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CONSERVATION LAWS FOR A VISCOELASTIC MEDIUM

NATALE MANGANARO *

ABSTRACT. In this paper we consider a first order quasilinear non homogenoeus hyper-
bolic system describing viscoelastic processes. A full classification of first order local
conservation laws admitted by such a rate-type model has been given. Classes of material
response functions involved in the viscoelastic system under interest allowing the existence
of the corresponding conservation laws have been obtained.

1. Introduction

Hyperbolic systems of partial differential equations are of great importance in describing
different situations of interest in wave propagation phenomena as, for instance, nonlinear
wave interactions (Whitham 1974; Jeffrey 1976; Boillat and Ruggeri 1979; Curro et al. 2013,
2015a, 2017; Curro and Manganaro 2019b), and Riemann problems (Lax 1957; Smoeller
1983; Dafermos 2010; Curro et al. 2011, 2012a; Currd and Manganaro 2013, 2016).
Moreover exact solutions of hyperbolic equations usually can help to study qualitatively
nonlinear wave propagation problems (Rozhdestvenskii and Janenko 1983; Curro ef al.
2012b; Manganaro and Pavlov 2014; Curr0 et al. 2015b; Curro and Manganaro 2019a).

Conservation laws of PDEs are useful for investigating integrability and linearization
mappings, for establishing existence and uniqueness of solutions of PDEs, for studying
stability analysis and the global behavior of solutions, for developing numerical methods.
In order to calculate the conservation laws of a given system of PDEs, probably the most
famous approach is based on the Noether’s theorem (Noether 1918) which, unfortunately,
can be applied only to variational systems which admit variational symmetries. To overcome
such limitations, starting from Noether’results, many different methods have been proposed
for determining conservation laws (Anco and Bluman 1997; Olver 2000; Ibragimov 2007;
Bluman et al. 2010). In particular the Direct Method proposed by Anco and Bluman (1997)
(see also Bluman et al. 2010; Cheviakov 2010)) can be applied to any system of PDEs and,
in fact, it has been used in many different contexts. For further convenience we sketch
briefly the algorithm proposed in the Direct Method and we refer the interested reader to
Anco and Bluman (1997), Bluman et al. (2010), and Cheviakov (2010).
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Let us consider a system of PDEs
Qi (-xaaukaulfxaulégﬁv'“a) 207 (1)

where i,k = 1,..,n; &, B = 1,..,m; x4 denote the independent variables; u* (x4 ) the depen-

. . k 2 . .
dent variables while u* = ai, k= 9 uy , etc. A local conservation law of (1) is a
o dxq’ B L?xaaxli

supplementary equation
D,Q, (xa,uk,u’;,,ugﬁ,...) —0 )

which is identically satisfied for all solutions of (1). In (2) Dy denote the total derivative
with respect to xy (y = 1,...,m), the functions Q, are called fluxes of the conservation law
and here and in the following for the repeated indices the Einstein convention is adopted.

Moreover we denote with A; (xa, U, u’fx, u’;‘ B ) a non singular set of multipliers whose

funtional dependence must be assumed and we set I' = A;Q;. Next, since the action of the
Euler operator

Eu(-) = %(.) — Dy (ail&(-)) +...4 (=1)/Dyg, ...Dg, (a(-)> +...

k
axal.“aj

on a scalar function is identically zero if such a function can be written in a divergence form,
it follows that the equations

E (H (xa,uk,ug,uﬁﬁ,...)) =0

hold for arbitrary u; if and only if H = D;¥; for some functions ¥; (xa7uk,u’&7u’& B )
Therefore by requiring that

E4()=0, k=1,..n 3)
hold for arbitrary uy = Uy (x), it follows
I'=A;0i = DaQq. @)

for some fluxes Qy(xq, uk, ...). The equations (3) give an overdetermined set of equations
for the multipliers A;. Once such a multipliers are determined, then the fluxes Qy of the
conservation law (2) can be calculated from (4). Finally we notice that if the system (1) is
of a Cauchy—Kovalevskaya type (i.e., it can be solved with respect to highest derivatives of
all dependent variables with respect some independent variables) then the Direct Method
permits, in principle, to calculate all the local conservation laws of the system under interest.

It should be of a certain interest to notice that conservation laws are strictly related to the

subject of the so called null Lagrangian. In fact it is well known that L (xa, U, ulfx, u’fx B

is a null Lagrangian if the corresponding Euler Lagrange equations vanish identically (Olver
and Sivaloganathan 1988; Giaquinta and Hildebrandt 1996; Crampin and Saunders 2005).
In such a case it can be proved (see Olver 1983, and references quoted therein) that L is a

null Lagrangian if and only if there exist some fluxes Q, (xa, ur, ub,, u’fx B ) such that

L=DyQ, (xa,uk,u]&,ul&ﬁ7...) .
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For instance in Continuum Mechanics if L(F') is a null Lagrangian, where F is the deforma-
tion gradient, taking into account that d;F = Vv with v denoting the eulerian velocity, it can
be proved (Dafermos 2010) that the conservation law

dL _ 9 ( dL
ot ox \"'oF

holds for any smooth or Lipschitz continuous solutions of the field equation. Within such a
theoretical framework, here we consider the following one—dimensional quasilinear first
order hyperbolic system describing a viscoelastic and/or viscoplastic continuum medium
where memory effects are present (for an exhaustive review on this subject see Cristescu
2007)

dv do

o ox P ©)
de dv

o o’ ©
Jdo dv

Z—Cb(&(’)%:‘}'(g’d) (N

In (5)—(7), v indicates the lagrangian velocity, ¢ the stress, € the strain while ¢ and x de-
note, respectively, time and lagrangian space coordinates. Moreover the material response
functions ® (¢, 0) and ¥ (€, o) measure, respectively, the instantaneous and the non instan-
taneous response of the medium. The model (5), (6) and (7) has been widely studied and
many results have been obtained concerning energy estimates and phase transformation phe-
nomena (Suliciu 1989; Faciu 1991a,b; Suliciu 1992; Faciu and Suliciu 1994; Faciu 1996a,b;
Tang et al. 2006), moving boundary problems (Frydrychowicz and Singh 1985; Fazio 1992),
traveling waves and similarity solutions (Suliciu et al. 1973), reduction procedures (Fusco
and Manganaro 2008; Currd and Manganaro 2017), nonlinear wave propagation problems
(Manganaro 2017; Curro and Manganaro 2018), and numerical experiments (Cristescu
1972; Schuler and Nunziato 1974).

The rate-type equation (7) generalizes different models proposed in literature. For

instance, if

1
®=E, ¥=-_0 (8)

it reduces to the Maxwell’s equation where E denotes the Young modulus and 7 is a
relaxation time, while if

d=EF, "PZ*%(G*GQ(S)) )

it specializes to the Malvern’s model (Malvern 1951a,b), where 6 = o,(€) denotes the
equilibrium stress-strain curve characterized by

Y (e, 0.(€)) =0.

Furthermore we consider the celebrated integro-differential equation proposed by Colemann
and Noll (1961) for describing finite linear viscoelastic materials

¥ — 3, (E) +/O°°Q(E,s) (E(s)—E)ds (10)
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A3-4 N. MANGANARO

where X is the second Piola-Kirchhoff stress tensor, £, an equilibrium response function
tensor, Q a fourth order tensor, while

E'(s)=E(X,t—s), 0<s<oo

denotes the history of the Green’s strain E. Herrmann and Nunziato (1972) showed that for
fading memory materials (i.e., materials which depend strongly on recent history and for
which the influence of past events diminishes in time) the equation (10) is equivalent to (7)
with

@ =0j(¢) +a(e) (0 —0i(e)) (11)
‘P:—%(G—Ge(e)) (12)

where o/(¢€) is a constitutive function while ¢ = o;(g) characterizes the instantaneous
stress-strain curve defined by
do;
de

=®(0o;(e),¢).

Therefore, following the approach proposed in the Direct Method (Anco and Bluman 1997),
the main aim of this paper is to calculate the local conservation laws admitted by the
hyperbolic system (5)—(7). In particular in section 2 the overdetermined set of equations
determining the multipliers involved in the procedure at hand is deduced. In section 3
a general analysis of such a system has been carried on and the full classification of the
local conservation laws admitted by the model (5)-(7) has been obtained. Finally in section
4 a particular case concerning a special local conservation law of interest in continuum
mechanics has been characterized while in section 5 some conclusions and final remarks
are given.

2. Local conservation laws

In this section we look for first order local conservation laws admitted by the the rate-type
system (5)-(7) under the form

D,F(x,t,v,€,0)+ D,G(x,t,v,€,0) = 0. (13)

To this end, following the direct method approach sketched in the introduction of the present
paper, we introduce the multipliers A(x,7,v,€,0), B(x,t,v,€,0), C(x,t,v,€,0) and we set

dv do de  dv do dv

The next step is to apply the Euler operator on I" and to require that

E,(I)=0, E(I)=0 Es()=0 (15)
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where

NS
v Pl

B0 = 5:0-Di(5:0)) -0 (5-0))
Be() = 520001 (5:00) =0 (52:0))
Eol) = 3500-D:(55:0) ~0: (55:0)).

The requirement that relations (15) are satisfied for all v;, vy, &, &, G;, Oy leads to the
following conditions determining the multipliers A, B and C

A¢=0, B,=0, As=C, (16)
d 0

A= 5o (B+CP), o (B+CP)=0 (17)

Bs=Ce, A —B,—®C,+¥C,=0 (18)
d d

Bt 5o (C¥) =0, G—Act 5 (C¥)=0 (19)

where here and in the following the subscripts means for partial derivative with respect
to the indicated argument. Finally, once A(x,t,v,€,0), B(x,t,v,€,0) and C(x,t,v,€,0) are
calculated according to (16)—(19), then from

D,F+D,G=T

the conservation laws (13) admitted by the viscoelastic model (5)—(7) are determined by
solving the equations

OF OF oF

Soa S=m o= (20)
G G G

5 =—(B+2C), =0, 5 =-4A 1)
OF 9G

St =Y 22)

which, of course, result to be compatible because of (16)-(19).

3. Classification

Here our aim is to classify all the possible local conservation laws admitted by (5)-(7) so
that a general analysis of the overdetermind system (16)—(19) will be given. From equations
(16) and (17), after some algebra, we get

A =nm(x,t)v+a(x,t) (23)
B =(x,t)o +m(x,t) — v(x,t,€,0) 24)
C=¢(g,0)v(x,1,€,0) (25)
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A3-6 N. MANGANARO

where ri1(x,t), a(x,t) and 7i(x,t) are unspecified functions, while, for further convenience,

we set
1

0(£:9) = 5ol (26)
A further insertion of (23)-(25) into (18) and (19) gives
0
— 2 2
d
Vi =i+ == (V) (28)
(QUe — LPe + Uo) V = ax — 1y @ — mo [l (29)
along with
m = my, a; = Miy. 30)
In (27)-(30) my is an arbitrary constant, while we set
Y(e,0)
= . 31
1E0) = g o G1)

Therefore, owing to (23)-(25), by solving equations (27)-(29), the set of multipliers A, B, C
obeying (16)-(19) are determined. Moreover a direct inspection shows that the equations
(27) and (28) are compatible iff the relation (29) is satisfied (i.e., all solutions of equation
(29) assure the differential compatibility between (27) and (28)) so that, from (29), two
possible cases arise depending if Que — L@e + g =0 or QU — LPe + Ug F 0.

3.1. First case. We require

PUe — UPe + U =0 (32)
so that (29) is satisfied if

ay— @ —mo = 0. (33)

From relation (33) the following cases arise
I) a=apx+cot, m=kot+cox, (34)
o=—"00 % Gith ko #£0 (35)

ko ko
II) a=cot, m=cox, my=0 (36)
1) o=@y, a,=q@um, my=0 37
IV) a=apx+cot, m=cox, U= :1—0 with  mgy #0. (38)
0

In (34)-(38) ay, co, ko, @y are constants. Moreover in order to guarantee the hyperbolicity
of the system (5)-(7) we require ¢y > 0 .

Next, integration of (32) and, in turn, of (27) and (28) gives in the I)-IV) cases above the
following results.
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D p=uk), z=e- 2o (39)
ko
1
V=——(—koz+h(x,Q (40)
,U.(Z) ( 0 ( ))
where J
Z mo
Q=1+ / —+-—0 41
1@k @
while h(x,€) denotes an arbitrary function.
1) l—n P 42)
“ € “. (e
v:vo%é)? E=14n(e,0) “3)
where the function 1(€, o) is determined by solving the equation
Noe +¢ne =0. (44)
o) u=p(y), y=e-@o 45)
1 / ~ )
v=——|—[m(xt(1,y)dy+q(x,T (46)
i (= [
with 4
Y
T=t+ / —— (47)
u(y)
V) ¢=¢(c), v=myo+Vi(x2) (48)
where
A ao
ZZS—/(p(G)d0'+—t. (49)
mo

Moreover in the 1) case, from (30) and (37) we get

i=RX)+S(T), a=/go(S(T)~R(X)) (50)
where
1 1
X—x—\/—%t, T—x—&—\/—%t. (51)

Finally, taking (23)-(25) into account, integration of (20)-(22) provides classes of conserva-
tion laws admitted by (5)-(7). In fact in the /) case we have

F = ?ﬂ—azo—]’(m)cz—i-(aox+cot)v+(m06+k0t+cox)£+
0
dz h(x,Q(t,z,0))
+ko / - / dz (52)
u(z) p(z)
G = —(myo +kot +cox)v— (apx+cot)o (53)
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A3-8 N. MANGANARO

while in the II) case we find

F:co(tv—i—xe)—/vo(x,é)dé
G=—cy(xv+t10).

(54)
(55)

As far as the I1I) case is concerned, in order to integrate explicitely (20)—(22), in (50) we

choose
®o 2
4 ’

%o
4

T2

so that 7i1(x,) and a(x,t) assume, respectively, the form

"+ (poxz) , a = Qoxt.
Therefore from (20)—(22) we obtain

F=a(x,t)v+im(x,t)e+1t (zM —M) — /M’/ (M —zM")dz

G = —m(x,t)v—a(x,t)c

where a(x,7) and m(x,t) are given by (57) while we set

me) =M"(z)

and prime means for ordinary differentiation.
Finally, in the IV) case we deduce

F= %\3 +a(x,t)v+m(x)e — /vo(x,z)d2+mo/cr<p(o)do
G = —m(x)v—moov —a(x,1)o
where a(x,t) and m(x) are given, respectively, by (38); and (38),.

3.2. Second case. Here we assume @ — U @g + Us 7 0 so that from (29) we get

) (‘lx—’ﬂr(P—mOU)

where for simplicity we set

P=QU: — LQe + Lo

By substituting (62) into (27) and (28) we obtain
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(a5 <3 {(2)) ( () ()

After cumbersome calculations, from (64) and (65) the following two cases arise

i) a=kit+cix, m=kx+mt

ad (1 d (o)
35 (5) 5 (7) =0

" (06 + e ) +mo <2+“%) =0
p p

J (ue J (u J (u*\
m (156 (5)) rerge (5) -me (%) =0

where ki, c1, m; are constants.

along with

i) iy = ko + kit + ko (x)
a, = Cony + €1

along with

L9 (u J (p
19¢ (p> e <p)}

(64)

(65)

(66)

(67)

(68)

(69)

(70)
(71)

(72)

(73)

(74)

(75)

where ¢y, ¢, lAco and lAq are constants. Furthermore from (70) and (71) if IAcg = 0 we have

k
P 1C))
ko

1 N ~
a= T (—k2t+ﬁ1{)(x)ek°’) +é1x
0

+ g (x) k!
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or, if IAq) =0, we get

m = ko (x)t + i x (78)
i -
a= 52 (% + éox®) + 1yt + (Coka + 1) x (79)

In (76)-(79) the functions k;(x) and 7 (x) are given by
ky(x) =ky+kox, il — éokdiig =0 (80)

while ky, k> and 7| are constants. Therefore, once ¢(&,0) and p(g,0) are determined
according to (67)-(69) or (72)-(75), then, taking (62) into account along with (66) or (76)
and (77) or (78) and (79), the set of multipliers A, B and C corresponding to the present case
can be determined.

In order to verify that in the above two cases the overdermined systems
(67)-(69) or (72)-(75) admit both some solutions, next we consider two particular cases.
In the i) case if we assume my = m; = 0, then from (67)-(69) we have

I-LG+(PH£_I-L(P£:% (81)
and, in turn, from (20)—(22) we obtain
c
F = (kit kixe — _ 82
(kit +c1x) v+ ki xe Cl/u(s,a)ds (82)
G:klxv—l—(klt—l—clx) c. (83)

In the ii) case we require ¢(0), (o) and ki = 0. Therefore integration of (72)-(75) leads
to

=6)— — 84
@ = <o i (84)
and
¢l 1 .
=— ————— if my#0 85
u mo m(z)(uo+u16) 07é (85)
or
U= +mo if my =20 (86)

where [y and u; are constants. Finally when mg # 0 from (20)-(22) we obtain

F="021 a(x,t)v— (k%(x) + molJo) e+/(pvda+f(x,t) 87)
2 ko i

G = — (moo +m(x,t))v—a(x,t)v+ g(x,t) (88)

where a(x,t), k2 (x) and (x,t) are given by (76), (77) and (80). Moreover v assumes the
form

k
V= (x ) + ZJE(X) TR I (89)

0 H
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while the functions £ (x,7) and g(x,7) must satisfy the relation

it 8. = 1 —moé1 o) . (90)
Ji+8x mofh1 ( H )
In passing we notice that the material laws (86) and, in turn, (84) lead to a linear stress-strain

law (7), so that we do not consider such a situation.

4. Total energy conservation

In the previous section a general analysis of the system (16)-(19) has been carried on and
classes of local conservation laws of (5)-(7) corresponding to suitable functional forms of the
material response functions ® (&, ¢) and (g, o) there involved have been obtained. Here
we consider a particular case which could be of a certain interest in modelling viscoelastic
processes.

We assume A(v,€,0), B(v,€,0) and C(v,€,0) so that in (23)-(25), taking (30) into
account, we require

a=0, m=0, v,=v,=0. 1)

Therefore integration of (27)-(29) gives

V=

J (1 J (@
{5 (#) a5 (w)} = >

where 0y is a constant and we used (26) and (31). Finally by solving (20)-(22) we obtain:

%
u

along with

@ A
F= %VZJFMOGS*(XO/@ngFfI(xat) ©®3)
G = —myov+§1(x,1) o
with R
dfi  9&1 _
o ox % 2

It should be of a certain interest to notice that from (92), by assuming without loss of
generality mo = 1, we can introduce the function e(€, o) such that

de D de o
% % o w ©0)
In such a case, owing (93)-(95) the corresponding local conservation law assumes the form
d [V? d(ov
at<2+e(8,0)>— (ax) = 0p. o7

If the function e(€, o) denotes the internal energy and o an energy production term, the
equation (97) represents the total energy balance law admitted by the viscoelastic model
(5)-(7). Tt is known that in the pure elastic case where 6 = o(¢€) (i.e., the memory effects
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A3-12 N. MANGANARO

are neglected) it can be proved that the source o = 0 and the total energy is conserved. On
the contrary, in the present case, by assuming ¢ < 0, in absence of thermal effects and
external forces, the equation (97) characterizes the dissipation of the total energy due to the
memory effects described by the rate-type system (5)-(7). Furthermore from (96) we have

de de
e +d>(£,c)£ =0 (98)
W(e.0) 00 = 0y <0 ©9)

Therefore all the viscoelastic processes described by (5)-(7) must satisfy (98) and (99).
Relations (98) and (99) were considered by Gurtin ez al. (1980) and Podio-Guidugli and
Suliciu (1984), who studied the existence of free energies admitted by the viscoelastic
model (5)-(7) as well as stability problems.

5. Conclusions and final remarks

In this paper we considered the system of equations (5)-(7) which can describe one-
dimensional viscoelastic processes where memory effects are taken into account. A general
analysis concerning the full classification of first order conservation laws admitted by such
a rate-type model has been carried on. Several functional forms of the material response
functions @(g,0) and (g, o) (or equivalently ®(g,0) and ¥(¢g, 0)) there involved allow-
ing the existence of the corresponding conservation laws were deduced. Such constitutive
laws can be useful for approximating real material behaviour in suitable range of variation
of the concerned variables.

It could be of a certain interest to notice that some of the response functions ® and ¥
here deduced contain, as particular cases, celebrated model laws known in litterature. For
example, if in relation (45) we choose

1
H= b

where 7 indicates a relaxation time, owing (26) and (31) and setting ¢y = % with E
denoting the Young modulus, we easily recover the Malvern’s model (9). In such a case the
equilibrium stress-strain law specializes to the Hooke’s law.

Next in the IT) case of section 3, taking (42) into account along with (26) and (31), we
get

P ¥ ¥

¥Y——P———=0. 100
do Jdo Jde (100)
Therefore if we choose
1

®=—_(0-0on(e)) (101)
integration of (100) leads to

do

© ="+ @y(e) (0~ () (102)

so that the celebrated model (11), (12) deduced by Colemann and Noll is recovered. In
such a case ®y(¢) is a constitutive function while the equilibrium and the instantaneous
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CONSERVATION LAWS FOR A VISCOELASTIC MEDIUM A3-13

stress-strain laws coincide. Finally if in (81) we assume

1 1
= HTTE°
then the Maxwell equation (8) is found.
The conservation laws deduced by means of the analysis developed hitherto can be
used for determining potential systems (Bluman and Cheviakov 2005) associated to (5)-(7)
through the introduction of potential variables w(x,?) defined by

wy = F(x,t,v,€,0), wy = —G(x,,v,€,0).

Of course couplets, triplets, etc. of potential systems can be constructed depending on
the number of conservation laws we consider. Therefore for such a systems non-local
conservation laws and non-local symmetries of (5)-(7) can be determined.
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