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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY
FOR ONE COMPONENT OF A MULTI-COMPONENT SYSTEM

WOLFGANG MUSCHIK *

ABSTRACT. Non-equilibrium and equilibrium thermodynamics of an interacting compo-
nent of a special-relativistic multi-component system is discussed by using an entropy
identity. The special case of the corresponding free component is considered.

1. Introduction

The treatment of multi-component systems is often restricted to transport phenomena in
chemically reacting systems, that means, the mixture consisting of different components
is described by 1-component quantities such as temperature, pressure and energy which
are not retraced to corresponding quantities of the several components. That is the case
in non-relativistic physics (De Groot and Mazur 1962) as well as in relativistic physics
(Kluitenberg et al. 1953a,b; Israel 1976; Havas and Swenson 1979; Neugebauer 1980). In
this paper, the single component as an interacting member of the mixture is investigated.
Thus, each component of the mixture is equipped with its own temperature, pressure, energy
and mass density which all together generate the corresponding quantities of the mixture.

Considering a multi-component system, three items have to be distinguished: a component
of the system which interacts with all other components of the system, the same component
as a free 1-component system separated from the multi-component system and finally the
multi-component system itself as a mixture which is composed of components. Here, the
interacting and the free component are discussed, both in a special-relativistic framework.
For finding out the entropy-flux, -supply, -production and -density, a special tool is used: the
entropy identity which constrains the possibility of an arbitrary choice of these quantities
(Borzeszkowski and Chrobok 2003; Muschik and Borzeszkowski 2009, 2015). The specific
entropy and the corresponding Gibbs and Gibbs-Duhem equations are derived. By use of
the entropy identity, accessory variables are introduced belonging to the balance equations
which are taken into account in the entropy identity: those of the energy-momentum
tensor, the rest mass density and the diffusion flux. Equilibrium is defined by equilibrium
conditions which are divided into necessary ones given by vanishing entropy-flux, -supply
and -production and into supplementary ones such as vanishing diffusion flux, vanishing
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heat flux and rest mass production. The Killing relation of the 4-temperature is shortly
discussed. Constitutive equations are out of scope of this paper.

The paper is organized as follows. After this introduction, the kinematics of a multi-
component system is considered for introducing the mass flux density and the diffusion flux.
The energy-momentum tensor is decomposed into its (3+1)-split, and the non-equilibrium
thermodynamics of an interacting component in the mixture and those of the corresponding
free component is discussed. The equilibrium belonging to both kinds of components
finishes the paper together with a summary.

2. Kinematics

2.1. The components. We consider a multi-component system consisting of Z components.
The component index # runs from 1 to Z. Each component has its own rest frame % in
which the rest mass density p? is locally defined. These rest mass densities are relativistic
invariants, that means the p* are scalars.

In general, the components have different 4-velocities: u‘,?, A =1,2,....,Z which all are
tensors of first order. We now define the mass flux density
Ng = phult, N =T 1)
Here, (1), is the mass balance equation of the 4-component . Consequently, we introduce
the basic fields of the components
{pA, uly,  A=12,..,Z )
2.2. The mixture. As each component, also the multi-component system has a mass den-

sity p and a 4-velocity u; which are determined by the partial quantities of the components.
For deriving p and uy, we apply the

B Mixture Axiom: The balance equation of a mixture looks like the balance equation of an
one-component system. |

According to the mixture axiom, the mass balance of the mixture looks like
Ne=T, T =0, 3)

with vanishing production, if the mass of the mixture is conserved.

Now the question arises: which quantities of the components are additive? Obviously,
neither the mass densities p# nor the component 4-velocities ujj are additive quantities
according to their definitions. Consequently, we demand in accordance with the mixture
axiom that the mass flux densities are additive'

Setting I:

YN = Ne=pue = Y ptd — =Y "ul @
) A A

o2

IThe sign < stands for a setting and := for a definition.
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-3

For the present, p and u; are unknown. Of course, they depend on the basic fields of the
components (2). Contraction with u* and use of (4)23 results in

1 1 1 1 1
p = = Y plufh = SNk = SNe—N' — p = £-/NiNK, )
[l c c p c

! 1
p = :l:z IgpApBw]?”Bk‘ (6)

The mass density p and the 4-velocity u; of the mixture are expressed by those of the
components according to (6) and (4)4. According to (4)4, the 4-velocity of the mixture is a
weighted mean value of the 4-velocities of the components. For the mass density, we have
according to (5); also a weighted mean value of the mass density components

1
=t — p o= Yt = Y Al ub)pt ™
A A

C

or in more detail

resulting in the entanglement of p and u; which are not independent of each other

p = R(pAﬂ’th?)uk)? Uy = Uk(pA,M;C\,p). (8)

According to (4); and (1), we obtain the additivity of the mass production terms

Ny =YN¥*, =Y =T 9)
A A
2.3. The diffusion flux. From (4); and (7), follows
0 =Y put —w Y o = Y pt(ul — fup). (10)
A A A
Introducing the diffusion flux density using (10),
W= pt = fru) = Nf=ptfrue — Y =0 =0, (11)
A
we obtain
JAdk = pA - At =0, (12)
J* = Fprl— (] = Pptwt = wAN A (13)
By introducing the projectors
1 1
B = 6,’"—?:/‘%?, B = 51'"—?14’"141, (14)
we obtain the following properties of the diffusion flux density:
JAmpk = AR = NATRE (15)
JA = JAmpAk L pAyAAR = gAmpAk A NAR (16)
I = (IR g+ (ptwh) g 4 pAwti (17)

According to (15);, the diffusion flux density is that part of the mass flux density which
is perpendicular to the 4-velocity of the mixture. The diffusion flux density vanishes in
1-component systems (#; = uy) according to f4 = f =1 and (11);.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A19 (2019) [17 pages]



A19-4 W. MUSCHIK

3. The Energy-Momentum Tensor

3.1. Free and interacting components. The energy-momentum tensor 74X of the -
component consists of two parts

AL _ 7‘1Ak1+ZW§xk17 W = 0. (18)
B

Here, ToAkl is the energy-momentum tensor of the free A-component, that is the case, if there
are no interactions between the 4-component and the other ones. W4 describes the interac-
tion between the 5- and the A-component. The interaction between the environment and
the 4-component is given by the force density k4’ which appears in the energy-momentum
balance equation

TAkl_’k — kAl7 (19)

and in the balance equations of
energy: u‘? TAK k= u’?kAl, (20)
momentum: hf‘m TAli( = h‘?mkAl. 21

Consequently, the interaction of the 4-component with the other components of the mixture
modifies the energy-momentum tensor of the free #-component. Additionally, its interaction
with the environment shows up in the source of the energy-momentum balance. According
to its definition, 74 is the energy-momentum tensor of the ““-component in the mixture”.

3.2. (3+1)-split. The (3+1)-split of the energy-momentum tensor of the A-component is

1 1 1
™ = Sttt - pM S gt (22)
c c c
The (3+1)-components of the energy-momentum tensor are?
1 im I 1 1 jm
= STV, p = i TG, (23)
qu = l’l‘?k TAjmu,:ﬂn’ z‘Akl = hz?k TAjml’lﬁ}j, (24)
quu? -0, pAlu,lA —0, tAkluz]? —0, tAkluzI“x —0. (25)
If the stress tensor is decomposed into pressure p* and viscous tensor 7%
AR = pApARL | AR (26)
we obtain for the physical dimension of the pressure’
N N
] = — = —’? = energy density. 27)
m m

According to (14) and (7)1, we have
Al A
(] =1, =1, (28)
2the (3+1)-split is made by taking the physical meaning of (23) and (24) into account, see (29) to (31)
3the bracket [X] signifies the physical dimension of X
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-5

and by taking (26), (22) and (28) into account we obtain

[TA9] = ) = [TA] = [A] = ] = D

el energy density 29)
N k 1 1
P = — = %—2 :kg@?@ = momentum flux density, (30)
m s m s m
N
qu = TAkl = —T— = energy flux density. (€29
s m3 s

4. Thermodynamics (Interacting Component)

4.1. The entropy identity. For establishing the entropy balance equation, we use a special
procedure starting out with an identity (Muschik and Borzeszkowski 2009), the so-called
entropy identity. This tool helps to restrict arbitrariness for defining entropy density, entropy
flux density, entropy production and supply. In the sequel, we establish the entropy identity
for the 4-component. Starting out with the (3+1)-split of the entropy 4-vector

= Mtk AR (32)

we lay down s4 as entropy density and s*¥ as entropy flux density

A c]7 Ay e 33)
1 Nm 1 1 N 1
)= g = ore M=l = SR e

Before writing down the entropy identity, we have to choose the quantities which are
essential for formulating the four entropy quantities mentioned above. The choice is: all
quantities appearing in the (3+1)-split of the energy-momentum tensor (22) and additional
the mass flux density (1); and the diffusion flux density (16), have to be included because
we are dealing with a multi-component system. Consequently, the entropy identity is

S = Ak Ak A (JAk_JAmhﬁlk_WANAk> +KA(NAk_pAMAk)
1 1 1
n Azl‘l (TAkl _ CizeAuAkuAl _ EuAkpAl _ CiquuAl _tAkl). (35)

Here x4 and k“ are scalars, undefined for the present, and the (3+1)-split of the likewise
arbitrary vector A‘l“ is

A =2 AL At = o, ALY = A, (36)
At = a4, A = A 37
We denote x4, k4, A4 and AIA as “accessory variables” because they help to formulate

the entropy identity. An identification of these auxiliary variables is given below after the
definitions of entropy flux density, entropy production, density and supply in section 4.3.
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A19-6 W. MUSCHIK

By use of (26) and (36), the entropy identity (35) becomes
sAk — uAk(SAixApAwAikAp _2AA A Al)+KANAk
4 AR A AR AJAmhAk AAGK LAk A Mankl +
+ (At 2 ) T (38)

This identity becomes an other one by differentiation and by taking the entropy balance
equation

s = o+ ot (39)

into account
= [ (s =ttt -t - At %;LZAPAI)] o
n [sAk _ZAJAmh/;k A kA /llAnAkz} ) +
AT e N I xAJA";k +

= ()LAug‘) kTA"’+1Auf;‘TAkl,k+7LA,,,(TA"’+A{‘TA’<’,,C =o'+t (40)

Here, 64 is the entropy production and ¢* the entropy supply of the A-component. The
identity (40) changes into the entropy production, if s*, s** and @* are specified below.

The terms of the last row of (40) are scalars which do not contribute to the interior of the
second bracket of (40). This bracket contains the entropy flux density s*¥ and additionally
further tensors which all are perpendicular to the 4-velocity u**. The scalars of the last row
of (40) do also not contribute to the first row of (40) because the factor ¥ times a scalar is
missing.

The first and the third term of the fourth row of (40) become
(/'LAM,IA)J(TAkl _
_ <7LA,/¢M’? +lAuAl7k) (?lzeAuAkuAl n %uAkpAl n Ciqukqu +tAkl) _
= A AN g A A A, )
and taking (26) and (14); into account”
AALkTAkl _ AAl,k (ieAuAkuAl + luAkpAl + lquuAl _HAkl) _
= 24 kuAk Lt + At~ pA’ +3 AA xg ! —

/—/‘—\
—)yA[lkpA/’lAkl —‘r)yA[’kTEAkl. 42)

=~ ~
“the signs [, [, [ and [J mark terms which are related to each other in the sequel
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-7

Summing up (41) and (42) results in
(AAM[A)JCTAM + AAZ’kTAkl —

= (Mt i) ()
c
n (;LAMA”(_HLA”C) (nAkl _i_uAk%pAz) _pAAAuAkJ{ _AALkpAhAkl_ (43)

The terms which contain the pressure p* do not fit in the brackets. Evidently, the term
pAlAuAk‘,k belongs to the first row of (40), and the second term can be split by taking (14);
into account

A ApAkl ac A Laa A A Al
=24t = A p Jrcj?t et (44)
In the next section, we now specify s, s4 and @A.

4.2. Exploitation of the entropy identity.

4.2.1. Entropy density, Gibbs and Gibbs-Duhem equations. Performing the derivation in
the first row of (40) and inserting the underlined term of (41) into the first row of (40), we
obtain by use of 0

1
(=t 200 0 g

+(SA_XAPAM/4_KAPA_AAeA_pAlA_%llApAl)'_i_(pAAA)' _
—— ———

1 —_——
_ [w“k (sA A pAWA — i ph Z JAA — A ;A;“p/")} (A (45)
We now define the entropy density s* according to the round bracket in (45),
Setting Il
. 1
= tptwt it pt Al +pAAA+;),[‘pA1. (46)
The specific entropy with regard to the mass density of the mixture is
A st et 11 !
A= Lo (waA+KA)cA+AA—+pA/IA—+7A;‘£ (47)
p p p p ¢ p

which corresponds to the non-equilibrium state space which does not contain the accessory
variables (Schellstede 2016)
Al pY

2= (2,52, (48)

p p P
These state space variables have the following meaning: ¢, 1/p and e* /p are equilibrium
variables, pA! /p is a non-equilibrium variable extending the equilibrium sub-space in the

.
3 is the “component time derivative” B4 := B ek
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A19-8 W. MUSCHIK

sense of Extended Thermodynamics. The corresponding Gibbs equation according to (47)
and (48) is

s A °A AAl.AeA.lApAl.
(;) = ("W rY) eA o pta (5) +A (;) A (7) . (9
Differentiation of (47) results in the Gibbs-Duhem equation by taking (49) into account

0 (XAW“‘)'CA—&-I.CACA—I—(pA)»A).l-i-).LAé-I-li ar! . (50)
p p c p

P = WA kA A - R, &)

According to (45) and (46), the first row of (40) becomes (pAAA4)°.

4.2.2. Entropy flux, supply and production. According to the second row of (40), we define
the entropy flux density

Setting IlI:
S QA A gAmpAR _p Ak pA | QA Ak (52)
Consequently, the second row of the entropy identity vanishes and (40) becomes by taking
(51), (52), (43) and (44) into account

s = = () pt — kAt 7L ApAl
——
+ KA N A AR xAJA’ik AT AATAM |
~—
1
+ (&Jr/lf‘z,kc—zu“”) (qA"JrM) +
—_— /1\
+ <7LAMA[7/(+7LA1_’/() (JTAk[—FuAk*pAI) —

1
_lAk’kpA_’_Ciz)yA Wtk = O_A_HPA_ (53)

The marked terms cancel each other, and we obtain

SHa= = WY et
+ KAFA+xAJA"k+AA u TAH +7LIATAkZ7k+
+ (Mkmm uAl)quMA MM

1
(2 A’/‘Al,k 2Al,k> n.Akl aAuA[,kuAkcpAl
1
ﬂAk7kpA CzlAl,kpAuAkuAl _ GA (PA' (54)

We now split the entropy identity (54) into the entropy production and the entropy supply.
For this end, we need a criterion to distinguish the production from the supply. Such a
criterion is clear for discrete systems: a local isolation suppresses the entropy supply but
not the entropy production. Here for systems in field formulation, we cannot apply the local
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-9

isolation. Instead of that, we define the entropy supply by terms which contain the energy
and momentum supply, (20) and (21) and beyond that divergencies. The entropy production
is characterized by gradients and fluxes. Consequently, we define the entropy supply

Setting IV:
P JAk,k Y MIIATAkI’k + )LZATAkl,k _ AAk’k o=
= AT AU AR A QA A = et (55)
Taking (16); into account , the first row of (54) results in
XA!kJAk_ XA pAwA — o ;VAPA _ XA’kJAmhglk v ;vApA7 (56)
and according to (55), the entropy identity changes in the entropy production
ot = XA7kJAmh;;K1k A ;VAPA LT

(Mt 28 g ) A A
+ ()LAMAI,I( + lAl,k) ik 4 lAqu,kuAk%PAl -
+ C]—Z)LA,,kpA ukul (57)
A rearranging results in
oA — XA7kJAmh;4nk o ;VApA AT 4
+1A’k6/4k+lAl7kCi2uAl (qu+eAuAk) +

+AAMA17k(ﬂAk]+lf4k%pAl> +AA17/(7TAH+

1
+ A (58)
and finally, the entropy production becomes
oA = xAﬁkJAmhﬁk AT 4
1
+7LA_’kqu +7LAMA[7[< (TL'Akl +MAkEpAl> -
. 1
_XAWAPA_FAA”C[EAM_FCjuAl(qu_F(eA_FpA)uAk)} (59)

The first four terms of the entropy production describe the classical four reasons of ir-
reversibility: diffusion, chemical reactions, heat conduction and internal friction with a
modified viscous tensor according to the chosen state space (48). To these irreversible
processes belong the following four accessory variables: x*, k%, 14 and A*. The last two
terms® are typical for an interacting 1-component sytem as a part of the mixture.

The expressions of entropy density, production and supply and the entropy flux density
contain these accessory variables which are introduced for formulating the entropy identity

Swhich vanish in equilibrium and for free 1-component systems as we will see below
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A19-10 W. MUSCHIK

playing up to here the role of place-holders. Their physical meaning is discussed in the next
Section.

4.3. Accessory variables. Starting out with (46), we have the following equation of physi-
cal dimensions

") = Y[ (60)
Taking (34); and (29) into account, we obtain
N1 _ eV A b
m2 K - [)‘ ]mz — M ] - K’ (61)

that means, A4 is a reciprocal temperature belonging to the A-component. Therefore, we
accept the following

Setting V:
. 1
A= o (62)
Here, ®" is the temperature of the #-component’.
Starting out with (52) , we have the following equation of physical dimensions
[ = DA - (63)
Taking (34),, (11); and (28); into account, we obtain
N 1 A kg m o omrl N m1
—— = ——1 = - =—=——=[ 64
ms K [%]m3s — [X] 2K mzkgK [ ]: (64)

and according to the the first row of (38), the physical dimensions of y“ and x* are equal.
We know from the non-relativistic Gibbs equation that the chemical potentials u have the
physical dimension of the specific energy e /p

A ] N m’ A
B = TF = i = K = KT
Because y“ belongs to diffusion and k* to chemical reactions, we make the following
choice by taking (65) into consideration

Setting VI:
== A (66)
Starting out with (52) , we have the following equation of physical dimensions
) = 11, (67)
Taking (34), and (30) into account, we obtain

N Ak _ m1
ms K m A s K (68)

"This temperature is a non-equilibrium one, the contact temperature Muschik 1977; Muschik and Brunk 1977
which should not be confused with the thermostatic equilibrium temperature T4.
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... Al19-11

By taking (36), into account, we define

Setting VII:
A= 2k (69)
According to (66); and (69), we obtain
o= ANt = 2tpt (70)
e = Atunht™) x = A% g™ + 24 (™) (71)

Inserting (70) and (71) into (59), the entropy production change in another expression
ot = _AA‘uA,k]Amh;Ank _AApA <FA_ ;VAPA) +
+/1A’k (qu . “AJAmhgk T umhz;xmﬂAkl)
A% (ﬂAkl + uAk%pAl) +
A () [+ clzuAl (¥ + (& + ) . (72)

This expression for the entropy production is composed of following parts:

o diffusion and chemical reactions with a modified mass production term in the first
row of (72),

e heat conduction with a modified heat flux density in the second row,

e internal friction with a modified viscous tensor in the third row and

e an additional term describing the fact that the 4-component is a component of the
mixture.

Inserting the accessory variables in the expression of entropy density (46), of entropy flux
density (52) and of entropy supply (55) we obtain

1

o= A (W 1) pt AR A ARl (73)
s = M A pA AR, A AR A 4 A i AN (74)
o' = WA AN ARl — (20 ) Pt 3s)

s

The transition from the interacting 4-component to the free 1-component system is consid-
ered in sect.5. All quantities introduced up to here are non-equilibrium ones, because we
did not consider equilibrium conditions up to now. This will be done in the next section.

4.4. Equilibrium conditions. Equilibrium is defined by equilibrium conditions which are
divided into necessary and supplementary ones (Muschik and Borzeszkowski 2009, 2015).
The necessary equilibrium conditions are given by vanishing entropy production, vanishing
entropy flux density and vanishing entropy supply®:

oh =0 A shy=0 A @) =0 (76)

8The sign = stands for a setting which implements an equilibrium condition.
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A19-12 W. MUSCHIK

A first supplementary equilibrium condition is the vanishing of all diffusion flux densities.
According to (11);, we obtain

A

“ =0 — u',?eq = fquzq — * = fgu;qu’:;. W)
Taking (7); into account, (77)3 results in
(fa) =1 — fo = %L (78)

Consequently, we have to demand beyond (77); the supplementary equilibrium condition
that the mass densities are additive in equilibrium

Peg = Y Pty — [l =1 — Wiy =0, (79)
A

according to (7); and (13),. Taking (77); and (69) into account, (79), yields
W = ud — Ak = 0. (80)
Further supplementary equilibrium conditions are given by vanishing covariant time deriva-
tives, except that of the four-velocity:
B, =0, B # u, (81)

that means uéq is in general not zero in equilibrium. Consequently, the time derivatives of
all expressions which contain the 4-velocity must be calculated separately, as we will see

below.

According to (81);, we obtain

ph =0, A4 =0, (82)
and the (3+1)-components of the energy-momentum tensor, (23) and (24), satisfy
¢4, =0, pi=o0, qi=o0 pi=0 M=o (83)
Starting out with (7);, we have
FA = ciz(&;equemﬁuf;}fqitemq). (84)
Taking (80); into account, this results in
°§;‘q =0 — wh =0 (85)
According to (69), we obtain
lAl,k = ()LAumh?m) k - )L://z”mhzlém erAum,khzlm JrlA”mh?-,km' (86)
In equilibrium, we have according £0 (80); and (14)
higg = hiey- 87)
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EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-13

Consequently, the first term of the RHS of (86) vanishes in equilibrium, and only the ;"
remains in the second term. Thus, we obtain

1 n e
Mgt (i) = . (88)

eq”'m

Aeq __ 1A eq
A Lk = z’equl,ki

Consequently, the time derivatives of the accessory variables vanish in equilibrium, and
according to (49) and (50), Gibbs and Gibbs—Duhem equations are identically satisfied in
equilibrium.

Taking (79)3 and (87) into account, the entropy density (73) becomes in equilibrium

A A A LA
s?q = )‘eq( eq-i-Peq—#equq)- (89)

This is the usual expression for the entropy density in thermostatics. The energy density and
the pressure are here defined by the (3+1)-decomposition (22) of the energy-momentum
tensor. The chemical potential is as well as the temperature introduced as an accessory
variable.

Taking (76)2, (77); and (87) into account, the entropy flux density (74) results in
0 = ¢, (90)
and finally taking (77)1, (87) and (88) into account, the entropy supply (75) results in

_ Aeqj Al
0=y k?q,

Oon
that means, the power vanishes in equilibrium.
Another supplementary equilibrium condition is the vanishing of the production term in (1)
r;, = 0. 92)
Thus, we obtain from (1), (82); and (92)
pt w +ptut =T — = 0. (93)

The entropy production (72) has to vanish in equilibrium according to the necessary equilib-
rium condition (76);. Taking (77)1, (90), (83), and (88) into account, we obtain

0 = uhed, A 94)

As demonstrated in this section, the non-equilibrium expressions of the Acomponent in
the mixture for the entropy density, flux, production and supply are compatible with the
corresponding equilibrium expressions. According to (80);, the mixture looks like an
1-component system in equilibrium. But different is, how to deal with free 1-component
systems in non-equilibrium which are considered in the next section.
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5. Thermodynamics (Free Component)

A free 1-component system9 can be described by setting equal all component indices of
a multi-component system

AB,C,...Z — O, (95)
and for shortness, we omit this common index 0. Then the basic fields are according to (2)

rest mass density and 4-velocity:  {p,ui}. (96)

The equations (4) of Setting I change in identities. According to (7)1, (11)1, (13)2 and (19),
we have

f=1 J=0 w=0 TN, =¥k 97)
The accessory variables become acording to (62), (66) and (69)
1
lzé,x:K‘:fl‘u, Ak =o. (98)

The state space (48) and the entropy density (73) are as in equilibrium of the 4-component
(89)

1Lep A A A

— (fﬁ,f) A= (eA+pA—up>. (99)
pp P

The entropy flux (73), the entropy supply (75) and the entropy production (72) are

1
s = A", o = Ak, o = Mgt +Auy (n"’ -l—ukfpl) —Aul. (100)
’ c
Another expressions for the entropy production (100)3 is according to (22)
1 1
6 = Mg+ Auy (Tkl — edkul - — 4! +ph’<’) — AT (101)
’ c c
This expression can be transformed by taking
1
—Aupe—qtul =0 (102)
e
into account. Consequently, (101) yields
1
o = g+ (Auwy) x— )L‘kul} (Tkl - —zeukul +phkl) —Aul. (103)
: : ; c

Taking according to (22)
wTH = e + 4 (104)

into account, the entropy production (103) becomes

1
6 = (Aup)y (T"’ - C—zeukul—i-phkl) —Aur. (105)

%that is not a mixture which is treated elsewhere

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A19 (2019) [17 pages]



EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-15

We now consider the three terms in the bracket of (105) separately. Taking (22) into account,
(105) becomes

1 1 1
(lkul—l—lu;k)(—eu u + - ukpl—i— q ul hkl+7rkl) =

= }{, e—lulf P +l,kq — Apu Ak+ﬂ.ul7kﬂk1, (106)

&
(lkul—&—lulk) ! el = — ).L e, (107)
(lﬁkul+lul_’k)phkl = )Lpuk"k. (108)

The necessary equilibrium conditions are (76); and (92), and (105) yields
0 = (Au) (7% - C—lzeukul +ph)”. (109)
According to (106) to (108), this equilibrium condition is satisfied by
(Au) # 0:

)Ty =0,  (Au)e g, = 0,  (Aw)¢p*ihG, = 0. (110)

Consequently, (109) does not enforce (A u;) = 0. Also the setting
1
K2 kol kI
Teq - CQ eequequeq - peqheq (1 1 1)
would demand further supplementary equilibrium conditions according to (22):
phy =0, @l Lo (112)

which both are beyond (83) and (94). Therefore we deny (111) and (112), and (Au;)! =0
is not an equilibrium condition because of the validity of (110). This property carries over
to the Killing relation of the 4-temperature Ay,

((luz),ﬁ(luk),z)eq <0 (113)

in case of a symmetric energy-momentum tensor. The derivative of the 4-temperature and
the Killing relation are rather conditions for reversible processes because they enforce the
entropy production to be zero without existing equilibrium

Aw)® =0, orTH =T ((zu,)ﬁ(xuk)v,)’” — 0. (114)

A comparison of (110) with (114) points out the difference between equilibrium and
reversible processes.

6. Summary

Starting out with the rest mass densities of the components of the multi-component
system, the mass flux densities of the components are defined by introducing their different
4-velocities. The mixture of the components is characterized by several settings. The first
one is the additivity of the component’s mass flux densities to the mass flux density of
the mixture. In combination with the mixture axiom, this setting allows to define mass
density and 4-velocity of the mixture and the diffusion fluxes of the components. The
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non-symmetric energy-momentum tensor of one component interacting with the mixture is
introduced, and its (3+1)-split together with the component’s mass and diffusion flux densi-
ties are generating the entropy identity Muschik and Borzeszkowski 2009. The exploitation
of the entropy identity requires additional settings: the entropy density, flux and supply.
These settings are led by physical interpretations of entropy density, flux and supply. The
entropy production follows from the entropy identity which restricts possible arbitrariness
of defining.

The use of the entropy identity introduces so-called accessory variables. These are tempera-
ture, chemical potential and an additional non-equilibrium variable which characterizes the
considered component to be a part of the mixture. Beside the classical irreversible processes
—diffusion, chemical reactions, heat conduction and friction— an additional irreversible pro-
cess appears due to the embedding of the considered component into the mixture. Different
from the classical case, the mass production term, the heat flux density and the viscous
tensor are modified, so-called effective quantities.

Equilibrium is defined by equilibrium conditions which are divided into necessary and sup-
plementary ones (Muschik and Borzeszkowski 2009; Borzeszkowski ef al. 2010; Muschik
and Borzeszkowski 2015). The necessary equilibrium conditions are given by vanishing
entropy production, vanishing entropy flux density and vanishing entropy supply. Supple-
mentary equilibrium conditions are: vanishing diffusion flux densities, vanishing component
time derivatives'? and vanishing of the mass production terms. Presupposing these equilib-
rium conditions, we obtain: all components have the same 4-velocity, all heat flux densities
are zero, the power as well as the divergence of the 4-velocity of each component vanish,
and the viscous tensor is perpendicular to the velocity gradient.

The corresponding free component is defined by undistinguishable component indices'!.
This 1-component system represents the easiest classical case serving as a test, if the in-
teracting component in the mixture is correctly described. The vanishing of the entropy
production in equilibrium is shortly investigated: the so-called Killing relation of the vector
of 4-temperature is neither a necessary nor a sufficient condition for equilibrium. Also the
statement that materials are perfect in equilibrium cannot be confirmed.

Acknowledgments
Discussions with H.-H. v. Borzeszkowski, T. Chrobok and G.O. Schellstede are gratefully
acknowledged.

References

Borzeszkowski, H.-H. v. and Chrobok, T. (2003). “On special- and general-relativistic thermodynam-
ics”. Atti dell’Accademia Peloritana dei Pericolanti, Classe I di Science Fisiche, Matematiche e
Naturali LXXXI-LXXXII, A01001. por: 10.1478/C1S0801004.

10except that of the 4-velocity
Uthat is not the mixture which is a multi-component system

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A19 (2019) [17 pages]


https://doi.org/10.1478/C1S0801004

EXPLOITATION OF A SPECIAL-RELATIVISTIC ENTROPY IDENTITY ... A19-17

Borzeszkowski, H.-H. v., Chrobok, T., and Muschik, W. (2010). “Thermodynamical equilibrium
and space-time geometry—a survey”. Communications in Applied and Industrial Mathematics 1,
206-215.

De Groot, S. and Mazur, P. (1962). Non-Equilibrium Thermodynamics. North-Holland.

Havas, P. and Swenson, R. (1979). “Relativistic thermodynamics of fluids. 1.” Annals of Physics
118(2), 259-306. DO1: 10.1016/0003-4916(79)90128-3.

Israel, W. (1976). “Nonstationary irreversible thermodynamics: A causal relativistic theory”. Annals
of Physics 100, 310-331. por: 10.1016/0003-4916(76)90064-6.

Kluitenberg, G., De Groot, S., and Mazur, P. (1953a). “Relativistic thermodynamics of irreversible
processes 1. Heat conduction, diffusion, viscous flow and chemical reactions; Formal part.” Physica
19, 689-794. por: 10.1016/S0031-8914(53)80077-7.

Kluitenberg, G., De Groot, S., and P., M. (1953b). “Relativistic thermodynamics of irreversible
processes 1I. Heat conduction and diffusion; Physical part.” Physica 19, 1079-1094. port: 10.1016/
S0031-8914(53)80122-9.

Muschik, W. (1977). “Empirical foundation and axiomatic treatment of non-equilibrium temperature”.
Archive for Rational Mechanics and Analysis 66, 379-401.

Muschik, W. and Borzeszkowski, H.-H. v. (2009). “Entropy identity and equilibrium conditions in
relativistic thermodynamics”. General Relativistic and Gravitation 41(6), 1285-1304.

Muschik, W. and Borzeszkowski, H.-H. v. (2015). “Entropy production and equilibrium conditions of
general-covariant spin systems”. Entropy 17, 8325-8340. pol: 10.3390/e17127884.

Muschik, W. and Brunk, G. (1977). “A concept of non-equilibrium temperature”. International
Journal of Engineering Science 15(6), 377-389. Do1: 10.1016/0020-7225(77)90047-7.

Neugebauer, G. (1980). Relativistische Thermodynamik. Akademie-Verlag. DOI: 10.1007/978-3-322-
86192-4.

Schellstede, G. (2016). private communication.

Technische Universitiit Berlin
Institut fiir Theoretische Physik
Hardenbergstr. 36, D-10623 BERLIN, Germany

email: muschik @physik.tu-berlin.de

Paper contributed to the conference entitied “Thermal theories of continua: survey and developments (Thermocon 2016)",
which was held in Messina, Italy (19—22 April 2016) under the patronage of the Accademia Peloritana dei Pericolanti

Manuscript received 18 January 2018; published online 20 May 2019

© 2019 by the author(s); licensee Accademia Peloritana dei Pericolanti (Messina, ltaly). This article is an
open access article distributed under the terms and conditions of the Creative Commons Attribution 4.0
BY International License (https://creativecommons.org/licenses/by/4.0/).

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A19 (2019) [17 pages]



https://doi.org/10.1016/0003-4916(79)90128-3
https://doi.org/10.1016/0003-4916(76)90064-6
https://doi.org/10.1016/S0031-8914(53)80077-7
https://doi.org/10.1016/S0031-8914(53)80122-9
https://doi.org/10.1016/S0031-8914(53)80122-9
https://doi.org/10.3390/e17127884
https://doi.org/10.1016/0020-7225(77)90047-7
https://doi.org/10.1007/978-3-322-86192-4
https://doi.org/10.1007/978-3-322-86192-4
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Kinematics
	2.1. The components
	2.2. The mixture
	2.3. The diffusion flux

	3. The Energy-Momentum Tensor
	3.1. Free and interacting components
	3.2. (3+1)-split

	4. Thermodynamics (Interacting Component)
	4.1. The entropy identity
	4.2. Exploitation of the entropy identity
	4.3. Accessory variables
	4.4. Equilibrium conditions

	5. Thermodynamics (Free Component)
	6. Summary
	Acknowledgments
	References

