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ABSTRACT. In this article the photosynthetic process is described from a qualitative
dynamic point of view. After a brief and mesoscopic description of the chemical process,
the related chemical reactions will be discussed by a mathematical point of view at a
mesoscopic level, in agreement with the chemical kinetics theory. The behavior of the
concentrations of all the chemical species involved in this process will be described and
some new interesting relations among the kinetic constants will be found.

1. Introduction

The purpose of this paper is to describe one of the most important process for life in
our planet: the conversion of solar energy into photochemical energy necessary to turn
water and carbon dioxide into sugar and oxygen. The chlorophylline photosynthesis can be
summarized with the rough chemical relation 6CO2 +6H2O+energy−→ C6H12O6 +6O2,
behind which there is a complex net of chemical reactions. It is not easy to find a complete
and unitary description of these reactions at a mesoscopic scale: we have therefore summa-
rized synthetically them in Section 2 by recalling, in an economic and hopefully clear way,
as we found them in various articles and books (Govindjee and Rabinowitch 1969; Nelson
and Cox 2014; Fotosintesi clorofilliana 2018).

Since the 60s a complete chemical theory that explains thoroughly this process has been
developed: this theory provides two systems, called Photosystem I (PSI) and Photosystem II
(PSII), in which the conversion of sunlight into energy takes place (Kok 1959; Hiroshi et al.
1963). This energy catalizes reactions such as the splitting of water into oxygen (one of the
final substances) and ions H+, followed by an electron transport chain and by a synthesis of
new chemical species which lead to the production of the other final substance, the sugar
(Baltimore et al. 2000).

Afterwards, by using the chemical kinetics theory, this process will be rewritten as a
system of 15 non linear ordinary differential equations that will be solved using a reduction
technique based on the notion of first integral. This allows us to decrease the dimension of
the differential system: the more first integrals are known, the more the size of the space
is reduced. With some other considerations on asymptotically attractive surfaces, explicit
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A5-2 F. MAGNABOSCO AND F. CARDIN

solutions will be obtained for all the equations, thus the behavior of the concentration of
every chemical species involved will be fully described. After this, we will point out that
our approach allows us to establish interesting new relations among the kinetic constants of
the reactions. This is rather important, since as it is well known the value of the involved
kinetic constants is largely unknown (Hallen and Rundberg 2000; Cardin and Moro 2007;
Rubin and Riznichenko 2014).

2. The chemical model for the photosynthesis

2.1. A brief history. The description of the photosynthetic process has taken several years
to be satisfactorily completed even though many microscopic and quantum aspects are not
yet well understood. First important results were obtained in 1957 by Robert Emerson
(Emerson 1957, 1958) and his co-workers who announced the discovery of the enhancement
effect, also called Emerson effect, which occurs in the oxygen evolution when the light
absorbed by a photosystem (afterwards identified with Photosystem I) is added to the light
absorbed by another photosystem, the Photosystem II. This assumption had been confirmed
by the large amount of experiments that Emerson concluded (Emerson and Rabinowitch
1960), and it suggested the new idea that two light reactions must occur in two photosystems.
In 1960 Govindjee and Rabinowitch (Govindjee et al. 1960a; Govindjee et al. 1960b)
concluded some experiments that suggested the presence of different spectral forms of
chlorophyll a (Chl a) in the two photosystems. The longer wavelength forms (absorbing at
wavelengths greater than 685nm) were found only in one photosystem, whereas the shorter
wavelength forms (absorbing around 670nm) were found mostly in the other photosystem.

In 1960, Hill and Bendall (Hill and Bendall 1960) published an important paper in which
they presented a representative scheme for photosynthesis which, in a modified form, is
now known as the Z-scheme. This model, entirely based on thermodynamic arguments,
described the idea of the two light reactions, but the concept of two photosystems, based
on enhancement effect, was added later (Govindjee and Govindjee 2000). Due to some
experiments performed by Duysens et al. (Duysens et al. 1961), it was suggested that the
long wavelength forms of Chl a should be predominant in Photosystem I (PSI), whereas the
other system, Photosystem II (PSII), should contain more short wavelength forms of Chl a
and other accessory pigments.

In the following years this model has been improved, but the concept of two photosystems
and two light reactions remains strongly settled (Govindjee and Krogmann 2004; Govindjee
et al. 2017).

2.2. Description of photosynthesis. The entire process takes place in the chloroplasts,
helical structures enclosed by a double layer of membrane. The inner part of this membrane,
the stroma, contains the thylakoids where the central part of photosynthesis, called light-
dependent reactions, occurs. This step needs to be catalysed: an external boost must be
provided to the system, and this boost comes from the sunlight energy. When the light-
dependent reactions are over then the light-indipendent reactions (or dark reactions) are
triggered into the stroma.

2.2.1. Light-dependent reactions. Along the thylakoids membrane there are two multipro-
tein complexes: Photosystem I and Photosystem II. Their function is to absorb sunlight and
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turn it into chemical energy. Both photosystems have two related components: the antenna
which contains light absorbing pigments, and the reaction center formed by proteins clusters
and molecules of Chl a. Studies have confirmed that each photosystem contains about 3000
pigments (Govindjee 1975). Different pigments absorb different wavelengths among the
spectrum of the visible, and at each wavelength correspond a different amount of energy, in
agreement with Planck’s Law E = hc

λ
, where c is the light speed, h is the Planck constant

and λ the wavelength. This stored energy is transported through the molecules until it
reaches the reaction center, where the real photosynthetic process begins. Here, the energy
excites the electrons in chlorophyll molecules which pass from their fundamental state to
an highly unstable state. These molecules, now excited, have to return to their initial state
yielding their excited electron to some acceptors, triggering an electron transport chain.
This loss of one electron by chlorophyll molecules must be immediately repaired.

What follows is a schematic description of what happens step by step:
Photosystem II: the reaction center of PSII is mostly formed by Chl a that absorbs maximum
wavelengths of 680nm (orange light), hence these molecules are called P680. The energy
here stored after the photons absorption is enough to allow one electron for each molecule to
pass to the next orbit (we say that the electron has done a quantum leap). The P680 molecule
passes to its excited state P680∗ but, because of its high instability, the electron involved in
the quantum leap is transferred to another molecule. Now, the oxidized molecule P680+

recovers its missing electron from water molecules that split into ions H+ and oxygen
O2, releasing electrons. Thus, the chlorophyll molecule returns to its original state P680,
whereas oxygen is produced and then released in the external environment.
First electrons transport chain: electrons released by P680∗ are collected from the electron
carriers that bring them to the reaction center of Photosystem I (PSI).
Photosystem I: the photons absorption occurs as in PSII with the only difference that in PSI
the chlorophyll molecules are able to absorb wavelengths of 700nm, therefore called P700.
Here, the oxidized molecules P700+ replace their missing electron with the ones released
by PSII and transported by the first electron transport chain, reducing into their intial state
P700.
Second electrons transport chain: electrons released by P700∗ are transported by the electron
carriers into the site where the reduction of NADP+ into NADPH occurs.
ATP synthesis (or Phosphorylation): along the thylakoids membrane there is an enzyme
called ATP-synthase whose task is to allow for the transition of ions H+ produced during
hydrolysis from the inner of the membrane to the external. This allows the synthesis of
ADP and Pi into ATP.

2.2.2. Light-independent reactions. These reactions, also called Calvin cycle, occur even
in absence of light, unlike the light dependent reactions, and they need an input of carbon
dioxide CO2 from the external to be triggered. CO2 molecules then react with ions ATP,
NADPH (produced during the light-dependent reactions) and water, releasing a 3-carbon
sugar (G3P) and regenerating ADP, NADP+ and ions H+. The 3-carbon sugar produced,
whose chemical formula is C3H7O6P, is the starting point for the synthesis of other carbo-
hydrates. Some of this G3P is used to continue the cycle, but some other is available for
molecular synthesis and is used to make fructose diphosphate. The fructose diphosphate is
then used to make glucose, sucrose, starch and other carbohydrates.
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2.3. Chemical reactions of Photosynthesis. In 1963 Kamen (Kamen 1963) suggested a
description of the photosynthetic process as a partition into three Eras (reactions written in
a box will be the definitive ones):

(1) Era of Radiation Physics: 10−15 sec to 10−6 sec during which excitation processes,
physical migration and trapping of excitation energy occur. The related chemical
reactions are the following:

Chl+hν −→ Chl∗ (Excitation) (1)

Chl∗+Chl−→ Chl+Chl∗ (Excitation energy transfer) (2)

Chl∗ −→ Chl+hν
′ (Fluorescence) (3)

where Chl are the chlorophyll molecules at their initial state, whereas Chl∗ the
excited molecules. Reaction (3) describes the phenomenon of fluorescence that
occurs when excited chlorophyll molecules return to their initial state releasing
a photon with a wavelength (ν ′) that, in general, has nothing to do with the one
that excited the molecules (ν). Generally, only 3% of stored energy is used by
fluorescence.

(2) Era of Photochemistry: 10−10 to 10−3 sec in which processes as separation of
charges or primary oxidant-reduction reactions occur. The primary redox reactions
can be expressed in three different ways, as below:

D ·T∗ ·A−→

⎧⎪⎨⎪⎩
D+ ·T ·A−

D ·T+ ·A− −→ D+ ·T ·A−

D+ ·T− ·A−→ D+ ·T ·A−
(4)

where D stands for “donor", A for “acceptor" and T for “energy trap" (that cor-
respond to the PSI or PSII reaction center). Nevertheless, these reactions can’t
be considered as true chemical reactions, but they only represent the transfer of
electrons between a donor and an acceptor, with the mediation of the reaction center
that provides the necessary energy for this transition.

(3) Era of Biochemistry: 10−4 to 10−2 sec in which electron carriers and enzyme are
involved, leading to oxygen evolution and CO2 fixation. The chemical reactions
are the following:

D+ ·T ·A−+ 1
2

NADP++H+ −→ D+ ·T ·A+
1
2

NADPH+
1
2

H+

(Reduction of NADP+) (5)

D+ ·T ·A+
1
2

H2O−→ D ·T ·A+
1
4

O2 +H+(Oxygen evolution) (6)

D+ ·T ·A−+ADP+Pi −→ ATP+D ·T ·A (Phosphorylation) (7)

3CO2 +6NADPH+9ATP+5H2O→ G3P+6NADP++9ADP+8Pi +3H+

(Calvin cycle) (8)

As said above, acceptors A donors D and energy traps T will not be treated as common
chemical species and the chemical reactions will be rewritten in such a way as to omit the
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writing of these fictitious substances. An observation has now to be done about the Era
of Radiation Physics. If reaction (1) describes the process of absorption, the other two
describe the opposite phenomenon in which the excited molecules return to their initial state.
Reactions (2) and (3), together, provide the energy necessary to trigger the remaining part
of photosynthetic process. They also describe the phenomenon of fluorescence that requires
about the 3% of the available energy. In the model that will be here described, reactions (2)
and (3) will be included into the main reactions (from (5) to (8)). The same will be done for
reaction (7), as it occurs by exploiting the energy released by reaction (5).

2.4. Analysis of reactions. From a mesoscopic point of view, the chemical reactions
presented above will be now analyzed one by one.
NADP+ REDUCTION: in the term D+· T · A− on the left hand side of reaction (5) an
electron is missing from the donor while the acceptor has an extra one. After the reaction
has occurred, the donor is still missing an electron (D+) whereas the acceptor has turned
back to its initial state (A). The extra electron must have been released and immediately
used by the reaction, thus an electron must be added among reagents. As this reaction
occurs in Photosystem I, that contains mainly molecules of chlorophyll P700, reactions (1)
to (3) can be rewritten in this way:

P700+hν1 −→ P700∗ (9)

P700∗+P700−→ P700+P700∗ (10)

P700∗ −→ P700+hν
′
1 (11)

The two reactions (10) and (11) can be joined into equation (5), that describes the NADP+

reduction and that supplies the energy necessary to trigger the phenomenon of phosphory-
lation, whose reaction can be more easily reformulated as ADP+Pi −→ ATP. This will be
incorporate into eq. (5) as well, thus the final reaction, after a proper balancing, will be the
following:

2NADP++4H++4e−+3ADP+3Pi +4P700∗ −→
2NADPH+2H++3ATP+4P700+hν

′
1

(12)

where ν ′1 indicates the frequency of fluorescence radiation emitted by chlorophyll P700.
OXYGEN EVOLUTION: by the same arguments as above, the presence between reagents

of the term D+· T ·A and of the term D · T ·A among the products can be replaced with
the writing of one electron between the products of reaction (6). As this reaction occurs in
Photosystem II, where the presence of P680 predominates, equations (1) to (3) assume the
following aspect:

P680+hν2 −→ P680∗ (13)

P680∗+P680−→ P680+P680∗ (14)

P680∗ −→ P680+hν
′
2 (15)

and the overall reaction for oxygen evolution becomes

2H2O+4P680∗ −→ 4e−+O2 +4H++4P680+hν
′
2 (16)
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CALVIN CYCLE: reaction (8) does not need any manipulation because it shows up
already in a proper form.

Hence, we have written a system of chemical reactions that describes mesoscopically the
photosynthetic process and this system will be subsequently revisited from a mathematical
point of view, according to chemical kinetics theory.

3. Chemical Kinetics Theory

This theory has the purpose to describe the dynamic of a set of chemical reactions in a
reactive system, under proper conditions. The system under consideration has to be closed,
homogeneous, isothermic (with a fixed temperature T which in our case correspond to the
environment one) and in mechanic equilibrium.

The fundamental parameters in the description of a reactive system are the concentrations
[α] := nα

V of the several chemical species α involved in at least one of the reactions, where
nα represents the number of moles involved in the system, and V is the volume. These
concentrations must be considered as time-dependent functions [α]t where the dependence
on time is uniquely determined by the variation of nα , being the volume supposed to be
constant.

3.1. One reaction model. The easier situation of a single reaction will now be taken in
consideration. Let’s consider the following reaction

(−νA)A + (−νB)B −→← νC C + νD D (17)

By convention, the stoichiometric coefficients of reagents νA and νB are supposed to be
negative, whereas the products coefficients νC and νD are positive. This allows to write the
conservation law in the form

∆nα

να

=
∆nβ

νβ

(18)

that reduces to one the number of unknown functions, simplifying considerably the analysis
of the problem.

We can now define the extent of reaction ζ (t) := nα (t)−nα (0)
να

as the variable that describes
the variation of the number of moles of a chemical species respect to its initial state, scaled
with its stoichiometric coefficient. This quantity is completely independent from the choice
of the chemical species α , thanks to the conservation law (18), and it allows to define the
concentration referred to the extent of reaction

c(t) :=
ζ (t)
V

(19)

that will be used to describe the time dependence of the concentrations as follows:

[α]t = [α]0 +να c(t) (20)

where [α]0 is the initial concentration of the species α . Hence, it is sufficient to specify the
time dependence of the concentration c(t) to determine the evolution of the kinetic process
through the concentrations of the chemical species. With this purpose, it is convenient
to define the reaction rate v(t) as the time derivative of the concentration referred to the
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extent of reaction c(t). This quantity might be defined also through the variation of the
concentration of one species α , accordingly to eq. (20):

v(t) :=
dc(t)

dt
=

1
να

d[α]t
dt

(21)

We can assume that the reaction rate, in fixed thermodynamic conditions, depends only
on instant concentrations of reagents and products: v(t) = f ([A]t , [B]t , [C]t , [D]t). The
kinetic law f is characterized by the reaction under consideration and its determination
is purely phenomenological. Taking into account both eq. (20) and eq. (21), we can
write ċ(t) = f

(
[A]0 +νAc(t), . . . , [D]0 +νDc(t)

)
= F

(
c(t)

)
that is an ordinary differential

equation of first order, with initial condition c(0) = 0. The knowledge of the kinetic laws
for a system of chemical reactions is necessary to provide information about the course of
the reactions. In this mesoscopic description there are no general methods to determine
such functions, that could be deduced experimentally or through a molecular description,
but this is beyond the purpose of the paper.

In our mesoscopic description, we will consider irreversible reactions that proceed until
at least one of the reagents vanishes, since it has been empirically observed that for this
kind of reactions the kinetic laws can assume simpler forms. Sometimes, but not necessary,
the reaction rate might be directly proportional to reagents concentrations powers

v(t) = f ([A]t , [B]t , [C]t , [D]t) = k[A]mA [B]mB (22)

with mA and mB the orders of reaction respectively of reagent A and B, whereas their sum
is called global order of reaction. The coefficient k is called reaction rate constant and it
depends on the thermodynamic conditions of the system. Usually it is written as follows:

(−νA)A + (−νB)B
k−→ νC C + νD D (23)

There is no relation between the orders of reaction and the stoichiometric coefficients
since these are not uniquely defined, whereas the orders of reaction are fixed parameters,
experimentally determined. To simplify our discussion, we will consider unitary the order
of reaction of every reagent involved in our chemical system.

Consider now the chemical reaction A+B−→ P to which we can associate the kinetic
law v = k[A]t [B]t , then according to eq. (21) the related differential equations can be written
as follows, being νA = νB

d[A]t
dt

=
d[B]t

dt
= νB

dc(t)
dt

=−k[A]t [B]t
d[P]t

dt
= νP

dc(t)
dt

= k[A]t [B]t (24)

3.2. Many reactions model. Considering now the situation of a system with more than
one chemical reaction depending one to each other, we want to describe the corresponding
system of ordinary differential equations obtained from the kinetic law of each reaction.

A system with K chemical reactions is given, involving M reactive species that will be
indicated with αm for m = 1,2, . . . ,M and each species has its stoichiometric coefficient
νk

αm for k = 1,2, . . . ,K related to the k-th reaction.

(−ν
k
α1
)α1 + · · ·+(−ν

k
αn)αn −→ ν

k
αn+1

αn+1 + · · ·+ν
k
αM

αM , k = 1, . . . ,K (25)
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where if the m-th chemical species does not react in the k-th reaction then its coefficient
νk

αm is vanishing. The convention according to which the reagents coefficients are negative
and the products ones are positive still holds.

Through the definition of the concentration ck(t) according to eq. (19), we can obtain a
time dependent function for the concentrations of every chemical species involved in the
system [αm]t = [αm]0 +∑

K
k=1 νk

αmck(t) where m = 1,2, . . . ,M and the initial concentrations
are supposed to be known.

Deriving [αm]t with respect to the time, it can be noticed that each reaction contributes
independently of the others to determine the rate of change of the concentration of the m-th
chemical species

d[αm]t
dt

=
K

∑
k=1

(d[αm]t
dt

)
k

(26)

where
( d[αm]t

dt

)
k = νk

αmvk(t), according to equations (21).

4. The differential equations of Photosynthesis

Before proceeding in the description of the differential system for the photosynthesis, it
is necessary to introduce some notions that will be useful for future considerations.

4.1. Einstein model on the radiation-matter interaction (Moro 2007). Consider a sys-
tem of N isolated molecules that admit only two energy levels E0 (fundamental state) and
E1 (excited state) and that interact with each other through an electromagnetic radiation of
frequency ν and energy density ρ(ν). Three processes might occur: the absorption, sponta-
neous emission or stimulated emission of a photon with energy hν (h is the Planck constant)
that implies the transition of one molecules through the two energy levels available.

If spontaneous emission occurs it means that one molecules passes from the excited state
N∗ to its fundamental state N with emission of a photon, independently from any radiation.
The reaction is: N∗ −→ N +1 photon. Since the conservation principle holds, here in the
form N(t)+N∗(t) = cost, applying the chemical kinetic to the previous reaction, we obtain
the differential equation dN

dt = − dN∗
dt = −A21N∗ with A21 the reaction rate constant for

spontaneous emission.
Absorption occurs when one molecule at its fundamental state N absorbs one photon.

The reaction is: N+n photons−→ N∗+(n−1) photons, which is related to the differential
equation dN

dt =−B12Nρ(ν) where ρ(ν) represents the energy density of the electromagnetic
radiation.

It might occur also the stimulated emission that is exactly the revers process of absorption.
Its reaction is: N∗+(n−1) photons−→ N +n photons. The related differential equation
has the form dN

dt = B21N∗ρ(ν).
The sum of the contributions of these three different processes gives a differential

equation that describes the Einstein model:

dN
dt

=−A21N∗−B12Nρ(ν)+B21N∗ρ(ν ′) (27)

4.2. Kinetic of Photosynthesis. Applying all the considerations made so far to the chemi-
cal reactions written in Section 1, we will now discuss the kinetic of the photosynthesis. To
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this aim, we have to consider equations (13), (9), (16), (12), (8) and we have to associate
to each of them the reaction rate constant ki with i = 1, . . . ,5. The variation of chlorophyll
concentration is regulated by Einstein model, since these molecules are involved in pro-
cesses of absorption and emission of photons. It must be remarked also that a conservation
law must hold in the form

d
dt

(
[Chl]+ [Chl∗]

)
= 0 (28)

This can be rewritten as [Chl]+[Chl∗]=3000, being 3000 the average number of molecules
in every photosystem, as it has been established during the large amount of experiments
that have been led in the 60s. Adapting eq. (27) to the chlorophyll concentration we obtain
the following differential equation

d[Chl]
dt

=−A21[Chl∗]−B12[Chl]ρ(ν)+B21[Chl∗]ρ(ν ′) (29)

where if we replace the generic term “Chl" with [P680] or [P700] and ν , ν ′ with ν1, ν ′1
or ν2, ν ′2 then it describes the variation of chlorophyll molecules in Photosystem II or I
respectively. Since the two formulations are totally equivalent, we keep studying the general
form (29) for which we will find a solution, suitable for both the photosystems PSII or PSI.
By exploiting the conservation law, this differential equation can be rewritten as a function
of only [Chl] as follows

d[Chl]
dt

= 3000
(
−A21 +B21ρ(ν ′)

)  
c1

−[Chl]
(
−A21 +B21ρ(ν ′)+B12ρ(ν)

)  
c2

(30)

with initial condition [Chl]0=3000 since initially all the chlorophyll molecules are at their
fundamental state. Solving the Cauchy problem thus obtained, we find the following
expression for the concentration of Chl

[Chl]t =
c1

c2
− e−c2t

(c1

c2
−3000

)
(31)

with the constants c1 and c2 that depend on the photosystem under consideration. Through
this expression for [Chl], we can easily deduce the concentration of excited chlorophyll
molecules [P680∗] and [P700∗], in agreement with the conservation law seen above.

[Chl∗]t = 3000− [Chl]t =
(

3000− c1

c2

)(
1− e−c2t) (32)

To have a clearer idea of the course of these concentrations it is necessary to establish a sign
for the two coefficients c1 and c2. We can immediately observe that the concentration of a
chemical species, in general, must be positive and, in this particular case, less or equal than
3000. If we suppose c2 = 0 then the differential equation (30) becomes ˙[Chl] = c1 whose
solution is [Chl]t = c1t + 3000 but taking the limit for t → ∞ we have that [Chl]→±∞

and this is not acceptable. Whereas, if c1 = 0, then [Chl] remains constant with respect to
time but this means that there is no excitation of any molecule and this is not our case. If
we suppose, instead, that c1 = 3000c2 then from eq. (31) we deduce that [Chl]t = 3000
for every t but we have already seen that this can not happen, since it would mean that no
excitation of molecules occurs. When c2 < 0 then, taking the limit for t→ ∞ of eq. (31), it
results that [Chl]t →±∞ and, again, this case has to be excluded. The only situation that
remains possible is that c2 > 0: in this case the limit for t→ ∞ of the concentration [Chl]t
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is c1/c2 that is a finite quantity. We can deduce that c1 must be positive too, since [Chl]t
must be greater than 0 for every t.

For the remaining reactions ((16), (12), (8)) we can directly apply the chemical kinetic
theory presented in Section 2. In order to do this we have to define the kinetic laws that,
supposing unitary the orders of reaction of every chemical species and according to (22),
can be written as below, where v1 and v2 are not considered since they concern reactions (9)
and (13) which have been treated above by the means of Einstein model.

v3(t) = f3 = k3[H2O][P680∗]

v4(t) = f4 = k4[NADP+][H+][e−][ADP][Pi][P700∗]

v5(t) = f5 = k5[CO2][NADPH][ATP][H2O] (33)

Hence, from eq. (26), it can be obtained a system of differential equations with 11 unknown
concentrations ([P680], [P680∗], [P700] and [P700∗] are already known)

d[H2O]

dt
=−2k3[H2O][P680∗]−5k5[CO2][NADPH][ATP][H2O] (34)

d[O2]

dt
= k3[H2O][P680∗] (35)

d[e−]
dt

= 4k3[H2O][P680∗]−4k4[NADP+][H+][e−][ADP][Pi][P700∗] (36)

d[ADP]
dt

=−3k4[NADP+][H+][e−][ADP][Pi][P700∗]+9k5[CO2][NADPH][ATP][H2O] (37)

d[Pi]

dt
=−3k4[NADP+][H+][e−][ADP][Pi][P700∗]+8k5[CO2][NADPH][ATP][H2O] (38)

d[ATP]
dt

= 3k4[NADP+][H+][e−][ADP][Pi][P700∗]−9k5[CO2][NADPH][ATP][H2O] (39)

d[NADP+]

dt
=−2k4[NADP+][H+][e−][ADP][Pi][P700∗]+6k5[CO2][NADPH][ATP][H2O] (40)

d[NADPH]

dt
= 2k4[NADP+][H+][e−][ADP][Pi][P700∗]−6k5[CO2][NADPH][ATP][H2O] (41)

d[H+]

dt
= 4k3[H2O][P680∗]−2k4[NADP+][H+][e−][ADP][Pi][P700∗]

+3k5[CO2][NADPH][ATP][H2O]
(42)

d[CO2]

dt
=−3k5[CO2][NADPH][ATP][H2O] (43)

d[G3P]
dt

= 3k5[CO2][NADPH][ATP][H2O] (44)

where the initial concentrations at t = 0, corresponding to the instant of time in which the
first photon absorption occurs, are

[H2O]0 = h0; [CO2]0 = b0; [ADP]0 = ad p0; [Pi]0 = p0; [NADP+]0 = nad p0

[O2]0 = [e−]0 = [H+]0 = [NADPH]0 = [ATP]0 = [G3P]0 = 0 (45)

Such a choice of initial data is reasonable since it is necessary to provide the system with
a certain amount of water and carbon dioxide so that the entire process occurs, whereas
substances as ADP, Pi and NADP+ can be already found inside the system so they must have
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a positive initial concentration. All the remaining substances are products of the process and
for them an initial positive concentration is not required, thus we can assume it to be zero.

Denote with X : R15→ R15 the vector field to which our dynamics is associated ẋ(t) =
X(x). This ode system corresponds to the equations (34)-(44) and to the further four
equations for [P680], [P680∗] , [P700] and [P700∗] which are summarized jointly by
equation (29) on the basis also of the conservation law (28). Four of these concentrations
are already known from (31) and (32), whereas an explicit expression for the remaining
eleven concentrations is still to be found. In order to do this, we can find some first integrals
which will reduce the dimension of the system.

By equations (43) and (44) it is clear that d[CO2]
dt + d[G3P]

dt = 0 from which the relation

[CO2]+ [G3P] = [CO2]0 +[G3P]0 = b0 (46)

Other similar relations hold among equations (40)-(41) and (37)-(39)

[NAPD+]+ [NADPH] = nad p0 [ADP]+ [ATP] = ad p0 (47)

By these first integrals we can avoid studying ADP, NADP+ and G3P concentrations since
they can be more easily deduced from [ATP], [NADPH] and [CO2].

We can now study the concentration of every remaining chemical species.
ELECTRON CONCENTRATION: from the chemical reactions describing the photosyn-

thetic process, it can be noticed that electrons are involved in a mechanism of production
and consumption, respectively by reactions (16) and (12). Therefore we can assume van-
ishing the component X[e−]([H2O], . . .) of the vector field X associated to the electrons
concentration. This stationary condition for [e−] proposes an expression for the unknown
[e−] belonging to the surface, which is a local attractor for the solutions, obtained as a graph
of the following function g:

[e−] = g([H2O], . . .) =
k3[H2O][P680∗]

k4[NADP+][H+][ADP][Pi][P700∗]
(48)

It can be proved that this is a local attractor by computing its Taylor series of first or-
der X[e−] = −2k4[NADP+][H+][ADP][Pi][P700∗]([e−]− g)+O2. Since k4 > 0 and every
concentration is a positive quantity, the coefficient is negative. Therefore if the electron
concentration [e−] is above the surface g then d[e−]

dt < 0, otherwise if [e−]< g then d[e−]
dt > 0.

Hence the electron concentration converges towards the surface g, which must be a local
attractor.

In the approximation X[e−] = 0 the differential equations associated to [H+], [ATP] and
[NADPH] become:

d[H+]

dt
= 2k3[H2O][P680∗]+3k5[CO2][NADPH][ATP][H2O]

d[ATP]
dt

= 3k3[H2O][P680∗]−9k5[CO2][NADPH][ATP][H2O]

d[NAPDH]

dt
= 2k3[H2O][P680∗]−6k5[CO2][NADPH][ATP][H2O] (49)

from which the first integral

2
d[ATP]

dt
−3

d[NAPDH]

dt
= 0 (50)
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NADPH CONCENTRATION: with the same arguments as above, we can obtain an expression
for [NADPH] by assuming vanishing its component of the vector field X . Hence [NADPH]
belongs to the local attractive surface obtained as the graph of the following function m:

[NADPH] = m([H2O] . . .) =
k3[H2O][P680∗]

3k5[CO2][ATP][H2O]
(51)

According to eq. (50)

[ATP] =
3
2
[NADPH] =

√
k3

2k5

[P680∗]
[CO2]

(52)

By equations in (47) then [ADP] = ad p0− [ATP] and [NADP+] = nad p0− [NADPH].
The approximation X[NADPH] = 0 allows to rewrite some differential equations as follows:

d[H+]

dt
= 3k3[H2O][P680∗]

d[H2O]

dt
=−11

3
k3[H2O][P680∗] (53)

d[Pi]

dt
=−1

3
k3[H2O][P680∗]

d[CO2]

dt
=−k3[H2O][P680∗] (54)

From these new expressions, a lot of new first integrals can be easily identified which let
now to study explicitly [H+], [Pi], [CO2] and [O2]:

11
3

d[H+]

dt
+3

d[H2O]

dt
= 0 −11

d[Pi]

dt
+

d[H2O]

dt
= 0

−11
3

d[CO2]

dt
+

d[H2O]

dt
= 0

d[O2]

dt
+

d[CO2]

dt
= 0 (55)

WATER CONCENTRATION: by the differential equation related to water in eq. (53) we
have to solve the following Cauchy problem, after denoting with h(t) the water concentra-
tion: {

ḣ(t) =− 11
3 k3h(t)[P680∗]

h(0) = h0
(56)

which solution is h(t) = h0eα(t+ 1
c2

e−c2t− 1
c2
), being α =− 11

3 k3
(
3000− c1

c2

)
. It can be noticed

that taking the limit for t→+∞ then h(t)→ 0 as the constant α defined above is negative.
With this explicit solution for water concentration, the concentrations of ions H+, Pi and
CO2 can now be deduced by relations in (55):

[H+] =
9

11
(h0− [H2O]) (57)

[Pi] = p0−
1

11
(h0− [H2O]) (58)

[CO2] = b0−
3

11
(h0− [H2O]) (59)

By combining eq.(59) with the first integrals related to O2 and G3P, we also have

[O2] = [G3P] =
3
11

(h0− [H2O]) (60)
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4.3. Discussion. We will now discuss the results obtained so far.

4.3.1. Chlorophyll concentration at the fundamental or excited state. Before photon absorp-
tion occurs, all the chlorophyll molecules in both the photosystems are at the fundamental
state, whereas during light exposition these molecules begin to change their state into the
excited one. Since during the photosynthetic process, emission phenomena occur, some
excited molecules return to their initial state but since this happens with a very low rate, the
number of molecules at the fundamental state has to be almost vanishing. All of these facts
are summarized by the two equations (31) and (32) that supply an idea for the number of
excited and not excited molecules that will be found in the system at the end of the entire
process: limt→+∞ [Chl∗] = 3000− c1

c2
≃ 3000, limt→+∞ [Chl] = c1

c2
≃ 0.

4.3.2. Water H2O. We have provided the system with the minimum water quantity, h0,
necessary to conclude the process, hence it should be completely spent by the process.
One would expect that water concentration will be vanishing and in fact limt→+∞ h(t) = 0,
where h(t) is the explicit solution for water concentration, clearly always positive as it is an
exponential function.

4.3.3. Oxygen O2. Oxygen is one of the final products of photosynthesis which is released
by the splitting of water in the first step of the process. By taking the limit for t→+∞ of
eq. (60) we can deduce that, supplying an initial water concentration h0, only 3/11 of it will
be transformed into oxygen whereas the remaining water concentration will be available
for the other reactions. Equation (60) is consistent with the fact that we are dealing with
chemical concentrations, in fact it must hold that [CO2]t ≥ 0 for every t > 0 and, as the
water concentration is decreasing in time, this condition is always verified.

4.3.4. Ions H+. Ions are released during the splitting of water but then they are immediately
consumed from reaction (12). During the same reaction half of them is regenerated (half of
the quantity of ions that react in (12) is returned), but ions are also released by Calvin Cycle.
Therefore this concentration, that has a vanishing initial value, is increasing, as proved by
eq. (57) whose limit for t→+∞ means that 9/11 of initial water concentration is used for
the production of ions. The consistency of equation (57) can be justified with the same
arguments of oxygen concentration.

4.3.5. Electrons. Electrons are produced after the splitting of water, but then they are
immediately consumed from reaction (12) to convert NADP+ into NADPH and to combine
ADP with Pi into ATP. Therefore their concentration must remain almost vanishing into the
system, and in fact limt→+∞ [e−] = 0.

4.3.6. Phosphate Pi. In reaction (12) 3 phosphate molecules react with 3ADP and other
substances, releasing 3ATP. The Calvin Cycle will then use 9ATP and one molecule of
phosphate to create the 3-carbon sugar G3P, releasing eight Pi molecules. This suggests two
facts: the phosphate concentration must be decreasing in time, and the relation 3v5 = v4
must hold as the Calvin Cycle uses three times the ATP produced by reaction (12). The
decreasing of [Pi] is confirmed by equation (58) whose derivatives is 1

11
d[H2O]

dt < 0. Equation
(58) shows off also that the phosphate concentration inside the system at the end of the
photosynthetic process will be p0− 1

11 h0. This suggests that the initial concentration of
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A5-14 F. MAGNABOSCO AND F. CARDIN

phosphate needed by the systems is, at least, 1
11 h0 otherwise the process can not proceed. To

check the equality 3v5 = v4 the definition of the rate reaction given in eq. (33) and equations
(48) and (51) must be reminded. By simple substitutions, it results k3 = k3 which is always
verified. Thus the relation between the two rate reactions is valid.

4.3.7. Carbon dioxide CO2. Carbon dioxide is one on the fuel-substances of the photosyn-
thetic process and it must be provided the system with a certain initial amount b0. Since it is
not produced by any reaction but it is only consumed, its concentration must be decreasing
in time. This is confirmed by equation (59), by which limt→+∞ [CO2] = b0−h03/11. As
before, the condition of consistency must hold. Here: b0 ≥ h03/11, otherwise the process
does not trigger.

4.3.8. 3-carbon sugar G3P. With oxygen, this is one of the final products of photosynthesis
given by the Calvin cycle as a consequence of the reaction of CO2 with other substances as
NADPH, ATP and H2O. Therefore its concentration will increase and from eq. (60) we can
deduce that 3/11 of initial water concentration convert into sugar.

4.3.9. NADPH. This chemical species is produced by reaction (12) but then it is totally
consumed by the dark reaction to release sugar and NADPH+. Since these two reactions
occur in a small time interval, NADPH concentration can be considered overall vanishing,
hence it should be [NADPH]≃ 0. The equation (52) allows to rewrite the relation (51)

as [NADPH] =
√

2k3
9k5

[P680∗]
[CO2]

and, by all the considerations made so far about [Chl∗] and

[CO2], [NADPH]→
√

1000
3

k3
k5

1
2b0−h0

that has to be vanishing. This is possible in two cases:
k5 >> k3 or 2b0 >> h0. Since we want to supply the minimum carbon dioxide quantity b0
necessary to end the process, we can assume that b0 ≃ 3

11 h0, hence necessarily k5 >> k3
(further considerations about the reaction rate constants are difficult to find through this
mesoscopic analysis of the process).

4.3.10. NADP+. On the contrary of NADPH, NADP+ is consumed by reaction (12) but
then released in the same quantity by Calvin Cycle. Thus its concentration remains overall
constant and equal to its initial value nad p0, as confirmed by the equation [NADP+] =
nad p0− [NADPH] since [NADPH]≃ 0.

4.3.11. ATP. This substance is released by reaction (12) and then consumed by Calvin
Cycle to release sugar, ADP and phosphate. The behavior of ATP concentration is equivalent
to the NADPH one, hence it has to be vanishing. Since relation (50) holds, then all the
considerations above for NADPH are suitable for ATP too.

4.3.12. ADP. As NADP+, this substance is used by reaction (12) and produced by Calvin
Cycle. Since the equation [ADP] = ad p0− [ATP] holds and [ATP] is vanishing, then [ADP]
remains overall constant.
Finally, we have seen that the set of vanishing points for the vector field X is not a topo-
logically discrete set, but a continuous and asymptotically attractive one, obtained by the
intersection of the attractive surfaces found. Further investigations on the above setting,
would allow to translate the given explanation into a more meaningful dynamic description,
with a natural stationary input-output flow of reaction matter and energy.
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