DOI: 10.1478/AAPP971A4

AAPP | Atti della Accademia Peloritana dei Pericolanti
Classe di Scienze Fisiche, Matematiche e Naturali
ISSN 1825-1242

Vol. 97, No. 1, A4 (2019)

THERMODYNAMIC RESTRICTIONS ON CONSTITUTIVE
FUNCTIONS FOR FIBER SUSPENSIONS

CHRISTINA PAPENFUSS™

(communicated by Liliana Restuccia)

ABSTRACT. The constitutive properties of fiber suspensions are investigated with the
methods of thermodynamics. Fiber orientation, orientation change velocity and gradient
of orientation are considered as relevant variables for the constitutive functions, and the
Second Law of Thermodynamics in the form of the dissipation inequality is exploited by a
method introduced by I-S. Liu [Arch. Rat. Mech. Analysis 46, 131 (1972)]. The restrictions
on the constitutive functions show, that the fiber suspension is a micropolar continuum with
non-vanishing couple stresses. In addition it is shown that the classical relation of entropy
flux being heat flux over temperature holds only in the special case that the free energy
density does not depend on the orientation change velocity, otherwise there exists an extra
entropy flux.

1. Introduction

Fiber suspensions are important in many fields of application, f.i. as precursors of fiber
reinforced polymers or fiber reinforced concrete. A prediction of flow induced orientation
and deformation of fibers is interesting, also from a practical point of view, because the
mechanical and other properties of the resulting fiber composites depend on fiber orientation
and deformation during the production process. A continuum mechanical model of the
interaction of the flow field with fiber orientations have been presented by Folgar and Tucker
(1984), Advani and Tucker (1987), Byron Bird et al. (1987), Tucker and Advani (1994), and
Azaiez (1996), but there the fibers have been assumed to be rigid. Fiber suspensions of rigid
fibers with an orientational order have an analogy to liquid crystals. In case of liquid crystals
an orientational order (an anisotropic orientation distribution) leads to an antisymmetric part
of the stress tensor, and the liquid crystal is a micropolar medium (Eringen 1978). Fiber
suspensions of flexible fibers with orientational order have been considered by Papenfuss
and Verhds (2018) with the methods of Thermodynamics of Irreversible Processes with
internal variables.

Our aim here is to show, that a suspension of flexible fibers is a micropolar continuum,
even if the fiber orientations are isotropic (no orientational order). Consequently, in contin-
uum mechanics of fiber suspensions the balance of angular momentum has to be taken into
account in addition to the balance equations of mass, momentum and energy.
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The method applied here to derive the restrictions on constitutive functions for fiber
suspensions is the method introduced by Liu (1972). From a very basic amendment to the
second law of thermodynamics, on physical arguments one can show that the requirement of
a positive entropy production density (the Second Law of Thermodynamics) restricts possi-
ble constitutive functions and does not rule out certain process directions in non-equilibrium
(Muschik and Ehrentraut 1996). The most general way to derive these restrictions on
constitutive functions is the method by Liu (1972).

2. Balance equations and the Second Law of Thermodynamics

The governing balance equations for the fields of mass density p, material velocity of the
fluid-fiber mixture v, specific internal angular momentum s, and specific internal energy u
are listed below.

Mass: 4
p

— V-v=0 2.1

o TPV ) (2.1)
where the derivative % is the material (or total) time derivative:

d d

L - V). 2.2
Linear momentum: J

P =pF+V-t, 2.3)

where ¢ is Cauchy’s stress tensor and f is the body force per unit mass; the definition for
the divergence used here reads in Cartesian components:

(V'iﬁ),‘ :le,'j. 2.4
Angular momentum:

pE:2w(t)+pm+V~H, (2.5)

where m is the torque exerted on the material by external fields and II is the couple
stress tensor; the vector w(t) stands for the vector invariant of the antisymmetric part of
Cauchy’s stress tensor, which is zero in case of a symmetric stress tensor.

Internal energy:
d
pd—?+V~q:V'U:t+H:Vw, 2.6)
where Vv is the velocity gradient, g is the heat flux and w is the angular velocity of the
fibers in the volume element; it is reasonable to assume that the fibers are co-rotating with

the volume element, i.e.,
w=Vxw. 2.7

This is a classical result of Doi and Edwards (1986), and it has been shown by Abisset-
Chavanne et al. (2015) that the angular velocity of a flexible fiber is equal to the vorticity of
the flow field, even in a second gradient theory.
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In addition, we have the balance of entropy:

dn

po V- ¢=020, 2.8)

where the inequality is the local formulation of the Second Law of Thermodynamics.
Entropy supply has been neglected, as well as energy supply (radiation) in the balance of
internal energy.

3. Choice of the state space

The system of balance equations is under-determined, as as long as no constitutive
equations are specified for the constitutive quantities of stress tensor £, torque density m,
couple stresses I, heat flux g, specific entropy 1 and entropy flux ¢. The domain of the
constitutive functions is denoted as state space.

The restrictions on the constitutive functions follow after this set of variables for material
properties has been chosen. The restrictions do not completely determine the material behav-
ior, as it is natural, because there exist different materials with the same set of variables, but
different constitutive properties. The results of the exploitation of the dissipation inequality
give the most general framework compatible with the second law of thermodynamics.

In the example of fiber suspensions it is reasonable to assume that fiber orientation plays
a role for the constitutive behavior. The local fiber orientation is described by an orthogonal
second order tensor Q. @ is the mapping (the rotation) between the orientation vector of
the (undistorted) fiber and a reference coordinate system. With the tensor Q it would also
be possible to account for the orientation of biaxial elements, such as plates, but this is out
of scope of the present paper.

Two cases may be considered in an analogous way: In the example of short fibers,
deformation of the fibers does not play a role, but the fiber orientation may vary with
position. For long fibers (much longer than the size of the continuum element) deformation
becomes important. In this case, @ is the orientation of a fiber segment. If the fiber is not
straight, but deformed, @) varies with position. Both cases may be treated by a second order
tensor O for the local gradient or deformation of the fibers, respectively. O is defined as

0= % (VQ")-Q) : € 3.9)

with the totally antisymmetric third order tensor €. We also include the time derivative Q of
the fiber orientation:
Q

Tr=0xQ (3.10)

in the set of relevant variables for constitutive functions.
The constitutive mappings are defined on the following domain:

Z={p,T,Vv,Q,0,Q},, (3.11)

with temperature 7. All constitutive quantities do not depend on v, but v is included
in the set of variables, because the gradient of v is relevant. Acceleration ¥ again is
not in the domain of constitutive functions, but is a higher derivative. Apart from the
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equilibrium variables mass density and temperature it includes the velocity gradient and the
fiber orientation related variables.

4. Exploitation of the dissipation inequality according to Liu

As the materials discussed here are micropolar media we will take into account the
balance of internal angular momentum in addition to the balances of mass, momentum, and
energy. The following inequality has to be exploited:

dn

d
.y, pZE V.
pdt+ ¢+ (d +pV-v

d
+A" <pd1;+V-q—t:V'u+H:VQ

+AP. <pCZ—V-t—pf>
0

+)\S-(pf;—e:t+V~H+pm)2 (4.12)

After exploiting the differentiations of the constitutive functions, defined on the state space
(3.11), according to the chain rule it results an inequality linear in the following higher
derivatives:

. \% A
T,p,i;,%,O,Q,Vp,w,vvv,vo,vg. 4.13)

These higher derivatives are not all independent, but one constraint between them has to
be taken into account. To show this we will use components with respect to a Cartesian
coordinate system.

Proposition:
do T 1 aQT dv
— = (VQ —le-Q: C=— 4.14
dt (V)" + 2 (6 @ dx ) dz’ (414)
or, in components:
dOj 2Q; 1 aQrs OV
= —§ —_— 4.15
dt oxk + ZSWIQZS 0x; Ox “.15)

The proof of this proposition is shown in the appendix. @, Vv and V@ are state space
variables, whereas V{2 is not included in the state space. This gradient shows up in the list
of higher derivatives.
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After inserting this constraint we can write down the Liu-equations, corresponding to the
different higher derivatives:

o an L, du ., s 08
p: p8 +lp§—+l +pA-§5_O(4M)
. an ., s 98
T: aT+/”L p&T—s—pA 8T_O 4.17)
- on du s ds
Voi poc-+Alpoo PN ST =0 (4.18)

vQ: 8n+a—¢—>\f’ ot +AT (p Js an)wl”( H+aq>=0 (4.19)

P30 " an 90 20~ 99 D)
Q: gTz“L’V(m px"-g—;:o (4.20)
Vp ‘;;I;—AP-;; L ‘Zf)[ )L”&p =0 421)
VT - ‘;—?fv.g—;fx ng[ xugg 0 (4.22)
Vo %—v a‘%—x gvn + “a‘%:o 4.23)
VO %—AP %—x gg A“gg 0 (4.24)
%’: PAP =0 (4.25)

From this set of equations the multipliers AP, A”, A%, and A“ can be calculated. Between
the specific spin density and the orientation change velocity €2 the relation

s=0-0 (4.26)

holds, where © is the moment of inertia tensor, which is assumed to be constant. In case of
suspensions of flexible fibers this is only an approximation, because in principle this tensor
changes if the fibers are deformed. We assume here that these deformations are small and
the variation of ® can be neglected. Then the specific spin density s depends only on the
orientation change velocity €2, and all other partial derivatives vanish. In this case we have

ds
0= (] 4.27)
and the equations for the multipliers simplify to
an 1
u_ _dT __
A= W=TT (4.28)
oT
917 1 Jdu
AP =— —p= 4.29
P 0 TTP5 Py (4.29)
s J (n — % ) -1
A= —TE) (4.30)
AP =0, 4.31)
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where for the derivative (3—2)(%)_1 we insert % This relation is known in equilibrium. In
non equilibrium it needs some additional argumentations, as illustrated by Miiller (1985).
The remaining equations (4.18), (4.19), (4.21), (4.22), (4.23), and (4.24) give, after inserting
the multipliers, the restrictions on constitutive functions. This will be shown here only

under the assumption of a constant moment of inertia tensor. We have:

‘Wo 4.32)
H:—% <pw+g;{;+w.@1.gg> (4.33)
‘;‘i—;gzz—W-el .‘;21 (4.34)
‘;‘i’;ggw.@—lgg (4.35)

1
aaé; _%aaqu - (na;zﬂ) e 'aaTHv (436)
gg;%w.@—l.gg (4.37)

Introducing the free energy density f := u — T1n and the difference k = ® — %q, the
resulting restrictions on the constitutive functions can be written as:

af
o= =0 (4.38)
1 af 19® 1 9f _, om
1Pt ron a0 ® an *-39)
ok _1af ., o _
Tui = ?aiﬂ -0 . Tui, fOrul S {p,T,Vv,O} (440)

Equation (4.40) shows that the difference k = ® — %q is surely non-zero, if the free energy

density depends on the orientation change velocity ( % # 0), and if the couple stresses
IT depend on any of the variables p,7T, Vv, O. In this case the very frequently made
constitutive assumption (see for instance Irreversible Thermodynamics) of the entropy flux
® being heat flux divided by temperature is not fulfilled. Equation (4.39) is a differential
equation for the couple stress. It reduces to an algebraic equation, if the free energy density
and the entropy flux doe not depend on €2. In this case the couple stresses can be calculated
as a derivative of the free energy density
1 df

H_szao. (4.41)
4.1. The entropy production. The residual inequality is built up by all terms in equation
(4.12), which contain no higher derivatives, but only state space functions. The constraint
equation (4.15) has been inserted. We will deal here only with the case of a constant moment
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of inertia tensor. For the multipliers equations (4.28) to (4.31) are inserted:

_, 91 .4 _PIN ..., 9% 0Q
C(JII 9Q
Py . o=\ =—/.. ==X —€:
H+APV v —A <8Q .am+pm e.t)
AH Q.Q_Bﬂ.v (VQ)-QT e+ (e:t):
paQ. 2390 v ce+(e:t)-s
dqg 9Q
_,91 .4 _PIn 7., 9% .9Q
1 af,  1af ., (oI 9Q s
1 Ju . p du T .
dq 9IQ ]
_ PO ¢
o= TIQ"
————
change of orientational order
P9 Gy (vQ) Q-
+ T 90 Vu-(VQ)- Q' : €
coupling between viscous flow and orientational order
ok 0Q 1/ af 1
@'. % +? (paer?’trace(t))V-v
——
transport of orientation volume viscosity
_ 10f g1 (91 2Q
T oQ Qo=

coupling between change of orientation and gradient of orientation

1 9f

————.0 " —e€:t
790 (pm—e:t)
rotational motion
1 ISV 7o ] =
-7 ((e )-8 — I (Vv‘”””)’”)) -7 t:Vv >0 (4.42)
——
rotational viscosity shear viscosity

with the symmetric traceless part —— of a second order tensor. The interpretation of
the different terms is given in the equation. A term of the form —#q - VT does not occur
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here, because the temperature gradient was not included in the state space, but is a higher
derivative, and the entropy production is a function of the state space variables. If there is a
heat flux g # 0, it is not caused by a temperature gradient in this example.

5. Conclusions

It could be shown that the assumption made f.i. in Thermodynamics of Irreversible
Processes (TIP) concerning the entropy flux being heat flux divided by temperature does
not contradict the results of the Liu-procedure, if the free energy density does not depend
on the orientation change velocity of the fibers. In this case kK =0 and ® = %. In classical
TIP this assumption is fulfilled, because the free energy density depends on the equilibrium
variables only. However, if the orientation change velocity is included in the set of variables,
the entropy flux might be not simply heat flux divided by temperature, as a result of the
exploitation of the dissipation inequality. This can be interpreted as non-convective entropy
transport due to change of fiber orientations. Equation (4.41) shows, that the couple stresses
do not vanish, because the free energy density depends on fiber deformation O (bend and
twist of fibers increase the internal energy of the mixture). This shows clearly, that the fiber
suspension is a micropolar medium. The stress tensor cannot be supposed to be symmetric,
and the balance of angular momentum has to be taken into account.

Acknowledgments

Support by the “Berliner Chancengleichheitsprogram” (BCP) is gratefully acknowledged.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. 1, A4 (2019) [10 pages]



THERMODYNAMIC RESTRICTIONS ON CONSTITUTIVE FUNCTIONS ... A4-9
Appendix
Proof of the proposition on the time derivative of the state space variable O
Proposition:
do 1 2QT\ Jdv
ar (VQ) 3 (e-Q. P ) z (5.43)
or, in components:
dOy. 99 1 dQys v,
dt - axk lrlQlY a X 8,Xk . (5'44)
Proof:
In components we have:
dOik 1 d aQrs 0 o
dt irl 5, dt ox X Is | —
1 QQH 8Qrs dle _
7781rl < ( > le dt -
1 d 90y aQrs _
_Egirl ((8t + maxm> < ax ) Q[Y Elkakas) -
1 a aQrs aQrs 8vl"‘l aQrS aQ —
- 8lrl ((axk ( ot +Vm aXm ) 8xk axm O + x 8lkmgszms =
1 d dQys 9y 0y Qs _
_Eglrl ((8xkdt - Txk 9%, ) Ois + e = QU Oms | =
1 d m aQrs aQrs o
_Eezrl ((axk (ErapQOst) - Txk axm ) le elkakas) -
1 89 aQ S 1 avm aQr?
5 ((6i()81p - 81'[)610) ( st +Q, axz ) + 5&irn5 a ax ) O —
a rs
3 (81— 830) 2 010 =
Q; Q OV 90
( leQl\ axkl QiSQlA' Eirl 73— a aQ le) =
0Q;, 1 Jdv, BQ,S
axk + Eglrl ax le (545)
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