCI(A) = A,

(2) mCI(A) is m-closed.

Remark 2.6. Lemmas 2.3 and 2.4 hold without the condition (2) (property %) in Definition
2.1.

Definition 2.7. (Noiri 2011). Let (X,m) be an m-space. Let my : m — Z?(X) be a function
from m into &?(X) such that U C my(U) for each U € m. The function my is called an
my-operation on m. Hereafter, an my-operation is called a y-operation and denoted by

y:m— Z(X).

Definition 2.8. (Noiri 2011). Let (X,m) be an m-space and ¥ an operation on m. A subset
A of X is said to be y-open if for each x € A there exists U € m such thatx € U C y(U) C A.
The complement of a y-open set is said to be y-closed. The family of all y-open sets of
(X,m) is denoted by y(X).

Remark 2.9. We assume that the empty set @ is a y-open set, that is, @ € y(X).

Lemma 2.10. Let (X,m) be an m-space. For y(X), the following properties hold:
(1)0,X € y(X),
(2) If Aq € Y(X) for each o € A, then UgepAg € Y(X),
(3) y(X) Cm.
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Remark 2.11. (Noiri 2011). By (1) and (2) of Lemma 2.10, it turns out that y(X) is an
m-structure. However, in general, y(X) is not a topology. It was shown by Ogata (1991,
Example 2.8) that the intersection of two y-open sets is not always y-open.

Definition 2.12. (Noiri 2011). An m-space (X,m) is said to be y-regular if for each x € X
and each U € m containing x, there exists V € m such thatx €V C y(V) C U.

Lemma 2.13. (Noiri 2011). For an m-space (X,m), the following properties are equivalent:
(1) m=y(X);
(2) (X,m) is y-regular;
(3) For each x € X and each U € m containing x, there exists W € y(X) such that
xeWcCcywcCUu.

Definition 2.14. (Noiri 2011). Let (X,m) be an m-space. For a subset A of X, the y-closure
of A (YCI(A)) and y-interior of A (yInt(A)), are defined as follows:

() YClA) =N{F:ACFX\FeyX)},

(2) YInt(A) =U{U : U C A,U € y(X)}.

Lemma 2.15. (Noiri 2011). Let (X,m) be an m-space on X. For the y-closure and the
Y-interior, the following properties hold, where A and B are subsets of X :

(1) yInt(A) C A C yCl(A),

(2) yC1(0) = 0 = yInt(0), yCI(X) = X = yInt(X),

(3) If A C B, then yC1(A) C yCI(B) and yInt(A) C vInt(B),

(4) yC1(yCl(A)) = YCIl(A) and yInt(yInt(A)) = vInt(A),

(5) A is y-closed if and only if YCI(A) = A and A is ‘y-open if and only if yYInt(A) = A,

(6) YC1(A) is y-closed and yInt(A) is y-open,

(7) (i) x € yCl(A) if and only if U N A # 0 for every y-open set U containing x,

(ii) x € yInt(A) if and only if for each x € A there exists a y-open set U containing x such
that U C A.

Proof. The proof follows easily from Lemmas 2.3, 2.4 and 2.5.

3. ys#-compact spaces

First, we recall the definitions of a hereditary class and an ideal used in the sequel. A
subfamily .7 of the power set Z2(X) is called a hereditary class on X (Csédszér 2007) if it
satisfies the following property: A € 57 and B C A implies B € 7. A hereditary class 57
is called an ideal (Jankovi¢ and Hamlett 1990) if it satisfies the additional condition: A €
S and B € 5 implies AUB € 5. An m-space (X, m) with a hereditary class ¢ on X is
called a hereditary m-space and is denoted by (X,m, ).

Definition 3.1. Let (X, m,.5¢) be a hereditary m-space and ¥ an operation on m, where ¢
a hereditary class on X. A subset A of X is said to be y.5¢-compact (resp. F-compact)
relative to m if for every cover {Uy : & € A} of A by m-open sets of X, there exists a finite
subset Ag of A such that A\ U{y(Uq) : & € Ao} € S (resp. A\ U{Uq : 0t € Ag} € F).

Definition 3.2. Let (X,m, ) be a hereditary m-space and y an operation on m. The
m-space (X, m) is said to be y.7-compact (resp. 7 -compact) if X is y.7’-compact (resp.
#¢-compact) relative to m.
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Definition 3.3. Let (X,m) be an m-space and y an operation on m. Then (X,m) is said to
be y-compact (Noiri 2011) if for each cover {Uy, : o € A} of X by m-open sets of X, there
exists a finite subset Ay of A such that U{y(Uy) : @ € Ag} = X.

Definition 3.4. Let (X,m) be an m-space. A subset A of X is said to be m-compact (Popa
and Noiri 2002) (resp. m-closed, Popa and Noiri 2002) relative to m if for each cover
{Uq : a € A} of A by m-open sets of X, there exists a finite subset Ag of A such that
ACU{Uq:a €Ay} (resp. A CU{mCl(Uy) : &t € Ag}).

Definition 3.5. An m-space (X,m) is said to be m-compact (Popa and Noiri 2002) (resp.
m-closed, Popa and Noiri 2002) if X is m-compact (resp. m-closed) relative to m.

Remark 3.6. Let (X,m, 7) be a hereditary m-space and 7y an operation on .

(1) If vy is the identity (resp. m-closure) operation, then "y.7#’-compact relative to m"
coincides with ".77-compact (resp. m-closed) relative to m".

(2) If 5 = {0}, then "y.5¢’-compact relative to m" coincides "y-compact relative to m".
Moreover if 7 is the identity operation, then "y.7¢’-compact relative to m" coincides with
"m-compact relative to m".

Theorem 3.7. Let (X, m, ) be a hereditary m-space and y an operation on m. Then the
following properties are equivalent:

(1) (X,m) is H-compact;

(2) For every family {Fy : o0 € A} of m-closed sets satisfying N{Fy : & € Ao} & F for
every finite subfamily Ao of A, N{Fy : o0 € A} #£ 0.

Proof. (1) = (2): Let (X, m) be s#-compact. Suppose that N{Fy : @ € A} = 0. Then
X \ Fy, is m-open for each o € A and UgepX \ Fy = X \ NgeaFy = X. By (1), there exists
a finite subfamily Ag of A such that X \ Ugea, (X \ Fo) = N{Fy : @ € Ao} € . Thisis a
contradiction.

(2) = (1): Suppose that (X,m) is not .7#-compact. There exists a cover {Uy : & € A} of
X by m-open sets of X such that X \ U{Uy : o € Ay} ¢ S for every finite subset Ay of A.
Since X \ Uy is m-closed for each o € A and N{(X \ Uy) : & € Ay} ¢ S for every finite
subset Ag of A. By (2), we have N{(X \Uy) : o € A} # 0. Therefore, X \U{Uy : @ € A} #0.
This is contrary that {Uy : & € A} is an m-open cover of X.

Theorem 3.8. Let (X,m, ) be a hereditary m-space, 'y an operation on m and A a subset
of X. The implications (1) = (2) = (3) = (4) hold. If (X,m) is y-regular, then the following
properties are equivalent:

(1) A is #-compact relative to m;

(2) A is y7€-compact relative to m;

(3) A is A -compact relative to y(X);

(4) A is Yy -compact relative to y(X).

Proof. (1) = (2): For any cover {Uy : o € A} of A by m-open sets of X, there exists a
finite subset Ag of A such that A\U{Uy : @ € Ag} € 7 hence A\ U{y(Uy): @ € Ay} € .
Therefore, A is y.7#-compact relative to m.

(2) = (3): Let A be y.77-compact relative to m and {Ug : & € A} a cover of A by y-open
sets of X. For each x € A there exists a(x) € A such that x € Ua(x)- Since Uy, is y-open,
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there exists V() € m such that x € Vi) C ¥(Vi(x)) C Ugx)- Since the family {V ) :x €A}
is an m-open cover of A and A is y%” compact relatlve to m, there exists a finite subset Ag
of A such that A\U{}/(Va(x)) :X € Ag} € A and hence A \U{Uam :XxE€Ag} € . This
shows that A is .7’-compact relative to y(X).

(3) = (4): By Lemma 2.10, y(X) is an m-structure and it follows from the same
argument as (1) = (2) that A is y.%Z’-compact relative to y(X).

(4) = (1): Suppose that (X,m) is y-regular. Let A be y.¢’-compact relative to y(X).
By Lemma 2.13, m = y(X) and A is y.7#’-compact relative to y(X). Let {Uy : @ € A} be
any cover of A by m-open sets of X. For each x € A, there exists o/(x) € A such that x € U, a(x)-
Since (X,m) is y-regular, there exists Vy () € ¥(X) such that x € V() € ¥(Voy(r)) € Ug)-
Since {V alx) "X € A} is a cover of A by y open sets of X and A is yif compact relatlve to
Y(X), there exists a finite subset Ag of A such that A\ U{y(Vq(y)) : X € Ao} €  and hence
A\U{Ugyy) 1 x € Ao} € S . This shows that A is /#’-compact relative to m.

Corollary 3.9. For any y-regular m-space (X, m), the following properties are equivalent.
The implications (1) = (2) = (3) = (4) hold without the assumption ‘y-regular on (X,m).
(1) (X,m) is S€-compact;
(2) (X,m) is y5€-compact;
3) (X,v(X)) is H-compact;
(X,

(€] Y(X)) is Y2 -compact.
Remark 3.10. In Corollary 3.9, if we put . = {0}, then we obtain Theorem 5.1 of Noiri
2011).

Theorem 3.11. Let (X,m, ) be a hereditary m-space, y an operation on m and A,B be
subsets of X. If A is Y.7€-compact relative to m and B is y-closed, then ANB is Y7 -compact
relative to m.

Proof. Let {Uy : o € A} be a cover of AN B by m-open subsets of X. ThenA\B C X \ B
and X \ B is y-open. For each x € A\ B, there exists an m-open set U, containing x such that
x €U, Cy(Uy) CX\B. Then {Uy : o0 € A U{U, : x € A\ B} is a cover of A by m-open
sets of X. Since A is y.77-compact relative to m, there exist finite subsets Ag of A and Ag
of A such that A C [U{y(Uy) : @ € Ag U [U{y(Uy) : x € Ao }| U Hp, where Hy € 7. Then
we have

ANBC[U{y(Ua)NB: o€ A} U[U{y(Ux) NB:x € Ag}]U(HoNB)
ClUH{y(Uq) : o € Ag}] UHqp.
Therefore, (ANB)\ U{y(Uy) : & € Ao} C Hy € 5. This shows that AN B is y.7#’-compact
relative to m.

Corollary 3.12. Let (X,m, %) be a hereditary m-space and y an operation.

() If (X,m, ) is y7-compact and B is y-closed, then B is y.7¢-compact relative to
m.
(2) If (X,m) is y-compact and B is y-closed, then B is y-compact relative to m.

Definition 3.13. Let (X,m,.7) be a hereditary m-space. A subset A of X is said to be
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(1) msg-closed (Al-Omari and Noiri 2020) if mcl(A) C U whenever A\ U € ¢ and
Uem,
(2) mg-closed (Noiri 2007) if mcl(A) C U whenever A C U and U € m.

Remark 3.14. We note that:

(1) If 22 = {0}, then m{0} g-closed and mg-closed coincide.
(2) If A is ms# g-closed, then A is mg-closed. The converse is not always true as shown
by the following example due to Qahis ez al. (2021).

Example 3.15. Let X =R, m = {0,R}U{(r,0) : r e R} and # = {H : H CQN [0, ) or
HCQnN(—o0,0]}. IfFA=Q, then
(1) A is mg-closed because if A CU and U € m, then U =R and mcl(A) =R C U.

(2) A is not msg-closed because if U = (0,00), then U € mand A\U = Q) (0,00) =
QN (—o0,0] € S but mcl(A) =R ¢ (0,00).
Theorem 3.16. Let (X,m, ) be an J-compact space. If A is mg-closed, then A is

FC-compact relative to m.

Proof. Let {Uy : & € A} be any cover of A by m-open sets of X. Then mcl(A) C U{Uy :
o € A}. Then we have (X \ mcl(A)) U[U{Uq : & € A}] is an m-open cover of X. Since X is
S-compact, there exists a finite subset Ag of A such that X \ [(X \ mcl(A)) U [U{Uyq : @ € Ag}]] €
€. Then
X\ [(X\mcl(A))U[U{Uq : & € Ap}]]

=mcl(A) N (X \ [U{Uq : @ € Ao}])

DAN(X\ [W{Uq : € Ag}])

=A\U{Uyq : 0 € Ao}
Therefore, A\ U{Uy : @ € Ag} € 7 and A is -compact relative to m.

Corollary 3.17. If (X, m) is m-compact and A is mg-closed, then A is m-compact relative
to m.

Let (X, T) be a topological space. A subset A of X is said to be g-closed (Levine 1970) if
cl(A) CU whenever A CU and U € .

Corollary 3.18. (Levine 1970) If (X, 7) is a compact topological space and A is g-closed,
then A is compact.

Theorem 3.19. Let (X,m, ) be a hereditary m-space, A an mig-closed subset of X
and A C B C mcl(A), then the following properties are equivalent:

(1) A is J€-compact relative to m,

(2) Bis #-compact relative to m.

Proof. (1) = (2): Suppose that A is 7-compact relative to m. Let {Uy : o0 € A} be
any cover of B by m-open sets of X. Then {Uy : o € A} is a cover of A by m-open sets
of X. Since A is J#-compact relative to m, there exists a finite subset Ag of A such that
A\U{Uq : a € A} € . Since A is m7g-closed, mcl(A) C U{Uqy : @ € Ap}. Since
B Cmcl(A), we have B\ U{Uq : & € Ag} C mcl(A)\U{Uq : @ € Ag} =0 € 5. Therefore,
B is s-compact relative to m.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 98, No. 2, A4 (2020) [11 pages]



PROPERTIES OF %%—COMPACT SPACES WITH HEREDITARY CLASSES A4-7

(2) = (1): Suppose that B is J#-compact relative to m. Let {Uy : o € A} is any cover
of A by m-open sets of X. Since A is m#g-closed, A is mg-closed and hence we have
B Cmcl(A) CU{Uq : o € A}. Since B is #-compact relative to m, there exists a finite
subset Ag of A such that B\ U{Uy : ot € Ao} € 5. Since A C B,A\U{Uy : @ € Ag} € .
Therefore, A is 7#-compact relative to m.

Theorem 3.20. Let (X,m) be an m-space and ¢ an ideal. If subsets A and B of X are
YF€-compact relative to m, then AU B is y7¢-compact relative to m.

Proof. Let % = {Uy : @ € A} be a cover of AUB by m-open sets of X. Then % is a
cover of A and B by m-open sets of X. Since A and B are y.7¢-compact relative to m, there
exist finite subsets A4 and Ag of A and subsets Hy and Hg of J# such that A C U{y(Uy) :
o €A }UHy and B C U{y(Uy) : @ € Ag} UHp. Hence we have AUB C U{y(Uy) : @ €
ALUAB}YU(H4 UHp). Since 2 is an ideal, we have (AUB) \U{y(Uqy) : @ € AyUAp} € 7.
This shows that A U B is y.7¢-compact relative to m.

The following example is due to Qahis ez al. (2021).

Example 3.21. Ler X = R be the real number, m = 7 the usual topology, y:m — P (X)
such that y(U) = cl(U) for everyU € mand 5 ={H CR:H C (0,1) or H C (1,2)}. If
A=(0,1) and B = (1,2), then

(1) A and B are y7-compact relative to m.

(2) AUB is not Y7 -compact relative to m.

Proof. (1) The proof is obvious.
(2) The family {(},2—1):n € Z*}, where Z* is the family of positive integers, is a
cover of AUB by m-open sets of X. For any finite subsets {ny,ns,...,n;} of Z*, put
N = max{ny,ny,...,n; }. Then we have

1 1. ; _ 1 1. ; —

(AUB\NU{r(;,2— ) 1<i<k}=(AUB)\U{[;.2— ;. ]: 1<i<k}=(AUB)\
[4,2— %] =(0,%)U(2—+,2) ¢ . Therefore, AUB is not y.%-compact relative to .
Definition 3.22. (Noiri and Popa 2018) Let (X, m, 5#) be a hereditary m-space and A a
subset of X.

(1) The minimal local function A%, (¢ ,m) of A is defined as follows: A%, (€, m) =
{xeX:UNA ¢ S forevery U € m(x) }, where m(x) = {U :x € U € m}. Hereafter,
Ay (S, m) is denoted by A% ;.

(2) The minimal x-closure mclf;(A) of A is defined as mClj;(A) = AUA},,. The
my;-structure is defined as follows: m}; = {U C X : mCIl};(X\U) =X \U}. Each
member of mj; is said to be mj;-open and the complement of an mj;-open set is
said to be mj;-closed.

Remark 3.23. (Noiri and Popa 2018) Let (X, m,.#) be a hereditary m-space and A a subset
of X. If 7 = {0} (resp. & (X)), then A}, ;; = mCI(A) (resp. A}y = 0).
Lemma 3.24. (Noiri and Popa 2018) For a hereditary m-space (X, m, ), the following
properties hold:

(1) mj; is an m-structure on X such that mj; has property % and m C mjy.

(2) B(m, ) ={U\H :U € m,H € 5} is a basis for m}; such that m C (m, ).
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Theorem 3.25. Let (X, m, 5) be a hereditary m-space. If a subset A of X is 7€-compact
relative to mj;, then A is J€-compact relative to m. The converse is true if S is an ideal.

Proof. Let A be 7Z-compact relative to mj;. By Lemma 3.24, m C mj; and hence A is
¢ -compact relative to m.

Conversely, suppose that .7 is an ideal and A is .7’-compact relative to m. Let {V :
o € A} be any cover of A by mj;-open sets of X. For each x € A there exists ¢(x) € A
such that x € Vy(,) € mp;. By Lemma 3.24, there exists Ugy(,) € m and Hy,) € 7 such
that x € Uoc(x) \Ha(x) - Va(x); hence x € Ug) € Voc(x) UHa(x), where Hy € €. Then
{Uq(x) : x € A} is a cover of A by m-open sets of X. Since A of X is J#’-compact relative to
m, there exists a finite subset A of A such that A\ U{Uyy) : x € Ao} € . Hence we have

AC U{Ua(x) X EA()}UH(), where Hy € 7
cu {Va(x) UHg)tx € Ao} UHy
=U{Vy 1 x € Ao} U (U{Hy ) : x € Ag}) UH.

Therefore, we obtain A\ U{Vyy) 1 x € Ao} € (U{Hgy) : x € Ag}) UHy € 7. This shows
that A is #’-compact relative to mj;.

Corollary 3.26. Let (X,m, ) be an ideal m-space, then for a subset A of X the following
properties are equivalent:

(1) A is S€-compact relative to m,
(2) A is J€-compact relative to my.

4. (7v,0)-continuous functions

In this section, let (X,m) and (Y,n) be minimal spaces and ¥ (resp. ) be an operation
on m (resp. n).

Definition 4.1. A function f : (X,m) — (¥,n) is said to be
(1) (7, 8)-continuous if for each x € X and each V € n containing f(x), there exists
U € m containing x such that f(y(U)) C §(V).
(2) weakly (y,8)-continuous if f~'(V) is y-open in X for every -open set V of Y.

Theorem 4.2. If f: (X,m) — (Y,n) is (Y, 6)-continuous, then it is weakly (y, 8 )-continuous.

Proof. Let V be any §-open set of Y. For each x € f~!(V), f(x) € V and there
exists Vp € n such that f(x) € Vo C 6(Vp) C V. Since f is (y,0)-continuous, there exists
U € m containing x such that f(y(U)) C 8(Vy). Therefore, we have x € U C y(U) C
Y () € £ 1(8(Vo)) € f~1(V). This shows that f is weakly (7, §)-continuous.
The converse of Theorem 4.2 is not always true as shown by the following example.
Example4.3. LetX =Y ={a,b,c}, m={0,X,{a},{b},{a,b}}, n={0,Y,{a},{c},{a,c}}.
Then m (resp. n) is a topology on X (resp. Y). Let Y(A) = mCI(A) = CL(A) for every subset
A of X and 6(B) = nCI(B) = CI(B) for every subset B of Y. Then the identity function
[ (X,m) — (Y,n) is weakly (y,d)-continuous because y(X) = {0,X} and §(Y) = {0,Y }.
ForaeX and f(a)=a € {a} =V €n, §(V)=Cl({a}) = {a,b} and f(y(U)) is not
contained in 8(V) for every U € m containing a. Therefore, f is not (', 8)-continuous.
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Theorem 4.4. Let (Y,n) be 8-regular. Then for a function f : (X,m) — (Y,n) the following
properties are equivalent:

(1) fis (y,0)-continuous;

(2) f is weakly (7, 8)-continuous.

Proof. (1) = (2): The proof follows from Theorem 4.2.

(2) = (1): For any x € X and V € n containing f(x), by Lemma 2.13 there exists
W € §(Y) such that f(x) € W C §(W) C V. By (2), f~'(W) is a y-open set containing x
and hence there exists U € m such that x € U C y(U) C f~!(W). Therefore, f(y(U)) C
W C (W) CV C 5(V). This shows that f is (¥, d)-continuous.

Lemma 4.5. (Al-Omari and Noiri 2020) Let f : X — Y be a function.

(1) If 2 is a hereditary class on X, then f () is a hereditary class on'Y .
(2) If A is a hereditary class on Y, then = (H) is a hereditary class on X.

Theorem 4.6. If f : (X,m, ) — (Y,n, (7)) is (Y, 8)-continuous and A is Y. -compact
relative to m, then f(A) is 8 f(J)-compact relative to n.

Proof. Let {V,, : @ € A} be any cover of f(A) by n-open sets of Y. For each x € A, there
exists a(x) € A such that f(x) € V). Since f is (¥, 8)-continuous, there exists Uy ,) € m
containing x such that and f(y(Ug(y)) € 8(Vy(y))- Since {Ugy(y) : x € A} is a cover of A by
m-open sets of X, there exists a finite subset Ag of A such that A\ U{y(Uygy)) : x € Ao} C Ho,
where Hy € . Therefore, f(A) C U{f(Y(Ugy(y))) : xer}Uf(Ho)CU{S( ) :X€
Ao U f(Ho). Hence we have f(A)\ {6 (Vg () : xer} € f(#) and hence f(A) is Sf( )-
compact relative to n.

Theorem 4.7. If f : (X,m, ) — (Y,n, f(J€)) is weakly (v, 8)-continuous and A is 7€ -
compact relative to y(X), then f(A) is f(H)-compact relative to §(Y).

Proof. Let {V, : o € A} be any cover of f(A) by §-open sets of Y. For each x € A,
there exists a/(x) € A such that f(x) € Vy(y). Since f is weakly (7, 8)-continuous, x €
' (Vag) € v(X) and {f ' (Vg(y)) - x € A} is a cover of A by y-open sets of X. Since
A is J-compact relative to y(X ) there exists a finite subset Ag of A and Hy € .77 such
that A C U{f ™! (Vi(v)) : X € Ao} UHp; hence f(A) C U{Vqy) :x € Ao} U f(Ho). Therefore,
f(A) is f()-compact relative to 6 (Y).

Corollary 4.8. Let f: (X,m) — (Y,n) be a surjective function.
(1) If f is (7, 8)-continuous and (X ,m) is Y7 -compact, then (Y,n) is 6 f ()-compact.
(2) If f is weakly (Y, 0)-continuous and (X,y(X)) is H-compact, then (Y,8(Y)) is
f(SE)-compact.

Definition 4.9. (Noiri and Popa 2006) A function f: (X,m) — (Y,n) is said to be M-closed
if f(B) is n-closed in Y for every m-closed subset B of X.

Lemma 4.10. (Noiri and Popa 2006) For a function f : (X,m) — (Y,n), the following
properties are equivalent:
(1) fis M-closed;
(2) foreachy €Y and each U € m containing f~'(y), there exists V € n containing y
such that f~'(V) C U.
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Theorem 4.11. Let f : (X,m) — (Y,n,.5¢) be an M-closed surjective function. If f~'(y)
is m-compact relative to m for each y € Y and B is 7 -compact relative to n, then f~! (B)
is f~1()-compact relative to m.

Proof. Let {Uy : @ € A} be any cover of f~!(B) by m-open sets of X. Then for each
y € B, since f~!(y) is m-compact relative to m, there exists a finite subset A(y) of A such
that f~1(y) C U{Uq : @ € A(y)} = U,. Since Uy is an m-open set of X containing £~ (y)
and f is M-closed, by Lemma 4.10 there exists an n-open set V, containing y such that
f71(Vy) CUy. Since {V, : y € B} is a cover of B by n-open sets of Y and B is .%-compact
relative to n, there exists a finite subset By of B such that B\ U{V, : y € By} € % . Therefore,
B CU{V, :y € Bo} UHy, where Hy € . Hence we have

S (B) CU{f (V) sy € Bo}u s (Ho)
CU{Uy:y€eBo}Uf ' (Ho)
CU{Uq:a€A(y),y €Bo}Uf ' (Hp).

We obtain f~!(B)\U{Uy : @ € A(y),y € Bo} € f~'(5#). This shows that f~'(B) is
f~1(#)-compact relative to m.

Corollary 4.12. Let f : (X,m) — (Y,n,5€) be an M-closed surjective function. If f~1(y) is
m-compact relative to m for eachy € Y and Y is 7 -compact, then X is f~'(€)-compact.
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