
DOI: 10.1478/AAPP.97S1A13

AAPP | Atti della Accademia Peloritana dei Pericolanti
Classe di Scienze Fisiche, Matematiche e Naturali

ISSN 1825-1242

Vol. 97, No. S1, A13 (2019)

ON THE NONLINEAR STABILITY OF THE THERMODIFFUSIVE
EQUILIBRIUM FOR THE MAGNETIC BÉNARD PROBLEM

ARCANGELO LABIANCA a∗ AND LIDIA PALESE a

ABSTRACT. In this paper we study the nonlinear Lyapunov stability of the thermodiffusive
equilibrium of a viscous electroconducting horizontal fluid layer heated from below. We
reformulate the nonlinear stability problem, in terms of poloidal and toroidal fields, by
projecting the initial perturbation evolution equations on some suitable orthogonal subspaces
of the kinematically admissible functions. In such a way, if the principle of exchange of
stabilities holds, we obtain, in the classical L2-norm, the coincidence of linear and nonlinear
stability bounds.

1. Introduction

The Bénard problem, i.e., the problem of the stability of the conduction state in a ho-
rizontal thermoconducting fluid layer subject to a temperature gradient, has been widely
investigated, also in presence of a vertical magnetic field, due to its importance in astrop-
hysics, geophysics, oceanography and meteorology (Chandrasekhar 1968; Joseph 1970,
1976b; Georgescu 1985; Straughan 2004), in the Oberbeck-Boussinesq approximation
(Joseph 1976b; Galdi and Straughan 1985; Georgescu 1985; Rionero and Mulone 1987,
1988; Galdi and Padula 1990; Mulone and Rionero 1997; Straughan 2004) too. Linear
and nonlinear stability bounds are, usually, different. The point of loss of linear stability
can be a bifurcation point at which subcritical instabilities can occur (Prodi 1962; Joseph
1965; Yudovich 1965; Joseph 1966; Chandrasekhar 1968; Joseph 1970; Sattinger 1970;
Yudovich 1970a,b; Joseph 1976b; Galdi and Straughan 1985; Georgescu 1985; Rionero and
Mulone 1987, 1988; Yudovich 1989; Galdi and Padula 1990; Georgescu and Oprea 1994;
Mulone and Rionero 1997; Mulone 2004; Straughan 2004; Palese 2005). This problem
was studied by Mulone and Rionero (1997) in the hydrodynamic case, for a horizontal
rotating layer, by Palese (2005) in the magnetohydrodynamic case, for a fully ionized fluid
and the coincidence of linear and nonlinear stability parameters was deduced, under some
restrictions on the initial data. The given problem was changed to obtain an equivalent one
with better symmetry properties and the equality of linear and nonlinear stability bounds was
obtained in the region of stationary convection of the linear instability theory, without any
restriction on initial data, by Georgescu and Palese (1996), by Georgescu et al. (2000, 2001)
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and by Georgescu and Palese (2009) for a thermoanisotropic fluid mixture in a horizontal
layer heated from below, by Georgescu and Palese (2010, 2011) and Palese (2014b) in
presence of chemical surface reactions and by Palese (2014a,c) for a horizontal rotating
layer.

This paper deals with the problem of the coincidence of linear and nonlinear stability
bounds for the thermodiffusive equilibrium of a Newtonian fluid in a plane layer heated from
below, with a vertical imposed magnetic field, i.e., the classical magnetic Bénard problem.
About this, to our knowledge, there is no result in the scientific literature. After formulating
the initial boundary value problem (Section 2) we derive the evolution perturbation equations
(Section 3) in terms of poloidal and toroidal fields, suitable to represent a solenoidal field in
a plane layer. Later we obtain an additional evolution equation for the third component of
the magnetic field, by projecting the given perturbation equation on some suitable subspaces
of the space of the kinematically admissible functions. We study (Section 4) the Lyapunov
stability of the thermodiffusive equilibrium, obtaining (Section 5) the coincidence of linear
and non linear stability bounds, in the range of validity of the principle of exchange of
stabilities.

2. Mathematical model

Let us consider a Newtonian thermo-electroconducting viscous fluid in a horizontal layer
S, bounded by the planes z = 0 and z = 1. in a Cartesian frame of reference (O, i, j,k),
with k vertical upwards unit vector. The fluid, heated from below, is subject to a vertical
temperature gradient, in an external constant magnetic field H0 = H0k. In the Oberbeck-
Boussinesq approximation the (dimensionless) mathematical model is the following:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂v
∂ t

+v ·∇v =−∇P+M2H ·∇H− [1−R(T −T0)]k+∆v,

∂H
∂ t

= ∇× (v×H)+
Pm

Pr
∆H,

Pr

(
∂T
∂ t

+v ·∇T
)
= ∆T,

∇ ·v = 0, ∇ ·H = 0,

(1)

(Chandrasekhar 1968; Joseph 1970, 1976b) with the boundary conditions for stress free,
thermal conducting and electrically non conducting planes (Chandrasekhar 1968):

v ·n = 0, n×D ·n = 0, H = H0, n ·∇×H = 0, z = 0,1,

T = T 0, z = 0,

T = T 1, z = 1,

(2)

where v, H, T , P are velocity, magnetic, temperature and pressure fields, respectively. T 0

represents a reference temperature, D is the strain rate tensor, n is the outer (unit) normal to
the boundary ∂S of S. M2, R2, Pr, Pm denote dimensionless Hartmann, Rayleigh, Prandtl
and magnetic Prandtl numbers, respectively.
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Moreover the first, third and fourth equations of the model (1) are, in the Oberbeck-
Boussinesq approximation, the balance equations for momentum, energy and mass, respecti-
vely. In addition, for the electromagnetic part, the second equation of the model (1) follows
by taking into account the Maxwell equations which are Galileo, not Lorentz, invariant.

A layer of fluid heated from below, for a not too large temperature gradient β , is called,
in mechanical equilibrium, conduction state (Koschmieder 1993). When β increases the
fluid has a stationary motion, periodic in the x and y directions, i.e., the thermal horizon-
tal convection, that, for increasing gradient, becomes non stationary, till the turbulence
(Georgescu and Palese 2011). We consider the conduction state(

v = 0, H = H0, T = T 0 −β z, P = P(z)
)
, (3)

in the periodicity cell V = V × [0,1], where V =

[
0,

2π

ax

]
×
[

0,
2π

ay

]
and a2 = a2

x +a2
y is

the wave number.

3. Perturbation model

Let us denote with v = v+u, H = H+h, P = P+ p, T = T +ϑ the perturbed fields
around the conduction state (3). Then the initial boundary value problem governing the
evolution of the perturbation (u,h, p,ϑ) of (3) is the following:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂ t

+u ·∇u =−∇p+M2
(

∂h
∂ z

+h ·∇h
)
+Rϑk+∆u,

∂h
∂ t

=
∂u
∂ z

+∇× (u×h)+
Pm

Pr
∆h,

Pr

(
∂ϑ

∂ t
+u ·∇ϑ

)
= ∆ϑ +Rw,

∇ ·u = 0, ∇ ·h = 0,

(4)

in the space N given by:

N =

{
(u(·, t),h(·, t)) ∈

[
L2(V )

]2
,(w(·, t),h3(·, t),ϑ(·, t),∆h3(·, t)) ∈

[
W 2,2(V )

]4
,∀t ≥ 0

⏐⏐⏐⏐⏐⏐⏐⏐ ∂u
∂ z

=
∂v
∂ z

= w = 0,h = 0,ϑ = 0 on (∂V )0 ∪ (∂V )1

}
,

(5)

with
(w(x, ·),h3(x, ·),ϑ(x, ·)) ∈

(
C1[0,+∞[

)3
,∀x ∈V. (6)

In Eqs. (4)-(6), we have x(x,y,z), u(u,v,w), h(h1,h2,h3) and

(∂V )0 =

{
x ∈ R3

⏐⏐⏐⏐0 ≤ x ≤ 2π

ax
,0 ≤ y ≤ 2π

ay
,z = 0

}
,

(∂V )1 =

{
x ∈ R3

⏐⏐⏐⏐0 ≤ x ≤ 2π

ax
,0 ≤ y ≤ 2π

ay
,z = 1

}
.
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If the mean values of the components of velocity and magnetic fields vanish over V , that is
if the conditions∫

V
u(x,y,z)dxdy =

∫
V

v(x,y,z)dxdy =
∫

V
w(x,y,z)dxdy = 0, ∀z ∈ [0,1], (7)∫

V
h1(x,y,z)dxdy =

∫
V

h2(x,y,z)dxdy =
∫

V
h3(x,y,z)dxdy = 0, ∀z ∈ [0,1], (8)

are satisfied, then the velocity u and the magnetic field h have the unique decomposition
(Joseph 1976a; Schmitt and von Wahl 1992):

u = u1 +u2, h = h1 +h2, (9)

with
∇ ·u1 = ∇ ·u2 = k ·∇×u1 = k ·u2 = 0, (10)
∇ ·h1 = ∇ ·h2 = k ·∇×h1 = k ·h2 = 0, (11)

u1 = ∇
∂ χ

∂ z
−k∆χ ≡ ∇×∇× (χk), u2 = k×∇ψ =−∇× (kψ), (12)

h1 = ∇
∂ χ ′

∂ z
−k∆χ ′ ≡ ∇×∇× (χ ′k), h2 = k×∇ψ

′ =−∇× (kψ
′). (13)

In (12), (13) χ , χ ′ and ψ , ψ ′, called poloidal and toroidal potentials, are doubly periodic
functions satisfying

∆1χ =−k ·u =−w, ∆1ψ = k ·∇×u, (14)

∆1χ ′ =−k ·h =−h3, ∆1ψ
′ = k ·∇×h, (15)

where ∆1 ≡
∂ 2

∂x2 +
∂ 2

∂y2 (Joseph 1976a; Schmitt and von Wahl 1992).

The boundary conditions (5) written in terms of χ , ψ , χ ′, ψ ′ become (Joseph 1976a):

χ =
∂ 2χ

∂ z2 =
∂ψ

∂ z
= 0, χ ′ =

∂ χ ′

∂ z
= ∆1ψ

′ = 0, z = 0,1. (16)

From the third component of the second equation of the system (4), we obtain:

∂h3

∂ t
=

∂w
∂ z

+∇ · [(u×h)×k]+
Pm

Pr
∆h3. (17)

Taking into account (14), (15) and the imbedding of W 2,2(V ) in C(Ω), (17) can be written
as follows (Sobolev 1963):

∇ ·
[

∂

∂ t
∇1χ ′−∇1

∂ χ

∂ z
+(u×h)×k− Pm

Pr
∇1∆χ ′

]
= 0, (18)

where ∇1 ≡
(

∂

∂x
,

∂

∂y

)
. It follows that there exists a vector field B such that

∂

∂ t
∇1χ ′−∇1

∂ χ

∂ z
+(u×h)×k− Pm

Pr
∇1∆χ ′ = ∇×B. (19)

From the Weyl decomposition theorem of L2(V ) (Sobolev 1963; Georgescu 1985), the
vector field −(u×h)×k can be written as

− (u×h)×k = ∇U +∇×A, (20)

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A13 (2019) [12 pages]



ON THE NONLINEAR STABILITY OF THE THERMODIFFUSIVE EQUILIBRIUM . . . A13-5

with U and A, respectively, scalar and vector field. From (19), (20) taking into account that
the only vector belonging to both the subspaces of potential and solenoidal vectors is zero
(Sobolev 1963; Georgescu 1985), it follows that:

∂

∂ t
∇1χ ′ = ∇1

∂ χ

∂ z
+∇U +

Pm

Pr
∇1∆χ ′. (21)

4. Lyapunov stability

If we multiply the first equation of (4) by u, the second equation of (4) by M2h and the
third equation of (4) by bϑ/Pr, with b a scalar parameter, adding the resulting equations
and integrating over V we obtain the classical energy relation

dE
dt

= I −D , (22)

where

E(t) =
1
2

(
∥u∥2 +M2 ∥h∥2 +b∥ϑ∥2

)
, (23)

I = R

(
1+

b
Pr

)
(ϑ ,w), (24)

D = ∥∇u∥2 +M2 Pm

Pr
∥∇h∥2 +

b
Pr

∥∇ϑ∥2 , (25)

and ∥·∥ and (·, ·) are the norm and the scalar product in L2(V ).
Indeed, from the boundary conditions (5) it follows that the non linear terms vanish.

From (21) we have:
∂U
∂ z

= 0, (26)

and

∇1

(
∂ χ ′

∂ t
− ∂ χ

∂ z
−U − Pm

Pr
∆χ ′
)
= 0. (27)

Therefore the function in parentheses does not depend on the variables x and y. We can
introduce a function F(z) such that

∂ χ ′

∂ t
=

∂ χ

∂ z
+

Pm

Pr
∆χ ′+U(x,y)+F(z). (28)

If we consider the scalar product of ∆1χ ′ with the second derivative of (28) respect to z,
owing the boundary conditions (16) we obtain:

1
2

d
dt

∇1
∂ χ ′

∂ z

2

=

(
∆1χ ′,

∂ 3χ

∂ z3

)
+

Pm

Pr

(
∆

∂ 2χ ′

∂ z2 ,∆1χ ′
)
, (29)

because, by using (15) and (8),(
d2F
dz2 ,∆1χ ′

)
=
∫ 1

0

d2F
dz2 dz

∫
V

∆1χ ′(x,y,z)dV = 0. (30)
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From now on, for the sake of simplicity, we will use the subscript notation for the partial

differentiation, that is fx ≡
∂ f
∂x

for a function f depending on x. Now we consider the
function

E∗(t) = E(t)+d
M2

2

∇1χ ′
z
2

, (31)

which, in terms of poloidal and toroidal fields, can be written as follows

E∗(t) =
1
2

[
∥χxz∥2 +

χyz
2

+∥∆1χ∥2 +∥ψx∥2 +
ψy

2
+

+(1+d)M2
(χ ′

xz
2

+
χ ′

yz
2
)
+M2

(∆1χ ′2
+∥ψ ′

x∥
2 +
ψ ′

y
2
)
+b∥ϑ∥2

] (32)

where d is a constant to be determined later. From (22), (23), (24), (25), (29) and (31) we
have:

dE∗

dt
= I ∗−D∗ =−D∗

(
1− I ∗

D∗

)
, (33)

where, in terms of poloidal and toroidal fields,

I ∗ =−R

(
1+

b
Pr

)
(ϑ ,∆1χ)+d M2(χ ′

zz,∆1χz)+M2 Pm

Pr
d α(∆∆1χ ′,χ ′

zz), (34)

D∗ = ∥∇χxz∥2 +
∇χyz

2
+∥∇∆1χ∥2 +∥∇ψx∥2 +

∇ψy
2

+
b

Pr
∥∇ϑ∥2+

+M2 Pm

Pr

{
[1+d(1−α)]

[∇χ ′
xz
2

+
∇χ ′

yz
2
]
+
∇∆1χ ′2

+∥∇ψ ′
x∥

2 +
∇ψ ′

y
2
}
,

(35)

taking into account that (∆∆1χ ′,χ ′
zz) = −

[∇χ ′
xz
2

+
∇χ ′

yz
2
]

and α is an arbitrary
parameter that we shall determine later in order to have D∗ positive definite. Let us define

1√
R∗

a
= max

K

I ∗

D∗ (36)

in the class K of the kinematically admissible functions.
From (33), if E∗(t) is positive definite, it follows that the inequality√

R∗
a ≥ 1 (37)

is a sufficient condition of the linear and nonlinear Lyapunov stability of the conduction
state. We shall determine now, explicitely, the region of the parameters space where the
inequality (37) is satisfied.

5. The nonlinear stability bound

To deduce, in the parameter space, the nonlinear stability bound, we study now the
variational problem (36) in terms of the independent fields (χ,χ ′,ψ,ψ ′,ϑ) verifying the
boundary conditions (5) and (16).
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The Euler equations associated to the maximum problem (36) are:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−R

(
1+

b
Pr

)
∆1ϑ −M2d∆1χ ′

zzz +
2√
R∗

a
∆∆∆1χ = 0,

−R

(
1+

b
Pr

)
∆1χ +

2√
R∗

a

b
Pr

∆ϑ = 0,

d ∆1χzzz +2
Pm

Pr
d α∆∆1χ ′

zz +
2√
R∗

a

Pm

Pr

[
∆∆∆1χ ′+d(1−α)∆∆1χ ′

zz
]
= 0,

∆∆1ψ = 0,

∆∆1ψ ′ = 0.

(38)

In the class of normal mode perturbations

(χ,χ ′,ϑ ,ψ,ψ ′) = (X(z),K(z),Θ(z),Ψ(z),Ψ′(z))exp[i(axx+ayy)+σt], (39)

with σ ∈ C, the Euler equations (38) become:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R

(
1+

b
Pr

)
a2Θ+M2d a2D3K − 2√

R∗
a
(D2 −a2)2a2X = 0,

R

(
1+

b
Pr

)
a2X +

2√
R∗

a

b
Pr

(D2 −a2)Θ = 0,

d a2D3X +2
Pm

Pr

[
d

(
α +

1√
R∗

a
(1−α)

)
D2 +

1√
R∗

a
(D2 −a2)

]
(D2 −a2)a2K = 0.

(D2 −a2)Ψ = (D2 −a2)Ψ′ = 0,
(40)

where D =
d
dz

.

From (40) we have{
2

[
R2
(

1+
b

Pr

)2

a4 Pr

b

√
R∗

a

2
+

2√
R∗

a
(D2 −a2)3a2

]
·

·

[
d

(
α +

1√
R∗

a
(1−α)

)
D2 +

1√
R∗

a
(D2 −a2)

]
(D2 −a2)a2+

+d2M2 Pr

Pm
a4(D2 −a2)D6

}
X = 0.

(41)

Owing to the boundary conditions (16) we can assume

X(z) =
∞

∑
n=0

Xn sin(nπz), (42)

where Xn ≡ (X ,sin(nπz)) are the Fourier coefficients.
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Substituting (42) into (41) we obtain

1√
R∗

a

[
R2R∗

a

(
1+

b
Pr

)2 Pr

b
a4 −4(n2π2 +a2)3a2

]
=

=−M2 Pr

Pm

d2n4π4a2

d

(
α +

1√
R∗

a
(1−α)

)
+

1√
R∗

a

n2π2 +a2

n2π2

.
(43)

Differentiating the r.h.s. of (43) with respect to d we obtain:

d =− 2√
R∗

a

n2π2 +a2

n2π2

α +
1√
R∗

a
(1−α)

, ∀n ∈ N. (44)

Taking into account (44), equation (43) becomes:

R2
(

1+
b

Pr

)2 Pr

b
a2 =

4(n2π2 +a2)

R∗
a

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(n2

π
2 +a2)2 +

Pr

Pm

M2n2π2[
α

(
1− 1√

R∗
a

)
+

1√
R∗

a

]2

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

(45)
By choosing

α =−
√

R∗
a +1√

R∗
a −1

, (46)

equivalent to

[
α

(
1− 1√

R∗
a

)
+

1√
R∗

a

]
=−1, and differentiating the l.h.s. of (45) with

respect to b which gives b = Pr, from (45) we have:

R∗
a(M

2,Pr,Pm,n2,a2) =
1

R2
n2π2 +a2

a2

[
(n2

π
2 +a2)2 +M2 Pr

Pm
n2

π
2
]
. (47)

We observe that, if
√

R∗
a ≥ 1, d and α , given by (44) and (46), satisfy

1+d > 0 ∧ 1+d(1−α)> 0,

whence E∗(t) and D∗ are both definite positive. The minimum of (47) with respect to n ∈N

is attained for n = 1, therefore, as a function of x =
a2

π2 ,

R∗
a(M

2,Pr,Pm,x) =
π4

R2
1+ x

x

[
(1+ x)2 +

M2

π2
Pr

Pm

]
. (48)

We have so proved the following

Theorem 1. If the principle of exchange of stabilties holds, the inequality

1 ≤ R∗
a ,
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with R∗
a given by (48), is a sufficient condition of linear and non linear Lyapunov stability,

that is, the linear and non linear stability bounds coincide if instability occurs as stationary
convection.

Indeed

R∗
a ≥ 1 ⇐⇒ R2 ≤ π

4 1+ x
x

[
(1+ x)2 +

M2

π2
Pr

Pm

]
,

where

π
4 1+ x

x

[
(1+ x)2 +

M2

π2
Pr

Pm

]
is exactly the Rayleigh function of the linear instability theory, if the principle of exchange
of stabilities holds.

We observe that, owing (44), d is a function of n, whence (31) really defines a sequence
of Lyapunov functions, but we can, a posteriori, consider only the Lyapunov function of
that sequence corresponding to n = 1, obtaining the same result.

6. Conclusions

In this paper we have dealt with the point of loss of stability of the conduction state
of the magnetic Bénard problem, when the thermal convection appears. To study the
non linear Lyapunov stability of the conduction state we have considered the L2 norm
of the perturbation fields, by projecting the perturbation equations on some orthogonal
subspaces of the space of kinematically admissible functions. The problem has been
formulated in terms of poloidal and toroidal fields, suitable to represent the solenoidal
velocity and magnetic fields in a plane layer. By solving the Euler equation associated to
the variational problem arising from the deduction of the non linear stability bound, and,
later, by differentiating with respect to some parameters involved in the Lyapunov function,
we have obtained a non linear stability bound that coincides with the Rayleigh function of
the linear instability theory, in the subspace of the parameter space where instability occurs
as stationary convection. The obtained additional equation that has allowed us to obtain the
coincidence of the linear and non linear stability bounds is a linear one. In a similar way, for
the classical rotating Bénard problem, Palese (2018) has shown the absence of subcritical
instabilities, in the region of the parameter space in which the principle of exchange of
stabilities holds. In this way we was able to avoid the introduction of more complicated
Lyapunov functions that can provide the absence of subcritical instabilities, but only under
some restrictions on the initial data.
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