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THERMOMECHANICS OF MULTIFERROICS

BOGDAN T. MARUSZEWSKI†∗

ABSTRACT. Generally understood ferroic media have been investigated by many authors.
The majority of them have dealt with the electromagnetic nature of the domain structure of
crystalline or amorphous solids. However, there exist also materials that have an internal
ordered structure from the mechanical (elastic) point of view. They are called ferroelastics.
The presentation proposes a thermomechanical model of irreversible and nonequilibrium
processes that can run in continuous multiferroic media in which simultaneous interactions
of various physical fields occur both in low and room temperatures. Attempts concerning a
proposition of the constitutive theory resulting from linear and nonlinear forms of the free
energy density are also presented.

1. Introduction

A ferroic crystal consists of two or more orientation states or domains. Under a particular
driving force the anisotropic regions and/or domain walls move switching the crystal from
one state to another. That process may be caused by elastic, electric and magnetic fields
or even some combinations of them (Newnham 1974; Surowiak and Bochenek 2008).
Ferroelectric, ferromagnetic and ferroelastic materials are examples of the so-called primary
ferroic crystals. They characterize their orientation states: polarization, magnetization
and strain. However, there are also materials, which change under driving forces their
material properties like permittivities, susceptibilities, compliances and other characteristic
coefficients. They are called as the secondary ferroic materials.

The primary ferroic class (Newnham 1974; Wadhawan 1984; Maugin 1988).

The ferroelectrics consist of domains or areas of ordered electric polarization.
The ferromagnetics consist of domains or areas of ordered magnetic polarization.
The ferroelastics have two or more orientation states of deformation.

The secondary ferroic class (Newnham 1974).
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The ferrobielectricity is a phenomenon arising from induced electric polarization field
and/or the spontaneous one. Switching between orientation states occurs because of differ-
ences in the electric permittivity tensor.

The ferrobimagnetism occurs in media with the anisotropic magnetic susceptibility that
can change under a magnetic driving force.

The ferrobielasticity takes place in crystals in which the elastic orientation states differ
in elastic compliance (the four rank tensor) induced by the applied stress.

The ferroelastoelectricity is a cross-coupled ferroic phenomenon. The domain states of
the ferroelastoelectricity differ in piezoelectric tensor. The crystal can be switched from one
state to another when the electric field and the mechanical stress are applied simultaneously.

The ferromagnetoelasticity occurs in materials consisted of domains which differ in
piezomagnetic coefficients. Therefore, the switching among domains is done by applying
the mechanical stress and the magnetic field simultaneously.

The ferromagnetoelectricity is observed in materials in which the coupling between
the electric and magnetic variables occurs. Moreover, if such magnetoelectric effects are
different in various domains a polycrystal also behaves as a ferroic.

The multiferroics have an internal structure which, within the macroscopic and continu-
ous model, is responsible for their specific physical properties. Very similar situation occurs
in elastic media with negative Poisson’s ratio called auxetics (Newnham 1974; Alderson
and Evans 2001). Their internal structures in the form of chiral honeycombs, tetrachiral or
hexachiral ones suggest that such small regions creating periodic or disordered symmetries
can have also the character to direct. So that, they can form ferroic or multiferroic structures
both isotropic and/or anisotropic ones.

The paper deals with the thermomechanical model of continuous multiferroic materials
in which the elastic, thermal and electromagnetic fields may simultaneously interact. Since
the auxetic properties and spontaneous features of the above materials might to be taken
into account altogether the specific form of the Gibbs free enthalpy is proposed.

2. Thermodynamical model of interactions

In this Section we model physical processes and interactions listed in Introduction.
That model concerns interactions among the elastic, thermal and electromagnetic fields
in continuous media with specific internal structure (orientation elastic states, electric or
magnetic spontaneous orientations and the cross-like effects that can occur in crystals also
irradiated by neutrons which have magnetic moments - spins). The model is based on the
irreversible extended thermodynamics. For the sake of simplicity only relaxation properties
of the temperature field have been taken into account.

The state vector (set of independent variables) is assumed in the form (Maruszewski
1987; Maugin 1988; Maruszewski 1993; Restuccia and Maruszewski 1998):

C = {σi j,Ei,Bi,T,qi,Γ
α,β
i j ,ηi}. (1)

σi j is the stress tensor, Ei is the electric field intensity and Bi is the magnetic induction in the
moving frame, T is the temperature, qi is the heat flux, Γ

αβ

i j is the anisotropy-grain tensor
(Maruszewski 1993) and ηi is the magnetic moment density of the neutron field (Maugin
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and Maruszewski 1989):
Γ

αβ

i j (xk, t) =V α nαβ (xk, t)Aβγ , (2)

where V α denotes the characteristic dimension of α-grain or domain, nαβ (xk, t) is the
number density of the α-grain or domain field possessing β anisotropy. Since Aβγ deals
only with the spontaneous strain, the tensor Γ

αβ

i j may be regarded as a generalization of the
order parameter that has been used in description of ferroelastic phenomenon by Landau.
Such parameters as well as ηi within the thermodynamical model are treated as the internal
variables.

All the processes occurring in materials in which the above interactions may take place
are governed by (we have neglected the transport of eventually existing electric charges):

− the continuity equation
ρ̇ +ρνi,i = 0, (3)

where ρ is the mass density and νi is the velocity of the body point,

− the momentum balance

ρν̇i = σ ji, j +EkPk,i +Bi, jM j + fi, (4)

where fi is the body force, Pi is the polarization and M j is the magnetization,

− the moment of momentum balance

εi jkσ jk + ci(ηi,Mi) = 0, (5)

where ci is the moment of momentum coming from the neutron field and other magnetiza-
tions,

− the internal energy balance

ρ ė = σ jiνi, j −MiḂi +ρEiṖi −qi,i +ρr, (6)

Pi = ρṖi,

where e denotes the internal energy density,

− the Maxwell equations

εi jkEk, j = −∂Bi

∂ t
, εi jkHk, j =

∂Di

∂ t
, (7)

Dk,k = 0, Bk,k = 0,

where Dk is the electric induction and Hk is the magnetic field intensity,

− the evolution equations of internal variables

q∗i = Qi(C ), (8)

Γ
∗αβ

i j = Gαβ

i j (C ), (9)

η
∗
i = Ni(C ), (10)

where superimposed dot denotes the material time derivative and superimposed star denotes
the Zaremba-Jaumann time derivative,
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− the entropy inequality

ρ Ṡ+φk,k −
ρr
T

≥ 0, (11)

where S is the entropy density, φk is the entropy flux. In the sequel we confine the electro-
magnetic properties only to piezoelectric and piezomagnetic phenomena within the primary
and secondary ferroic classes. So, we neglect the neutron irradiation influences on the
considered processes. Therefore, we assume that (Maugin and Maruszewski 1989):

Di = ε0(δi j +κi)E j, Bi = µ0(δi j +χi j)H j, (12)

where κi j is the electric permittivity and χi j is the magnetic susceptibility. We have
omitted the influence of the neutron magnetic moment assuming that ηi ≪ Mi in Bi =
µ0(Hi +Mi +ηi) (note that Pi = κi jE j,Mi = χi jH j).

The constitutive relations (link between the model and real processes in materials) are
based on the internal energy balance, Eqn. (6), and the entropy inequality, Eqn. (11). From
them there result the following relations knowing that the enthalpy, free enthalpy and the
kinetic potential vector read (Maruszewski 1987; Maugin and Maruszewski 1989; Restuccia
and Maruszewski 1998):

h = e− 1
ρ

σi jεi j, G = h−T S, (13)

Lk = ρνkG−T φk.

From Eqns. (13) with the use of Eqns. (1), (3) - (10) and inequality (11) we obtain

εi j = − ∂G
∂σi j

, S =−∂G
∂T

,
∂G
∂T,i

= 0

Mi = −ρ
∂G
∂Bi

, Pi =−ρ
∂G
∂εi

γ
αβ

i j = ρ
∂G

∂Γ
αβ

i j

,
∂Lk

∂qi
= δik +ρ

∂G
∂qi

νk (14)

∂Lk

∂εi
= −νkPi,

∂Lk

∂Bi
=−νkMi

and the residual inequality from which the remaining part of the kinetic constitutive relations
result (γαβ

i j denotes the chemical-like potential related to the anisotropy-grain tensor). Hence
the Gibbs free energy is presented in the form

G = G1 +G2 +G3 (15)

where (Newnham 1974; Maruszewski 1987, 1993; Restuccia and Maruszewski 1998;
Giambò et al. 2002)

G1 = G1(σi j,Ei,Bi,T,qi)

G2 = Γ
αβ

i j σi j +Ps
i Ei +Ms

i jHi (16)

G3 =
1
2

ss
i jklσi jσkl +

1
2

κ
s
i jEiE j +

1
2

χ
s
i jHiH j +

+ds
i jkEiσ jk + ls

i jkHiσ jk +α
s
i jHiE j
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where G1 concerns nonferroics, G2- primary ferroics and G3 - secondary ferroics. In this
way, using Eqns. (14) and (15), the formulation of a suitable constitutive theory is possible.
The superscript s denotes spontaneous effects. Please note that making the elastic part of
G1 and compliance ss

i jkl in G3 dependent on Youngs’s modulus and Poisson’s ratio opens
the possibility to consider auxetic mulitiferroics.

Remark, that there exist several ways for a proper analysis and presentation of the
constitutive theory based on Eqns. (1) - (10), (13) - (16). The mathematical methods to
determine the exact forms of the constitutive relations Eqn. (14) based on Eqns. (15), (16)
come always from the exploitation of the entropy inequality Rel. (11) (Maruszewski 1987;
Maugin and Maruszewski 1989; Restuccia and Maruszewski 1998). One of the two main
such methods is based on the suitable expansions of the potentials Eqns. (13), (15) with
respect to Eqn. (1) into Taylor’s series and finally the use of Eqns. (14) (Maruszewski 1981).
Next the analysis of the residual inequality coming from Rel. (11) with the help of Onsager
- Casimir’s kinetic relations (Maruszewski 2008b) gives their proper and exact forms. The
second method of the proper formulation of the constitutive theory is the analysis of the
entropy inequality, Rel. (11), by the use of Liu’s theorem related to Eqns. (3) - (10) and
inequality (11) (Liu 1972; Restuccia and Maruszewski 1997), and the formulation of Eqns.
(14) with the help of their proper polynomial representations in the quantities of Eqn. (1)
(Smith 1971; Maruszewski 2008a).

3. Conclusions

The presented thermomechanical model of interactions makes possible a description of
multiferroics of a reasonable wide electro-magneto-thermo-mechanical properties. Particu-
larly, the model allows to consider materials of specific mechanical properties formulating
the Gibbs free energy in its elastic part in different nonlinear forms like Murnaghan’s, Blatz-
Ko’s, Mooney’s, Treloar’s and others which can take into account higher order mechanical
nonlinearities (Samsonov 2001). On converting the mechanical coefficients into the Young’s
modulus and Poisson’s “language” allows also to consider auxetic materials whose physical
nature seems to be close to a nature of multiferroics.
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