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ABSTRACT. Optical tweezers are a crucial tool for the manipulation and characterisation,
without mechanical contact, of micro- and nanoparticles, ranging from biological compo-
nents, such as biomolecules, viruses, bacteria, and cells, to nanotubes, nanowires, layered
materials, plasmonic nanoparticles, and their composites. Despite the many interdisciplinary
applications, only recently it has been possible to develop an accurate theoretical modelling
for the mesoscale size range. This goes beyond the strong approximations typically used for
the calculation of optical forces on particles much smaller (dipole approximation) or much
larger (ray optics) than the wavelength of the trapping light. Among the different methods
used to calculate optical forces on model particles, the ones based on the transition matrix
(T-matrix) are currently among the most accurate and efficient, particularly when applied to
non-spherical particles, both isolated and interacting, or in composite structures. Here, we
first give an overview of the theoretical background on optical forces, optomechanics, and
T-matrix methods. Then, we focus on calculations of optical trapping on model polystyrene
nanowires with the aim to investigate their scaling with nanowire length at the mesoscale.
We compare the force constant dependence with approximations at small or large length
with respect to the trapping wavelength and with calculations on spheres, pointing out the
role of shape.

1. Introduction

Historically, the idea that light exerts a mechanical action on matter has been known
since the explanation of comet tails given by Kepler (Kepler 1619; Jones et al. 2015). In
fact, comets generally show two tails while travelling in proximity to the Sun. A first tail,
more diffused, composed by dust and ice particles formed by the radiation pressure of
the solar light; and a second one composed of ions and charged particles due to the solar
wind. It was only in 1873 that James C. Maxwell gave the first theoretical explanation of
radiation pressure (Maxwell 1873). He demonstrated that light can exert a force on matter
due to the momentum exchanged between light and matter. Since this momentum exchange
is extremely small, only in 1901 Lebedev (1901) and Nichols and Hull (1901) provided
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a first experimental evidence of the radiation pressure due to an arc or electric lamps on
a mirror fixed on a torsion balance. Other experiments were carried out during the next
decades but, because of the non coherent nature of the light sources, the results were small
and hard to be detected. Only from the 1960s, radiation pressure and its applicability have
been better understood thanks to the invention and availability of laser sources (Maiman
1960) that, compared to standard lamps, have increased drastically the intensity of the
electromagnetic fields provided. In the early 1970s, Arthur Ashkin, at Bell laboratories,
while trying to reproduce the effects of the solar wind, demonstrated that the motion of
microscopic particles (Ashkin 1970a) and neutral atoms (Ashkin 1970b) could be altered
by laser-induced optical forces. In particular, he found out an unexpected effect: the
micro-spherical particles suspended in water were attracted perpendicular to the propagation
axis and pushed in the propagation direction (Ashkin 1970a). This attraction is due to the
gradient force perpendicular to the propagation axis and it is caused by the focusing of the
laser beam (Ashkin 2000). After the discovery of the optical gradient force component,
Ashkin built a first optical trap made of two focused counterpropagating laser beams in
order to balance the detrimental effects of radiation pressure and get a stable optical trap
(Ashkin 2000). This kind of trap is a static trap since the two lasers fix, on average, the
position of the particle along the propagation axis, unless the power of one of the two beams
is changed. In this situation the particle can shift along the propagation direction. Soon after,
in 1971 Ashkin demonstrated the first levitation trap. In this case the radiation pressure is
balanced by gravity and the gradient force keeps the sample trapped (Ashkin and Dziedzic
1971). The restriction of this method is that the maximum radiation pressure applicable
is equal to the gravity. This kind of trap is generally not very stable and the sample can
be moved only along the propagation direction. A real breakthrough occurred in 1986,
when all the problems encountered before were solved by using a highly focused laser
beam (Ashkin et al. 1986). Ashkin and his collaborators demonstrated that, by using a high
numerical aperture objective, the focal spot is so tight that it is possible to obtain a gradient
force also along the propagation direction. This force is directed towards the focal spot
and can be used to trap and manipulate dielectric micro-spheres and atoms. This technique
is called optical tweezers (Jones et al. 2015; Polimeno et al. 2018). The applications of
optical forces and optical tweezers in atomic physics with the development of techniques
for atom trapping and cooling led to the Nobel prize in Physics in 1997 for Steven Chu,
Claude Cohen-Tannoudji and William D. Phillips (Cohen-Tannoudji et al. 1992; Ashkin
2000), while for his pioneering work on optical forces and the invention of optical tweezers
Arthur Ashkin shared the Nobel prize in Physics in 2018 (The Nobel Committee for Physics
2018).

Since its first demonstration, optical tweezers have become commonly used tools for the
manipulation of microstructures (Dholakia and Čižmár 2011; Padgett and Bowman 2011)
and nanostructures (Maragò et al. 2013; Magazzú 2015; Magazzú et al. 2015) and as force
transducer with resolution at the femtonewton (Neuman and Nagy 2008). Furthermore,
optical tweezers find applications in many fields of physics, biology, chemistry, and material
sciences (Jones et al. 2015). They are useful tools to sort and organize cells, control bacterial
motion, measure linear and torsional forces, alter biological structures via modification of
cellular membranes, cellular fusion, or the interaction between red blood cells and viruses
(Ashkin and Dziedzic 1987; Ashkin et al. 1987; Svoboda and Block 1994; Fazal and Block
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2011) with the possibility to apply and measure forces with femtonewton sensitivity on
micro- and nanometer-sized particles (Maragò et al. 2008; Neuman and Nagy 2008; Maragò
et al. 2010b; Irrera et al. 2011). More recently, optical tweezers have been used in vacuum
for optical trapping and laser cooling of micro and nanoparticles with the aim to study the
optomechanics of levitated particles and explore quantum effects at the mesoscale (Barker
and Shneider 2010; Chang et al. 2010; Romero-Isart et al. 2010; Ridolfo et al. 2011;
Neukirch and Vamivakas 2015).

In this work, we first give an overview of the theoretical background on optical forces
and optical trapping of particles much smaller and much larger than the light wavelength.
We then discuss the background and some recent applications to the field of optomechanics
with levitated particles. Thus, we describe electromagnetic theory and T-matrix formalism
and apply this general light scattering framework to model particles such as spheres, layered
spheres, aggregates of spheres. Then, we focus on optical forces by a plane wave and a
focused beam (optical tweezers). This latter case is finally applied to the investigation
of optical trapping of polystyrene nanowires, calculation of trapping efficiencies, force
constants, and length scaling behaviour.

2. Background theory of optical trapping and optomechanics

Optical forces and torques are a consequence of the conservation laws of linear and
angular electromagnetic momentum during a scattering process (Jones et al. 2015). The
mechanical effects of light have been studied through the use of approximations that depend
on the scatterer size. In the case of a homogeneous spherical particle, an accurate evaluation
of optical forces can be obtained by Mie theory (Mie 1908) and its generalisation (Neves
et al. 2006, 2007; Gouesbet et al. 2011; Gouesbet and Gréhan 2017). More generally, when
we study the scattering process involving non-spherical or non-homogenous particles, we
have to use a full electromagnetic theory based on the Maxwell’s equations (Mishchenko
et al. 2002; Borghese et al. 2007a) and the integration of the averaged Maxwell stress tensor
(Borghese et al. 2007a; Jones et al. 2015). Such calculations can be extremely complex
and may result in computational intensive procedures. For this reason different methods,
such as the transition matrix (T-matrix) technique (Waterman 1971; Mishchenko et al. 2002;
Borghese et al. 2007a), have been developed to solve the scattering problem and calculate
optical forces more efficiently.

2.1. Approximated approaches. In this section, we give an overview of the approximated
approaches that often can grant a fast and simple way to obtain reasonable results in specific
regimes. For calculating optical forces acting on spherical or quasi-spherical particles,
it is customary to identify several regimes which depend on the particle size (Jones et
al. 2015). For each regime, simplifications and approximations have been made for a
better understanding and faster calculations of optical forces. The size parameter x = kma
determines the range of validity of these approximations, where km = 2πnm/λ0 is the light
wavenumber in the medium surrounding the particle, a is the particle radius, λ0 is the laser
wavelength in vacuum used for trapping and nm is the refractive index of the surrounding
medium, e.g., water (nm=1.33) or air (nm=1).
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2.2. Ray optics. When the particle size is much larger than the wavelength of the laser
beam, that is x ≫ 1, optical trapping forces can be calculated by the so-called ray optics
regime or geometrical optics approximation (Ashkin 1997). The accuracy of this approxi-
mation increases with the size parameter, whereas the exact theories become unpractical due
to the increasing computational complexity. In this regime the optical beam impinging on a
particle is modelled as a collection of N light rays and the tools of geometrical optics are
employed (Jones et al. 2015). Each ray carries with it a portion of the incident total power
and a linear momentum per second. When a ray impinges on the particle surface, it is partly
reflected and partly transmitted according to the Snell’s law (Born and Wolf 1999). As a
consequence of energy conservation, the power is split between the reflected and transmitted
part of the ray following Fresnel coefficients (Callegari et al. 2015). Moreover, for each
interface crossing, the ray changes its direction, and hence its momentum, causing a reaction
force on the center-of-mass of the particle. Most of the power carried by the incident ray
is delivered to the transmitted ray that travels inside the particle until it impinges on the
opposite surface. Here it will be reflected and transmitted again and a large portion of the
power will be transmitted outside the object. In principle, the process will continue until all
light escapes from the particle (Ashkin 1992).

In general, when more than one ray interacts with a particle (i.e. a sphere), the total
force is given by the sum of the forces generated by the reflection and refraction of each ray.
Modelling a highly focused laser beam with many rays that converge at a very large angle
in the focal spot, the total force acting on the centre-of-mass particle is the sum of all the
contributions from each ray forming the beam. Note that each optical force contribution,
associated with a generic optical ray, has components only in the incidence plane and can be
split in two perpendicular components. The component in the direction of the incoming ray
represents the scattering force that pushes the particle away from the center of the trap. The
component perpendicular to the incoming ray is the gradient force, that pulls the particle
towards the optical axis when nm < np. Instead, if nm > np the particle is pushed away from
the high intensity focal region.

For a single-beam optical tweezers, the focused rays will generate a restoring force
proportional to the displacement of the particle from an equilibrium point, that is for small
displacements optical trapping can be modelled as an harmonic response. Thus, for small
displacements, a cartesian component, e.g. x, of the optical trapping force is modelled as
Fx ≈−κxx and κx is the corresponding trap stiffness.

The geometrical optics approach can be also used when we deal with non spherical
particles, such as cylindrical objects. In this case, two new aspects must be considered:
induced torque and transverse radiation force. The optical torque is calculated from the
difference of the angular momentum associated with the incoming and outgoing rays with
respect to a pole (Jones et al. 2015). Also in this case, the total torque on the object can be
obtained as the sum of the torque produced by each ray. For example, the effect of the torque
due to the rays is to align a cylindrical particle along the optical axis. The second aspect, the
transverse radiation force, arises from the anisotropic shape of non-spherical particles and
generates a motion transversely to the incident light propagation direction (Swartzlander Jr
et al. 2011). We can note that the accuracy of ray optics approximation increases with the
size of the particle, whereas exact electromagnetic theories become unpractical due to the
increasing computational complexity. Thus, ray optics has not only a pedagogical value but
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represents a key technique for modelling optical trapping of large particles (Skelton et al.
2012).

2.3. Dipole approximation. If the size of the particle is much smaller than λ0, x ≪ 1,
we can adopt the Rayleigh approximation and consider the particle as an induced dipole
(Gordon 1973; Purcell and Pennypacker 1973; Chaumet and Nieto-Vesperinas 2000; Arias-
González and Nieto-Vesperinas 2003) immersed in an electromagnetic field E(r, t), which
can be considered homogeneous inside the particle, x|np/nm| ≪ 1. This last condition is
important when considering the applicability of the dipole approximation and has to be
considered with care when we deal with high refractive index dielectric particles (e.g.,
silicon) or noble metal (e.g., gold, silver) nanoparticles, where the presence of plasmonic
resonances dominate the optical response (Amendola et al. 2017). Thus, if the external
field is not too large, the induced dipole moment, p(r, t) = αpE(r, t), is proportional to
the external field through a linear complex polarisability, αp, as corrected by Draine and
Goodman to satisfy the optical theorem (Draine and Goodman 1993):

αp = α0

(︃
1− i

k3
mα0

6πεm

)︃−1

, (1)

with εm dielectric permittivity of the medium and α0 being the static Clausius-Mossotti
polarisability, α0 = 3V εm

(︁
εp − εm

)︁
/
(︁
εp +2εm

)︁
, where V is the particle volume and εp the

dielectric permittivity of the particle.
Starting from the dynamic equations of an oscillating dipole illuminated by an incident

time-varying electromagnetic field (Chaumet and Nieto-Vesperinas 2000; Arias-González
and Nieto-Vesperinas 2003), the time-averaged optical force, experienced by the small
particle, calculated in terms of its polarisability and extinction cross-section σext (Albaladejo
et al. 2009; Marqués and Sáenz 2013) is:

⟨F⟩DA =
1
2

nm

cεm
ℜ
{︁

αp
}︁

∇I(r)+
nm

c
σext⟨S⟩−

1
2

cnmσext∇×⟨s⟩ , (2)

where I(r) = 1
2 nmc|E(r)|2 is the intensity of the incoming electric field, ⟨S⟩= 1

2 ℜ{E×H∗}
is the time-averaged Poynting vector of the incoming wave and ⟨s⟩ = i εm

2ω
E×E∗ is the

time-averaged spin angular momentum density (Albaladejo et al. 2009; Marqués and Sáenz
2013).

The first term in Eq. (2) represents the gradient force and it is responsible for particle
confinement in optical tweezers. Particles with refractive index higher than that of the
surrounding medium (np > nm) have a positive ℜ

{︁
αp

}︁
, and will be attracted toward the

high intensity region of the optical field (Ashkin et al. 1986). Conversely, when np < nm
the polarisability is negative and the particles are repelled by the high intensity region. The
second term in Eq. (2) is the scattering force. It is responsible for the radiation pressure and
is non-conservative. Furthermore, it is directed along the propagation direction of the laser
beam (Ashkin 1970a). The last term in Eq. (2) is a spin-dependent force (Albaladejo et al.
2009). This term is also non-conservative and dependent on the extinction cross-section.
It can be generated by polarisation gradients in the electromagnetic field, but usually does
not play a major role in optical trapping because it is zero or very small compared to the
other contributions. However, it may play a more significant role when considering optical
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trapping with optical beams of higher order with inhomogeneous polarisation patterns such
as cylindrical vector beams (Donato et al. 2012; Skelton et al. 2013) or superpositions of
circularly polarised Hermite-Gauss beams (Marqués 2014).

The usefulness of the dipole approximation is to give a simple analytical approach
which permits to obtain quantitative information on optical trapping (force components,
trap stiffness) of small particles in many different beam configuration (Gaussian, Hermite-
Gaussian, Laguerre-Gaussian, non-diffracting, cylindrical beams, etc.). Moreover, the dipole
approximation is well suited to deal with resonant particles such as individual metal particles
(Messina et al. 2015; Spadaro et al. 2015; Fazio et al. 2016) whose optical response is
dictated by plasmon resonances resulting from the collective oscillations of the free electron
gas (Saija et al. 2009; Amendola et al. 2017).

2.4. Optomechanics of trapped particles at the mesoscale. We conclude this back-
ground section with a brief overview of the novel field of optomechanics at the mesoscale.
In the last years, much effort has been devoted to developing techniques that bridge the
gap between laser cooling of atomic species (Foot 2005) and optical trapping of colloidal
materials in order to study quantum phenomena at mesoscopic length scales. For this
purpose, protocols for reaching the quantum regime at the mesoscale have been proposed
for ground-state laser cooling of optically levitated nanoparticles (Barker and Shneider
2010; Chang et al. 2010; Romero-Isart et al. 2010; Neukirch and Vamivakas 2015). The
aim is to explore and exploit quantum effects, e.g., entanglement, quantum superposition of
motional states and long quantum coherence, in systems much larger than atomic species.
Here, we first review the general theoretical concepts of optomechanics, then we focus on
some recent schemes for optomechanics with optically trapped particles in vacuum and
their cooling towards their quantum motional ground state.

2.5. Cavity optomechanics. The first model system where optical and mechanical degrees
of freedom were coupled by radiation pressure was investigated by Braginskii and Manukin
(Braginskii and Manukin 1977) in the context of experiments for the interferometric de-
tection of gravitational waves (Abbott et al. 2016). They considered an optical cavity of
length L with one fixed mirror and one moving mirror of mass m attached to a mechanical
oscillator characterised by a stiffness κmass. Transmission of light through the cavity occurs
at resonance, i.e., when 2L = qλq/nm, where q is an integer, λq/nm is the intracavity wave-
length, nm is the refractive index of the intracavity medium and λq is the wavelength of the
cavity mode with frequency (Jones et al. 2015), ωq = qπc/nmL.

We consider an incident field with (complex) amplitude Ei going into the cavity with a
coupling constant K (K takes into account, e.g., the losses due to the partial transmission
into the cavity of the incoming field) with a frequency close to the fundamental resonance at
ω0. The dynamic equation for the cavity field Ec(t) can be derived from Helmholtz equation
obtaining (Novotny and Hecht 2012):

dEc(t)
dt

=

[︃
i(ω −ω0)−

1
2τc

]︃
Ec(t)+KEi , (3)

in which τc is the light intensity decay time that depends by the quality of the cavity (Born
and Wolf 1999). A small displacement of the moving mirror, x(t), from its equilibrium
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position at x = 0 changes the cavity length by ∆L(t) = x(t) and, hence, shifts the resonance
frequency by a quantity:

∆ω0(t) =−ω0x(t)/L . (4)

Therefore, the intracavity field is coupled to the mirror displacement as:

dEc(t)
dt

=

[︃
i(ω −ω0)+ iω0

x(t)
L

− 1
2τc

]︃
Ec(t)+KEi . (5)

The mechanical motion of the moving mirror driven by the radiation pressure from the
cavity field can be described by the Langevin equation for a damped noisy oscillator:

m
d2x(t)

dt2 +mΓmass
dx(t)

dt
+mΩ

2
massx(t) = χ(t)+Frad(t) , (6)

where Γmass is the mechanical damping coefficient, Ωmass =
√︁

κmass/m is the oscillator
characteristic frequency, χ(t) = W (t)

√
2mΓmasskBT is a thermal noise, W (t) is a white

noise, Frad(t) = 2εmAR|Ec(t)|2 is the radiation force on the mirror, R is the reflectivity of
the mirror, and A is its illumination area.

Therefore, the dynamics of the optomechanical system is fully described by the two
coupled Eqs. (4 - 6). Their solutions for Ec(t) and x(t) depend on the parameters of the
system, e.g., the cavity resonance, the incident light intensity and frequency, and the cavity
and oscillator loss terms. The dynamical back-action, i.e., the fact that a displacement of the
mirror feeds back on itself through radiation pressure, is clearly visible in the fact that x(t)
depends on |Ec(t)|2, which in turn is a function of x(t). The radiation force acting on the
mirror yields a change in the damping term and in the oscillation frequency of the mirror so
that Eq. (6) can be re-written as (Kippenberg and Vahala 2007):

d2x(t)
dt2 +(Γmass +∆Γmass)

dx(t)
dt

+(Ωmass +∆Ωmass)
2 x(t) =

χ(t)
m

, (7)

with ∆Γmass and ∆Ωmass related with Stokes and anti-Stokes scattering. The vibration of
the mirror modulates the driving field in two sidebands. The optomechanical damping
rate δ = ω −ω0 can be tuned to be positive (red detuning, δ < 0), yielding effective
cooling of the system, or negative (blue detuning, δ > 0), yielding amplification of the
mechanical oscillations. The optimum coupling occurs for δ = −(2τc)

−1 (cooling) and
δ =+(2τc)

−1 (amplification). In the case of red detuning, the enhanced damping yields
an effective cooling of the system and an effective temperature can be associated with the
optomechanical Langevin equation [Eq. (7)], which can be written for ∆Ωmass ≪ Ωmass as

Teff ≃ T
Γmass

Γmass +∆Γmass
, (8)

where T is the equilibrium absolute temperature in absence of radiation force and the above
relation holds for τc∆Γmass ≪ 1 and for Teff > 2T Γmass/Ωmass. The classical treatment of
optomechanics does not give any lower limit to the temperature that can be achieved in
the cooling process. In order to evaluate the ultimate laser cooling temperature limit the
quantum nature of light and the discrete energy spectrum of the oscillator must be taken
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ptical trap

 cooling

FIGURE 1. Optomechanics with optically trapped nanoparticles. Different
schemes have been proposed to trap and cool nanoparticles in high-finesse optical
cavities. Nanostructures can be trapped by optical tweezers (red vertical beam),
so that their centre-of-mass motion is confined by an effective harmonic potential
with characteristic frequency ωtrap. The interaction with the cavity field (orange)
generates an additional (dissipative) optical force cooling the particle motion to
the trap ground-state.

into account within a quantum theory of optomechanical cooling (Gardiner and Zoller 2004;
Kippenberg and Vahala 2007; Marquardt et al. 2007; Wilson-Rae et al. 2007; Schliesser
et al. 2008).

2.6. Laser cooling of optically trapped particles. Several schemes have been proposed
to achieve optomechanical cooling of levitated particles (Barker and Shneider 2010; Chang
et al. 2010; Romero-Isart et al. 2010). In these schemes a particle is generally held in a
high-finesse cavity in vacuum either by the cavity standing wave field (Chang et al. 2010)
or by a separate optical tweezers (Romero-Isart et al. 2010, 2011) (see the sketch in Fig. (1).
The mechanical oscillator is then created by the effective confining potential of the optical
tweezers with spring constant κtrap, oscillator frequency ωtrap =

√︁
κtrap/m and zero point

fluctuation amplitude x0 =
√︁

h̄/(2mωtrap). A radiation field excites a cavity mode that
couples to the trapped particle’s centre-of-mass motion. Conversely, the presence of the
dielectric particle in the cavity modifies the cavity mode yielding the position-dependent
optomechanical coupling responsible for cooling. In particular, the dielectric particle alters
the cavity resonance through the change in refractive index occurring within the small
particle volume, V , so that the cavity mode, Ec(r), where r is position, is frequency-shifted

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. 1, A2 (2019) [35 pages]



OPTICAL FORCES IN THE T-MATRIX FORMALISM A2-9

by an amount (Chang et al. 2010; Romero-Isart et al. 2011)

∆ω0 ≈−ω0

2

∫︂
V

∆P(r)Ec(r) dV∫︂
V

ε0|Ec(r)|2 dV
, (9)

where ∆P(r) is the modification of the polarisation produced by the particle in the cavity.
For a small particle, we can use the dipole approximation for the polarisability, so that
∆P(r)≈ αpEc(rp)δ (rp − r), where αp is the dipole polarisability and rp is the centre-of-
mass position of the particle. The zeroth-order contribution in the particle position yields a
constant shift of the cavity resonance ∆ω0 ≈−ω0αp/8ε0Vc, where Vc is the cavity volume.
The first-order contribution in the particle position gives the optomechanical coupling
characterised by the adimensional parameter

ζ ≈ x0

ωtrap

ω2
0 αp

4cε0Vc
. (10)

From the experimental point of view, optical trapping of particles has been recently
achieved in vacuum as in the case of atoms, i.e., in a chamber with a controllable vacuum
pressure. In this case, the damping of the residual gas is so low that the ballistic regime and
harmonic oscillations can be easily observed in the trap. For example, cavity cooling of a sub-
micron particle has been demonstrated by Kiesel et al. (2013), where a high finesse optical
cavity has been used for both trapping and manipulation, demonstrating optomechanical
control and laser cooling of the centre-of-mass motion of the particle (limited to 64 K
because of the residual gas pressure). Instead, the scheme used by Li et al. (Li et al. 2011)
is based on a counterpropagating optical tweezers (in the near-infrared) to create a harmonic
potential where to trap a silica microparticle and on pairs of additional counterpropagating
beams (in the visible) to cool down its centre-of-mass motion. Laser cooling is achieved
by an external feedback that adjusts the cooling beam power depending on the measured
particle velocity so that the excess radiation pressure of one beam counteracts the motion of
the particle. The result is an effective cooling that reaches temperatures in the millikelvin
range. Similar feedback cooling schemes have been used by Gieseler et al. (2012) that
demonstrated laser cooling of a silica nanoparticle (70 nm radius) in a single-beam optical
tweezers in vacuum. With this configuration, an effective temperature as low as about 50
mK was reached, as measured by observing residual thermal fluctuations.

Finally, we note how the progress on the laser cooling of nanoparticles, both spherical
and non-spherical (nanowires, graphene), is an on-going process with novel and exciting
results obtained world-wide (Arita et al. 2013; Asenbaum et al. 2013; Nagornykh et al.
2015; Gieseler and Millen 2018). In this context, having an accurate modelling, both at the
classical and quantum level, on the optical forces and dynamics of non-spherical particles is
of crucial importance to shed light on these complex systems and their dynamics in optical
traps.
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3. Electromagnetic theory and T-matrix formalism

In the intermediate regime, that is when the particle size is comparable with the light
wavelength (x ≃ 1), we need a complete wave-optical modelling of the particle-light in-
teraction to calculate the mechanical effects of light. Moreover, when we consider the
light scattering process by non-spherical or non-homogenous particles a full electromag-
netic theory based on the Maxwell equations has to be used (Mishchenko et al. 2002).
The calculations can be quite complex and different computational methods have been
developed in the literature to handle the problem. In this section, after the description
of the general equations related to optical forces and torques, within the framework of
the electromagnetic scattering theory, we focus on the T-matrix formalism, i.e., a method
based on the multipole expansion of the electromagnetic fields (Waterman 1971). The
T-matrix is the representation of a linear operator that, acting on the multipole amplitudes
of the incident field, gives as a result the multipole amplitudes of the scattered field. When
the scatterer is a homogeneous spherical particle, i.e., in the highly symmetric case, the
scattered field does not depend on the orientation of the particle and is exactly described
by the Mie theory (Mie 1908). However, the spherical model is not able to describe a
great number of real scatterers, which, in general, may exhibit an asymmetric shape or
may result from the aggregation of several constituent monomers. The introduction of
asymmetry is immediately reflected in the polarisation of the scattered field as well as in its
dependence on the position and orientation of the particle. In such cases, a model scatterer
must be used which can capture as accurately as possible the details of the structure of such
composite particles. The T-matrix approach is particularly advantageous when we deal with
particles composed by spherical constituents, i.e., cluster or aggregates of spheres, spheres
with spherical (eccentric) inclusions, and multilayered spheres (Borghese et al. 2007a). By
varying the number of the constituent spheres (as well as of the layers of the inclusions),
their refractive index and their mutual position, structures can be obtained which better
approximate the shape and the composition of the scatterers in the system under study.
This technique takes into proper account the multiple scattering processes occurring among
the spherical subunits composing the aggregate and the contribution of all the details of
the model structure. Optical properties of composite scatterers can be exactly calculated
without introducing any approximation except the truncation of the expansion of the fields,
being able to check the convergence of the results at every step.

The elements of the T-matrix contain all the information on the particle nature (refractive
index, size relative to the wavelength, and shape) and on the orientation of the scatterer
with respect to the incident field. A fundamental feature is that the T-matrix is independent
of the propagation direction and polarisation states of the incident and of the scattered
fields. This means that, once we compute the T-matrix elements, we do not need to compute
them again if the incident field direction and polarisation state changes (Mishchenko et al.
2002). Borghese et al. (1984) succeeded in showing that the transformation properties of the
multipole fields under rotation of the coordinate frame imply corresponding transformation
properties of the T-matrix elements under rotation of the scattering particle. Such transfor-
mation properties enable us to calculate orientational averages of the optical quantities of
interest with a reasonable computational effort (Saija et al. 2003; Borghese et al. 2007a).
This is one of the greatest advantages offered by the T-matrix approach respect to other
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computational techniques like, for example, the discrete dipole approximation (Purcell and
Pennypacker 1973; Draine 1988; Yurkin and Hoekstra 2007). Thanks to the flexibility and
the accuracy of the T-matrix technique, we have the possibility to explore several systems
and configurations in a broad range of fields of applications, going from interstellar dust
modelling (Saija et al. 2001; Iatì et al. 2004; Saija et al. 2005a; Iatì et al. 2008), to the
properties of ice crystals (Borghese et al. 2001) and biological aerosols (Sindoni et al. 2006),
to the study of the behaviour of plasmonic systems (Amendola et al. 2015, 2017; Cacciola
et al. 2017), and to optical trapping (Jones et al. 2015).

3.1. Maxwell stress tensor, radiation force, and torque. When particles interact with
an electromagnetic field, the dynamics of this process is described by the radiation force
Frad and torque Trad. These two quantities can be derived using the conservation of linear
and angular momentum because the interaction between radiation and matter is regulated
by conservation laws. In the paradigmatic case in which a monochromatic light impinges
on a particle, the time-averaged optical force and torque exerted on the object is given by
(Mishchenko 2001; Nieminen et al. 2001; Saija et al. 2005b; Borghese et al. 2007a):

Frad =
∮︂

S
n̂ · ⟨TM⟩ dS , (11)

Trad =−
∮︂

S
(⟨TM⟩× r) · n̂ dS , (12)

where the integration is conducted over the surface S surrounding the scattering particle,
n̂ is the outward normal unit vector, r is the vector position, and ⟨TM⟩, the averaged
Maxwell stress tensor, describes the mechanical interaction of light with matter. The general
expression of the Maxwell stress tensor in a medium in the Minkowski form is (Jones et al.
2015)

TM = E⊗D+H⊗B− 1
2
(E ·D+H ·B) I , (13)

where E is the electric field, D is the electric displacement, H is the magnetic field, B is
the magnetic induction, ⊗ represents the dyadic product and I is the dyadic unit. For our
purposes, we consider always harmonic fields, at angular frequency ω in a homogeneous,
linear, and non-dispersive medium. So, we can simplify the expression for this tensor by
using the complex amplitudes of the fields, E = E(r) and B = B(r). Furthermore, writing
the real physical electric field as E(r, t) = ℜ

{︁
E(r)e−iωt

}︁
and in the same manner the real

physical magnetic field (Jones et al. 2015), we can simplify the averaged Maxwell stress
tensor, such as:

⟨TM⟩= εm

2
ℜ

{︃
E⊗E∗+

c2

n2
m

B⊗B∗− 1
2

(︃
|E|2 + c2

n2
m
|B|2

)︃
I

}︃
, (14)

in which the fields, E = Ei +Es and B = Bi +Bs, are the total electric and magnetic fields,
superposition of the incident (Ei,Bi) and scattered (Es,Bs) fields.

We can further simplify the expression of the optical force by integrating the Maxwell
stress tensor over a spherical surface of radius r which contains the particle and considering
the properties of the fields in the far zone. In fact, far from the particle the fields are
transverse and the dyadic terms in the Maxwell stress tensor vanish. Thus, the resulting
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FIGURE 2. A pictorial view of a scattering process for a generic cluster of spheres
of different nature (a). When light impinges on an object, the latter emits a scat-
tered electromagnetic field, which in the far-field is a spherical wave. In particular,
given an incoming linearly polarised plane electromagnetic wave (Ei) in a medium
of refractive index nm impinging on a particle of homogeneous refractive index
np, in a scattering problem, one wants to determine the electromagnetic field
inside the particle (Ep) and the scattered electromagnetic field (Es), both in the
near-field and in the far-field. Instead, panel (b) shows a model for a nanowire of
1 µm. It is composed by N = 10 spheres of radius 50 nm. The system shows a
cylindrical symmetry with respect to the direction of propagation z of the incident
beam. The region, within the red lines, is the one with the greatest focusing.

expression of the optical force in terms of incident and scattered fields is (Borghese et al.
2007a; Jones et al. 2015):

Frad =−1
4

εmr2
∮︂

Ω

[︃
|Es|2 +

c2

n2
m
|Bs|2 +2ℜ

{︃
Ei ·E∗

s +
c2

n2
m

Bi ·B∗
s

}︃]︃
r̂dΩ . (15)

Instead, the integration in Eq. (12) requires a well established origin. It is convenient to
choose a system of reference with origin located at the particle centre of mass and axes
coinciding with the particle principal axes of inertia, because this greatly simplifies the
study of the dynamics. Since r̂× I · r̂ ≡ 0, the last two terms in the Maxwell stress tensor
[Eq. (14)] do not give any contribution to the torque. Therefore, the resulting expression of
the torque is:

Trad =−εmr3

2
ℜ

{︃∮︂ [︃
(r̂ ·E)(E∗× r̂)+

c2

n2
m
(r̂ ·B)(B∗× r̂)

]︃
dΩ

}︃
. (16)

These are the starting points for the calculations of mechanical effects of light based on
light scattering theory.

3.2. The scattering problem and the T-matrix formalism. At this point, it is necessary
to solve the scattering problem aiming at describing the electromagnetic fields scattered
by a particle when it is illuminated by an incoming electromagnetic wave, if we want to
calculate the radiation forces and torques, Eqs. (11,12). For a homogeneous particle of
refractive index np in a medium of refractive index nm, the three-dimensional homogeneous
Helmholtz equations describe the scattering process. Here, the incident electric field Ei(r),
the scattered electric field Es(r), and the total electric field inside the particle Ep(r) are
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involved, as shown in Fig. (2a). Since any electromagnetic field can be described as a
superpositions of plane waves and Maxwell’s equations are linear, it suffices to consider the
scattering produced by a single linearly polarised incoming homogeneous plane wave in
which êi is the unit vector of the polarisation direction and ki = kmk̂i the real wavevector
along the incidence propagation direction, with km the wavenumber in the medium (Jones
et al. 2015). Es(r) = [Es,x(r), Es,y(r), Es,z(r)] satisfies the vector Helmholtz equation and
its Cartesian components must satisfy the scalar Helmholtz equation. The solution to this
equation satisfies the radiation condition at infinity (Stratton et al. 1941; Ishimaru 1991)
and the asymptotic form of the scattered field is a spherical wave:

Es(r) = Es(r, k̂s) = E0 f(k̂s, k̂i)
eikmr

r
, (17)

from which we define the normalised scattering amplitude, f(k̂s, k̂i). This can be written
as an expansion in terms of spherical harmonics, Ylm(k̂s). For example, thanks to the
asymptotic properties of the Hankel function (describing the scattered wave), hl(kmr), the
x-component is written as:

fx(k̂s, k̂i) = k−1
m ∑

lm
(−i)l+1Clm,x(k̂i) Ylm(k̂s) , (18)

where k̂s is the radial unit vector indicating the direction of the scattered wave, and the
amplitudes Clm,x(k̂i), which depend on the direction of the incident wave, are determined
by the boundary conditions at the surface of the particle.

From the scattering amplitude f(k̂s, k̂i) it is possible to derive all the other optical
properties. For example the extinction cross-section, σext = 4πℑ[f(k̂s = k̂i), k̂i) · êi)]/km,
defined through the optical theorem, the scattering cross-section, σscat =

∮︁
Ω
|f(k̂s, k̂i)|2dΩ,

and finally the absorption cross-section, σabs = σext −σscat, through the general relation
connecting light extinction, scattering, and absorption. The asymmetry of the scattering with
respect to the incoming wave direction and polarisation can be quantified by the asymmetry
parameters in the longitudinal direction of the incoming wave and in the transverse plane
(Borghese et al. 2007a; Jones et al. 2015).

Let us now consider a homogeneous electromagnetic plane wave where planes of equal
phase and of equal amplitude are mutually parallel to each other. Since it is finite at the
origin, it can be decomposed in J-multipoles (Jackson 1999; Borghese et al. 2007a). Its
radial function is the well known spherical Bessel function jl(kr) that ensures the finiteness
at the origin:

Ei(r, r̂) = E0 ∑
p=1,2

∑
lm

W (p)
i,lm(êi, k̂i)J

(p)
lm (kr, r̂) , (19)

where the label p is referred to the magnetic (p = 1) and electric (p = 2) multipole fields
(Fucile et al. 1997; Jackson 1999). Note that both multipoles contribute to the electric
field and both contribute also to the magnetic field. In this equation the J-multipole fields
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are written in terms of the vector spherical harmonics that are the solutions of the vector
Helmholtz equation (Borghese et al. 2007a; Jones et al. 2015):

⎧⎨⎩ J(1)lm (kmr, r̂) = jl(kmr) Z(1)
lm (r̂)

J(2)lm (kmr, r̂) =
i

kmr

√︁
l(l +1) jl(kmr) Ylm(r̂)−

1
kmr

[︃
jl(kmr)+ r

d jl(kmr)
dr

]︃
Z(2)

lm (r̂)

(20)

while the vector spherical harmonics are defined as⎧⎪⎪⎨⎪⎪⎩
Ylm(r̂) = Ylm(r̂)r̂

Z(1)
lm (r̂) = − i√︁

l(l +1)
r×∇Ylm(r̂)

Z(2)
lm (r̂) = Z(1)

lm (r̂)× r̂

(21)

where r is the radial distance and r̂ is the radial unit vector, while the polar angle ϑ and
the azimuthal angle ϕ can be expressed as functions of r̂. The radial component, Ylm(r̂),
only survives in the near-field region, while the transverse harmonics, Z(1)

lm (r̂) and Z(2)
lm (r̂),

regulate the far-field behaviour (Borghese et al. 2007a; Jones et al. 2015).
In analogy to the incoming field, the scattered wave is expanded in H-multipoles, whose

radial function is a spherical Hankel function hl(kr) of the first kind because the scattered
field has to satisfy the radiation condition at infinity (Ishimaru 1991):

Es(r, r̂) = E0 ∑
p=1,2

∑
lm

A(p)
s,lm(êi, k̂i)H

(p)
lm (kmr, r̂), (22)

where A(1)
s,lm and A(2)

s,lm are the amplitudes of the scattered electric field associated to the
magnetic and electric multipole expansion, respectively, and both contribute to the electric
field. They are determined by the boundary conditions across the surface of the particle and,
in the general case, they depend on the orientation of the scattering particle with respect
to the incident field. Taking the limit of the H-multipole fields for kr → ∞, we can obtain
the multipole expansion of the normalised scattering amplitude, from which the asymptotic
form of the scattered field is obtained (Borghese et al. 2007a).

At this stage we can introduce the transition matrix of the scattering particle as the
operator that, acting on the known multipole amplitudes of the incident field W (p)

i,lm, gives the
amplitudes of the scattered field. Because of the linearity of Maxwell’s equations and of
the boundary conditions, the scattering process can be considered as a linear operator T
(transition operator) so that

Es = T Ei , (23)

with Ei the incoming electric field and Es the scattered electric field. Therefore, if both Ei
and Es are expanded on suitable bases, it is possible to find a transition matrix T that relates
the coefficients of such expansions, encompassing all the information on the morphology
and orientation of the particle with respect to the incident field (Waterman 1971; Borghese
et al. 2007a). The elements of the T-matrix contain all the information on the nature of
the scatterer as well as on the boundary conditions imposed on the surface of the particle.
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When the position or orientation of the particle changes, its optical properties also change.
It is possible to apply the well-defined transformation properties (Mishchenko et al. 2002;
Borghese et al. 2007a) under translation and rotation of the T-matrix, related to the addition
(Borghese et al. 1980) and rotation theorems (Rose 1957; Borghese et al. 1984) of the vector
spherical harmonics, to calculate these optical properties. For example, these transformation
properties enable to calculate the orientational averages of the quantities of interest using a
non-excessive computational effort (Borghese et al. 1984; Khlebtsov 1992). Indeed, it is
sufficient to compute the elements of the T-matrix only for one orientation of the scatterer
with respect to the direction of the incident light and then the orientational average of the
quantity of interest is obtained from a simple geometrical average (Borghese et al. 1984;
Khlebtsov 1992).

Since Ei is in general finite at the origin, its expansion is conveniently given in terms
of J-multipoles [Eq. (19)] with amplitudes W (p)

i,lm. Since Es must satisfy the radiation
condition at infinity, it is convenient to expand it in terms of H-multipoles [Eq. (22)] with
amplitudes A(p)

s,lm. These amplitudes are determined by imposing the boundary conditions
across the surface of the scattering particle. Therefore, they are given by the transition
matrix T = {T (p′p)

l′m′lm} of the scattering particle that acts on the known multipole amplitudes

of the incident field W (p)
i,lm, i.e.,

A(p′)
s,η l′m′ = ∑

plm
T (p′p)

l′m′lm W (p)
i,η lm , (24)

where the label η recalls the polarisation of the incident fields. This polarisation label is
defined through a pair of mutually orthogonal unit vectors, ûη , such that û1× û2 = k̂i, where
k̂i is the direction of propagation of the incident field. The unit vectors ûη may be either
real (linear polarisation basis) or complex (circular polarisation basis). In the case of linear
polarisation, the subscripts η = 1,2 denote a polarisation parallel and perpendicular to a
fixed plane of reference through k̂i, respectively. Instead, in the case of circular polarisation
η = 1,2 denote left or right polarisation, respectively. Thus, Eq. (24) relates the basis-
polarised amplitudes of the incident and of the scattered field. The quantities T (p′p)

l′m′lm describe
the morphology of the particle as well as the boundary conditions. Furthermore, they are
independent of the state of polarisation of the incident field such as Eq. (24) holds true
whatever the polarisation is. Thanks to Eq. (24), the explicit relation between the scattering
amplitude and the T-matrix can be obtained:

fη ′η =− i
4πkm

∑
plm

∑
p′l′m′

W (p)∗
s,η ′lmT (p′p)

l′m′lmW (p′)
i,η l′m′ . (25)

This equation, giving the explicit relation between the scattering amplitude and the Transi-
tion matrix, is perhaps the most important equation in the theory of light scattering. In fact,
the observable quantities, such as the optical cross sections of the particles, are given in
terms of the scattering amplitude matrix elements, and so can be easily computed once the
T-matrix elements are known. We note that to get an accurate representation of the scattered
fields and of all the other observables, the sums related to the multipole expansion must be
extended to a sufficiently high value of the index l, i.e., a truncation index lM. This is chosen
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so that convergence of the calculated observable is reached within a desired accuracy (Iatì
et al. 2004).

4. Applications to model particles

The T-matrix method can be used to rigorously describe light scattering by many particle
models, specifically, homogeneous spheres, first described by Mie (1908), radially non-
homogeneous spheres, which is an extension of Mie theory to spheres where the refractive
index is a regular function of the distance from the center (Wyatt 1964), and aggregates or
cluster of spheres, where the T-matrix formalism proves to be a very powerful approach.

4.1. Mie theory. A milestone result in electromagnetic scattering theory is the complete
solution to the problem of light scattering of a linearly polarised plane wave by a homo-
geneous sphere of arbitrary radius a and refractive index np surrounded by a medium of
refractive index nm (Mie 1908). This result was obtained by Mie in 1908 and is therefore
known as Mie theory. If the material of the sphere and that of the surrounding medium
are non-magnetic, the boundary conditions reduce to the requirement of continuity of the
tangential components of both the electric and magnetic fields, where the latter is related to
the electric components by the curl operator. The relations between the amplitudes of the
scattered and of the incident fields represent the Mie coefficients, which are defined as:

al =−
A(2)

s,lm

W (2)
i,lm

, bl =−
A(1)

s,lm

W (1)
i,lm

, (26)

and they are used to calculate the exact expressions of the scattered electrical and magnetic
fields. Thus, the scattering problem is reduced to the calculations of these coefficients
through, e.g., the imposition of the boundary conditions across the particle surface or
by point matching numerically the fields at the surface (Borghese et al. 2007a). The T-
matrix formalism for a spherical scatterer provides the Mie coefficients. The T-matrix for
a homogenous spherical particle is diagonal, independent of m and connected to the Mie
coefficients al and bl , i.e.,

As =−RWi , (27)

where R = {−T (p′p)
l′m′lm}= {R(p′p)

l′m′lm} (Van de Hulst 1957) and

R(p′p)
l′m′lm =

⎧⎨⎩ bl p = p′ = 1 and l = l′ and m = m′

al p = p′ = 2 and l = l′ and m = m′

0 otherwise
(28)

Moreover, according to Eqs. (25) and (27) the scattering amplitude has the form:

fη ′η =
i

4πkm
∑
plm

W (p)∗
s,η lmR(p)

l W (p)
i,η ′lm . (29)

It is actually diagonal in η on account of the reciprocity theorem and the diagonal elements
fη ′η are complex numbers with a different phase, so that the scattered wave may turn out to
be elliptically polarised even when the incident wave is linearly polarised.
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4.2. Layered spheres. Wyatt (1964) extended Mie theory to the case of a radially sym-
metric sphere with radius R and complex refractive index np = np(r), where r is the radial
distance from the centre of the sphere. As for the Mie case, we expand the incident and
scattered fields in the region external to the sphere in terms of J-multipoles, with am-
plitudes W (p)

i,lm, and H-multipoles, with amplitudes A(p)
s,lm, respectively. Since the medium

inside the sphere is not homogenous, the internal fields do not satisfy two independent
Helmholtz equations as in standard (homogeneous sphere) Mie theory, but rather two cou-
pled equations dependent on the inhomogeneous refractive index. However, because of
the spherical symmetry of the particle, the internal fields can still be expanded in a series
of vector spherical harmonics (J-multipoles) by introducing two general radial functions,
Φl(r) and Ψl(r), regular at the origin, so that for any radial dependence of the refractive
index, Maxwell’s equations are satisfied. These radial functions can be found by numerical
integration. Thus, as for Mie theory, by imposing the boundary conditions and exploiting
the mutual independence of the vector spherical harmonics we obtain, for each l and m, four
equations among which the amplitudes of the internal fields W (p)

p,lm can be eliminated. The
amplitudes of the scattered field are finally obtained in terms of Riccati-Bessel functions
and Riccati-Hankel functions (Borghese et al. 2007a; Jones et al. 2015). The theory for
radially symmetric spheres is easily applied to layered spheres, i.e., spheres composed of
concentric homogenous layers of different refractive indices (Iatì et al. 2008; Amendola
et al. 2015; Spadaro et al. 2015).

4.3. Aggregates of spheres. The spherical scatterer model, on account of the ease of com-
putation, has been widely used in the scientific literature and in many fields of application.
However, the particles that are most commonly met in experiments are non-spherical and
the effects that stem from the lack of sphericity may be attenuated but never canceled, not
even by the use of an averaging procedure.

Several attempts were made to devise model for non-spherical particles such that the
optical properties could be calculated as exactly as possible, i.e., without resorting to any
approximation. The first real progress was marked by Bruning and Lo (1971), who devised a
technique to calculate the optical properties of linear chains of identical spherical scatterers.
The properties of this model were investigated by Peterson and Ström (1974) for general
geometry of the aggregation, whereas, the first application of the cluster model to the
description of real particles is due to Gerardy and Ausloos (1980). In this subsection, we
present the procedure devised by Borghese et al. (1984) for the calculation of the T-matrix
for a group of N, not necessarily equal, spheres whose mutual distances are so small that
they must be dealt with as one object. The geometry of such kind of scatterer is arbitrary
to a large extent, so that aggregates can be built to model particles of various shapes. The
surrounding medium is assumed to be a homogeneous dielectric so that the incident field
still has the form of a polarised plane wave whose multipole expansion is given by Eq. (19).
The spheres are numbered by an index α while Rα is the vector position of the center of the
α th sphere of radius aα and refractive index nα . Furthermore, the following theory refers to
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aggregates of spheres that, if isolated, could be described by Mie Theory. The field scattered
by the whole aggregate as the superposition of the fields scattered by each of the spheres is

Es,η = E0

N

∑
α=1

∑
plm

A
(p)

ηαlmH(p)
lm (km,rα) , (30)

where the amplitudes A
(p)

ηαlm should be calculated so that Esη satisfy the appropriate bound-
ary conditions at the surface of each of the spheres. The radiation condition at infinity is
automatically satisfied because the expansion includes H-multipole fields only. The field
within each sphere is taken in the form

Ep,ηα = E0 ∑
plm

C
(p)
ηαlmJ(p)

lm (kα ,rα) , (31)

where kα is the wavenumber for each sphere. Due to the presence of the J-multipole fields,
the field is regular everywhere within the sphere. While the scattered field is given by a
linear combination of multipole fields that have different origins, the incident field is given
by a combination of multipole fields centered at the origin of the coordinates. Since the
boundary conditions must be imposed at the surface of each of the spheres, e.g., of the α th
sphere, the whole field can be rewritten in terms of multipole fields centered at Rα , resorting
to the addition theorem (Borghese et al. 1980). At this stage, using the same technique for
homogeneous spheres, the boundary conditions can be imposed. Once this elimination is
done, a system of linear nonhomogeneous equations is obtained such as

∑
α ′

∑
p′l′m′

M
(pp′)
αlmα ′l′m′A

(p)
ηαlm =−W

(p)
i,ηαlm , (32)

where new coefficients have been defined as

W
(p)

i,ηαlm = ∑
p′l′m′

W (p′)
i,η l′m′J

(pp′)
αlm0l′m′ (33)

M
(p,p′)
αlmα ′l′m′ = (R(p)

αl )
−1

δαα ′δpp′δll′δmm′ +H
(pp′)

αlmα ′l′m′ . (34)

In the last equation, the quantities R(p)
αl are the Mie coefficients [Eq. (28)] for the scattering

from the αth sphere. The matrix H describes the multiple scattering processes that, in
view of the small mutual distance, occur with noticeable strength among the spheres of
the aggregate. The amplitudes of the scattered field are calculated by solving the system
of Eq. (32). Furthermore, the elements H

(p,p′)
αlmα ′l′m′ of the transfer matrix couple multipole

fields both of the same and of different parity with origin on different spheres. Then, the
formal solution to the system of Eq. (32) is

A
(p)

ηαlm =− ∑
p′l′m′

[︁
M−1]︁(pp′)

αlmα ′l′m′ W
(p′)

i,ηα ′l′m′ . (35)

This equation may lead to the conclusion that matrix M−1 be the T-matrix of the aggregate.
This conclusion is incorrect however, because, according to Eq. (24), the T-matrix relates
the multipole amplitudes of the incident field to those of the field scattered by the whole
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object. On the contrary, Eq. (35) relates the amplitudes of the incident field to those of
the fields scattered by each sphere in the aggregate. In order to define the T-matrix for the
whole aggregate it is necessary to express the scattered field in terms of multipole fields
with the same origin. Actually, with the help of the addition theorem, the scattered field can
be cast into the form

Es,η = E0 ∑
plm

[︄
∑
α ′

∑
p′l′m′

A
(p′)

ηα ′l′m′J
(pp′)

0lmα ′l′m′

]︄
H(p)

lm (km,rα)

= E0 ∑
plm

A(p)
η lmH(p)

lm (km,rα), (36)

which is valid at a large distance from the aggregate or, at least, outside the smallest sphere
with center at R0 that includes the whole aggregate. The preceding equation shows that the
field scattered by the whole cluster can be expanded as a series of vector multipole fields
with a single origin provided that the amplitudes are

A(p)
η lm = ∑

α ′
∑

p′l′m′
A

(p′)
ηα ′l′m′J

(pp′)
0lmα ′l′m′ . (37)

Then, the T-matrix of the aggregate can be defined in a compact form as

T (pp′)
lml′m′ =− ∑

αα ′
∑

qLM
∑

q′L′M′
J

(pq)
0lmαLM

[︁
M−1]︁(qq′)

αLMα ′L′M′ J
(q′p′)

αL′M′0l′m′ . (38)

The T-matrix defined in the preceding equation has the correct transformation properties
under rotation, although it is non diagonal as a consequence of the lack of spherical
symmetry of the aggregate.

5. Radiation force and torque in the T-matrix formalism

We can finally introduce the optical force [Eq. (11)] and torque [Eq. (12)] using the
asymptotic properties of the vector Helmholtz harmonics and the T-matrix formalism, which
has been discussed above. This is particularly useful and computationally effective because
it is possible to exploit the rotation and translation properties of the T-matrix to obtain
at once optical forces and torques for different positions and orientations of the trapped
particles (Nieminen et al. 2001; Saija et al. 2005b; Borghese et al. 2006; Simpson and
Hanna 2006; Borghese et al. 2007c; Simpson and Hanna 2007; Borghese et al. 2008; Saija
et al. 2009; Nieminen et al. 2011).

5.1. Optical force and torque due to a plane wave. An important case is the calculation
of the optical force Frad exerted by a linearly polarised plane wave on a particle. After some
substitutions and mathematical steps, Mishchenko et al. provided the force originated from
the scattering process of a linear polarised plane wave by a spherical homogeneous particle
(Mishchenko 2001). On the other hand, when we deal with scatterers more complex than
the single homogeneous sphere, such as radially symmetric non-homogeneous scatterers
or cluster, the expression of the radiation force should be rewritten in terms of T-matrix
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formalism. Therefore, along the direction of a unit vector û, i.e., Frad(û) = Frad · û can be
obtained, such as:

Frad(û) =−
εmE2

0
2k2

m
ℜ

{︄
∑
plm

∑
p′l′m′

il−l′ I(pp′)
lml′m′(û)

[︂
A(p)∗

s,lm A(p′)
s,l′m′ +W (p)∗

i,lm A(p′)
s,l′m′

]︂}︄
, (39)

in which the expansions of the incident [Eq. (19)] and scattered waves [Eq. (22)] are
substituted in terms of multipoles taken in the asymptotic limit (r → ∞) (Jones et al. 2015).
Furthermore, the amplitudes W (p)∗

i,lm of the incident field and the amplitudes A(p)
s,l′m′ of the

scattered field are given by Eq. (24) or Eq. (35) in terms of the elements of the T-matrix,
and the coefficients I(pp′)

lml′m′(û) are integrals:

I(pp′)
lml′m′(û) =

∮︂
Ω

(r̂ · û) ip−p′ Z(p)∗
lm (r̂) ·Z(p′)

l′m′(r̂)dΩ , (40)

that can be expressed in closed form (Borghese et al. 2007c) as:

I(pp′)
lml′m′(û) =

4π

3 ∑
µ=−1,0,1

Y ∗
1µ(û)K

(pp′)
µ;lml′m′ , (41)

where the unit vectors are expressed in terms of spherical harmonics through:

K(pp′)
µ;lml′m′ =

∮︂
Ω

Y1µ(r̂)ip−p′Z(p)∗
lm (r̂) ·Z(p′)

l′m′(r̂)dΩ

=

√︃
3

4π
C1(l′, l; µ,m−µ)O(pp′)

ll′ , (42)

in which in turn

O(pp′)
ll′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√︄
(l −1)(l +1)

l(2l +1)
l′ = l −1 and p = p′

− 1√︁
l(l +1)

l′ = l and p ̸= p′

−

√︄
l(l +2)

(l +1)(2l +1)
l′ = l +1 and p = p′

0 otherwise

and C1(l′, l; µ,m− µ) are Clebsch-Gordan coefficients. The force expressed by Eq. (39)
can be separated into two parts, i.e.,

Frad(û) =−Fscat(û)+Fext(û) , (43)

where

Fscat(û) =
εmE2

0
2k2

m
ℜ

{︄
∑
plm

∑
p′l′m′

A(p)∗
s,lm A(p′)

s,l′m′ il−l′ I(pp′)
lml′m′(û)

}︄
(44)

and

Fext(û) =−
εmE2

0
2k2

m
ℜ

{︄
∑
plm

∑
p′l′m′

W (p)∗
i,lm A(p′)

s,l′m′ il−l′ I(pp′)
lml′m′(û)

}︄
. (45)
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Fscat(û) depends on the amplitudes A(p)
s,lm of the scattered field only, while Fext(û) depends

both on A(p)
s,lm and on the amplitudes W (p)

i,lm of the incident field. This dependence is analogous
to that on the scattering and extinction cross-sections for the force exerted by a plane wave
(Mishchenko 2001), hence the subscript of the two components.

A similar procedure can be used to obtain the expression of the torque that can be split
into an extinction and a scattering term (Borghese et al. 2006, 2007b). Thus, for the axial
z-component, Trad,z = Trad · ẑ = Text,z −Tscat,z, we have that:

Trad,z =−
εmE2

0
2k3

m
∑
plm

mℜ

{︂
W (p)

i,lmA(p)∗
s,lm

}︂
⏞ ⏟⏟ ⏞

extinction

−
εmE2

0
2k3

m
∑
plm

m|A(p)
s,lm|

2

⏞ ⏟⏟ ⏞
scattering

, (46)

where we have explicitly distinguished the extinction and scattering contributions. This
relation, obtained by Borghese et al. (2006, 2007b), is a generalisation of the results
obtained by Marston and Crichton (1984) for a spherical particle illuminated by circularly
polarised light, where the longitudinal component of the torque is simply proportional to
the absorption cross section, σabs:

Trad,z =± I0

ω
(σext −σscat) =± I0

ω
σabs (47)

in which ± sign is related to the left-handed of right-handed polarisation of the incident
circularly polarised light, respectively. In a similar way, the transversal components of the
radiation torque, i.e., Trad,x = Trad · x̂ and Trad,y = Trad · ŷ, can be obtained (Borghese et al.
2006; Jones et al. 2015):

Trad,x =−
εmE2

0
4k3

m
∑
plm

ℜ

{︂
s(−)

lm W (p)
i,l,m+1A(p)∗

s,lm + s(+)
lm W (p)

i,l,m−1A(p)∗
s,lm

}︂
⏞ ⏟⏟ ⏞

extinction

−
εmE2

0
4k3

m
∑
plm

ℜ

{︂
s(−)

lm A(p)
s,l,m+1A(p)∗

s,lm + s(+)
lm A(p)

s,l,m−1A(p)∗
s,lm

}︂
⏞ ⏟⏟ ⏞

scattering

(48)

and

Trad,y =−
εmE2

0
4k3

m
∑
plm

ℑ

{︂
−s(−)

lm W (p)
i,l,m+1A(p)∗

s,lm + s(+)
lm W (p)

i,l,m−1A(p)∗
s,lm

}︂
⏞ ⏟⏟ ⏞

extinction

−
εmE2

0
4k3

m
∑
plm

ℑ

{︂
−s(−)

lm A(p)
s,l,m+1A(p)∗

s,lm + s(+)
lm A(p)

s,l,m−1A(p)∗
s,lm

}︂
⏞ ⏟⏟ ⏞

scattering

(49)

where s(−)
lm =

√︁
(l −m)(l +1+m) and s(+)

lm =
√︁

(l +m)(l +1−m) .
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5.2. Optical forces due to a focused beam. With this theoretical background, we can now
calculate the radiation forces in an optical trap created by a laser beam focused by a high
numerical aperture (NA) objective lens. In order to calculate the multipole amplitudes W̃ (p)

i,lm
of a focused beam, the expansion of the focused beam around the focal point is (Neves et al.
2006; Borghese et al. 2007c; Jones et al. 2015):

Ef(x,y,z) =
ikt f e−ikt f

2π

θmax∫︂
0

sinθ

2π∫︂
0

Eff,t(θ ,ϕ)ei[kt,xx+kt,yy]eikt,zz dϕ dθ , (50)

in which f is the focal length, kt is the transmitted wavevector, and each plane wave
transmitted through the objective lens Eff,t(θ ,ϕ) can be expanded into multipoles according
to Eq. (19). Therefore, the amplitudes of the focused field are

W̃ (p)
i,lm(P) =

ikt f e−ikt f

2πE0

θmax∫︂
0

sinθ

2π∫︂
0

Ei(θ ,ϕ)W (p)
i,lm(k̂i, êi) eikt·P dϕ dθ , (51)

where the centre around which the expansion is performed is considered displaced by a
translation vector P with respect to the focal point O and the amplitudes W̃ (p)

i,lm(P) define
the focal field and can be numerically calculated once the features of the optical system are
known. Now, the expression for the radiation force along the direction of a unit vector û, i.e.,
Frad(û) = Frad · û, which we can define as Borghese’s equations, can be obtained through
the knowledge of the scattered amplitudes Ã(p)

s,lm, e.g., by using the T-matrix [Eqs. (24)]
(Borghese et al. 2007c):

Frad(û) =−
εmE2

0
2k2

m
ℜ

{︄
∑
plm

∑
p′l′m′

il−l′ I(pp′)
lml′m′(û)

[︂
Ã(p)∗

s,lm Ã(p′)
s,l′m′ +W̃ (p)∗

i,lm Ã(p′)
s,l′m′

]︂}︄
. (52)

In other words, from the expression for the plane wave [Eq. (39)], the force in the Eq. [52]
is obtained by changing W (p)

i,lm → W̃ (p)
i,lm(P) and A(p)

s,lm → Ã(p)
s,lm (Borghese et al. 2007c).

6. Size scaling in optical trapping of nanowires

Size scaling is crucial in the study of nanoscience (Wolf 2015). It characterises solid state
systems for many applications in the most different research fields (Alivisatos 1996). Many
particularly interesting properties of materials and interactions change dramatically with size
(Gudiksen et al. 2002). Much progress has already been done in the synthesis, assembly, and
fabrication of nanomaterials, and, equally important, toward a wide variety of technological
applications (Dick 2008). The properties of materials with nanometric dimensions are
significantly different from those of atoms or bulk materials, and the appropriate control of
such properties have led to new science as well as new products, devices, and technologies
(Wolf 2015). The size scaling properties of optical forces help us to understand the important
features of optical trapping in a wide size range and their comparison with experiments.

Nanowires have attracted considerable interest within the scientific community as an
innovative material with applications in nanotechnology (Huang et al. 2001). They are
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defined as structures with a high aspect ratio, being characterised by two spatial dimensions
in the range of tens of nanometers and the third one on a much longer scale, typically
micrometers. Moreover, due to their very large surface-to-volume ratio, nanowires can
lead to strongly enhanced surface effects as compared to bulk materials. Their extreme
geometry, combined, in the case of semi-conducting nanowires, with important intrinsic
physical properties, leads to a wide range of novel physical applications. Because of their
potential technological importance, the ability to manipulate, characterise and integrate
nanowires on an individual basis is highly desirable, and optical trapping provides an ideal
platform to achieve these aims (Irrera et al. 2011; Reece et al. 2011). The possibility of
investigating the structural (Wang et al. 2013), optical (Nakayama et al. 2007; Dutto et al.
2011), and thermal (Roder et al. 2014; Smith et al. 2015) properties of individual nanowires
in optical tweezers has been investigated in recent years. In this context, the role of their
elongated shape on optical forces (Borghese et al. 2008; Trojek et al. 2012), and dynamical
stability (Simpson and Hanna 2012) has been studied. From the experimental point of view,
the dynamics of non-spherical particles in optical traps can be quite complex (Maragò et al.
2008, 2010a; Irrera et al. 2011; Donato et al. 2012; Simpson 2014; Irrera et al. 2016; Donato
et al. 2018). For example, elongated particles align, on average, with the optical (z-)axis of
the trap due to the optical torque and show small angular thermal fluctuations about their
stability axis that can be measured together with optical aligning torques (Maragò et al.
2008; Irrera et al. 2011). Moreover, the occurrence of transverse optical forces (Saija et al.
2005b; Simpson 2014) yielding a translation-rotation coupling in non-spherical particles
can result in a regular biased orbital motion that has been the subject of intense research
(Neves et al. 2010; Simpson and Hanna 2010; Mihiretie et al. 2014; Irrera et al. 2016; Toe
et al. 2016). Thus, it is of crucial importance to have a better theoretical understanding of
the optical forces and torques acting on these nanosystems in optical tweezers and their
scaling with size.

Here, we consider model nanowires structured as linear chains of homogeneous non-
absorbing latex nanospheres (Borghese et al. 2008). Despite their simplicity these model
linear dielectric particles can grasp most of the optical trapping features related to the shape
and geometry of the problem. Moreover, latex particles are a standard example of polymer
particles that are commonly used in optical tweezers experiments(Neves et al. 2010; Jones
et al. 2015; Polimeno et al. 2018). We focus our attention only on nanowires aligned along
the direction of propagation of the incident field (z) with the aim to investigate their length
scale behaviour. This is justified by the fact that the optical torque aligns the nanowires
along the axial propagation direction (Borghese et al. 2008) as also experimentally observed
on average (Irrera et al. 2011; Reece et al. 2011). Following the philosophy adopted for
the previous case of the sphere, we model the trapping of a linear particle cluster by a
laser beam with fixed wavelength λ0 = 830 nm and numerical aperture NA= 1.3. We are
interested, once again, in the calculation of the optical forces and in particular on how
the trap stiffnesses scale as a function of the nanowire length, L. Each sphere composing
the linear cluster has refractive index np(λ0 = 830 nm) = 1.57 (Sultanova et al. 2013)
and is immersed in water (nm = 1.33). The radius of the single sphere is fixed at 50 nm
because the idea is to model a linear structure that grows along the longitudinal direction,
z, up to the microscale and remains fixed at the nanoscale in the xy transverse plane. The
calculation is conducted for different lengths and, by adding the spheres, we work in a range
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FIGURE 3. Trapping efficiencies (Qx,Qy,Qz) for a nanowire composed by latex
(np = 1.57) spheres immersed in water (nm = 1.33) in the transverse, x - y, and
longitudinal z, directions, as function of displacement in the same directions from
the location of the paraxial focus. The considered linear clusters have half-length
L/2: 50 nm (a), 300 nm (b), 600 nm (c), 1400 nm (d). The focal spot is obtained
overfilling an objective lens with NA= 1.30.

in which the half-length of the cluster, L/2, spans from 50 nm (a single sphere) to 1500 nm
(corresponding to 30 spheres in the cluster). In Fig. (2b) an example of this arrangement is
sketched, where we consider a nanowire composed by N = 10 spheres.

Given the complexity of the scatterer, which has only cylindrical symmetry with respect
to the longitudinal direction of the incident beam, the T-matrix method performs very well
thanks to its high precision and calculation speed. Thus, the incident and scattered fields
are expanded in a series of vector spherical harmonics with amplitudes W

(p)
i,lm and A

(p)
s,lm,

respectively given by Eq. (35). Then, as seen in Subsection 4.3, the elements of the transition
matrix T (p′p)

l′m′lm are calculated by the inversion of the matrix of the linear system, obtained
by imposing the boundary conditions to the fields across the surface of the scatterer [see
Eq. (35)]. As in the previous single sphere case, the incident fields of the scattering problem
are the focal fields calculated in the angular spectrum representation [Eq. (50)]. Finally,
optical forces and trapping properties are obtained through the Maxwell tensor as described
in the Subsection 3.1. Convergence has been carefully checked and we adopted a truncation
of the multipole expansion index lM = 8 for nanowire half-lengths L/2 between 50 nm and
500 nm (N = [1−10]) while lM = 15 for L/2 between 600 nm and 1.5 µm (N = [12−30]).

6.1. Optical force components, trap stiffnesses, and size scaling. We have computed
the (x,y,z) components of the optical force on the points of a grid employed with specified
resolution. These components are calculated in a micron-sized range, [−1.2 µm, 1.2 µm],
around the paraxial nominal focus of the beam. So, we can plot the force as a function of
particle displacement in each spatial direction, x,y,z. The trapping position of the particle
in the longitudinal (z) direction is typically offset from the centre of the grid because of the
’pushing’ effect of the optical scattering force. To calculate the force on the particle at the
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FIGURE 4. Optical trap stiffnesses, κx (a), κy (b), κz (c), for a nanowire composed
of latex (np = 1.57) spheres immersed in water (nm = 1.33) in the transverse, x
(a) - y (b), and longitudinal z (c), directions, as a function of the half-length L/2 of
the linear cluster. The dimension of the considered aggregate spans in the interval
[50 nm - 1500 nm] or, in other words, between number of spheres N [1−30].

equilibrium position, the z (longitudinal) coordinate at which the axial force vanishes must
first be found. The force plots in the transverse directions (x,y) can then be calculated. It is
often convenient to calculate the dimensionless force (trapping) efficiencies (Polimeno et al.
2018) along the three cartesian directions, Qi = cFi/nmP with i = x,y,z.

We present in Fig. (3) the results of the computation of the cartesian components of the
optical force efficiencies for nanowires with half-length L/2 = [50 nm, 300 nm, 600 nm,
1400 nm]. Consequently, in Fig. (4), we have shown the optical trap stiffnesses, κx, κy, κz,
as a function of the half-length of the linear cluster. In Fig. (3) we investigate an interval
of length spanning from the nano- to the microscale. We can immediately notice how in
Figs. (3a; 3b; 3c), for short length of the scatterer, the graphs present the typical maximum
and minimum that is maintained at the same positions for the transverse, x,y, directions,
while it moves approximately with the edges of the nanowire for the axial, z, direction.
Consequentially, the linear cluster is trapped at an equilibrium position in proximity to the
nominal focus with a small dissipative scattering force. It is at the ends of the nanowire that
a greater trap efficiency is developed in z and, given the particular cylindrical symmetry of
the aggregate with respect to the direction of incidence of the beam, the equilibrium point is
set at the midpoint of the nanowire. In this regard, heuristic considerations are reported by
Simpson and Hanna (2012), while experimental demonstrations were obtained by Irrera
et al. (2011). As can be expected, when the length of the nanowire grows to such an extent
that it is no longer completely contained in the high intensity region of the laser spot, the
trap efficiencies collapse towards zero showing the flat pattern of Fig. (3d).

Now let us analyze the trap constant size scaling behaviour as the length of the nanowire
varies. We plot these trends in Figs. (4a-c). We observe two different trends for κx, Fig. (4a),
and κy, Fig. (4b), in the transverse plane, and κz, Fig. (4c), along the longitudinal direction.
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FIGURE 5. Comparison of the optical trap stiffness, in logarithmic scale, κz,
between a nanowire, composed by latex (np = 1.57) spheres, and a single sphere,
immersed in water (nm = 1.33), as a function of the dimension, d, corresponding
to the half-length, L/2, for the nanowire and the radius, a, for the sphere. The
dimension spans in the interval [50 nm - 1400 nm]. The two curves have in
common a maximum at about 300 nm, corresponding to the maximum overlap
of particle volume with the diffraction limited laser spot. The main difference is
in the size scaling. In fact, for small size the stiffness of the sphere scales as d3

while for the nanowire as d. For large size the stiffness of the sphere scales as
d−1, while for the nanowire decreases as d−3.

The transverse stiffnesses show a linear growth at short length that saturates when the length
reaches the axial spot size optimizing the optomechanical interaction when the nanowire
overlaps the laser spot high intensity region in the axial direction. In other words, the
contribution to the transverse spring constants of the spheres composing the linear cluster
outside the interaction region, determined by the diffraction limited laser spot, is negligible.

Instead, the size scaling behaviour of the axial stiffness, κz, can appear with a similar
trend to the one for a single sphere. As we can see in Fig. (5), the two axial graphs have
in common the occurrence of the maximum around 300 nm because, as in the case of a
single sphere, the linear aggregate at this particular value has a length comparable with
the axial size of the high intensity spot. On the other hand, the main difference between
optical trapping of the two model particles lies in the size scaling. Here we directly compare
the size scaling for the two model systems by plotting the axial spring constants for the
nanowire as a function of the half-length, d = L/2, and for the sphere as a function of its
radius, d = a. The stiffness of the nanowire grows linearly for short length, κz ∝ d, while for
the spheres we recall the cubic growth, κz ∝ d3. This is justified in dipole approximation by
the one-dimensional geometry of the nanowire growth in contrast to the three-dimensional
geometry of the sphere growth. For large length, instead, the axial spring constant decreases
in a hyperbolic cubic manner, κz ∝ d−3, in contrast to the hyperbolic scaling for the sphere,
κz ∝ d−1. This asymptotic scaling behaviour for nanowires is in agreement with analytical
calculations provided by Simpson and Hanna (2012), while experimental evidence of the
size scaling in the optical trapping of silicon nanowires has been studied by Irrera et al.
(2011).
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7. Conclusions

In this work we have reviewed the theory of optical forces and investigated theoretically
the optical trapping of model dielectric nanowires. The theoretical framework we used
is based on the formalism of the transition matrix in light scattering as applied to the
calculation of optical forces and torques through the Maxwell stress tensor. This approach
is accurate and efficient, especially when dealing with the modelling of optical tweezers,
i.e., mechanical effects of a tightly focused laser beam.

We studied the role of particle size and shape on optical forces and optical trapping in
a systematic way. They play a key role on characterising the confining optical potential,
trap strength, and trap shape. We have considered size-increasing latex nanowires aligned
with the optical axis z and modelled as a linear aggregate of nano-spheres (Borghese et al.
2008). We calculated their optical trapping properties from the nano- to the mesoscale,
considering the optical restoring forces, trap spring constants, and analyzing their size
scaling behaviour. At the nanoscale, we discussed the linear, ∼ d, size scaling of optical trap
spring constant κz as expected by simple calculations in dipole approximation (Simpson
and Hanna 2012). In contrast, for long nanowires, we obtain a saturation to a constant
value in the transverse plane with respect to the light propagation direction and a scaling
of ∼ d−3 in the axial propagation direction. Finally, we compared these results with the
optical trapping properties of latex spheres enlightening the role of shape in the size scaling
of optical trapping.
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