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EVOLUTION OF TZITZEICA HYPERSURFACES

CONSTANTIN UDRIŞTE a∗ , IONEL ŢEVY a AND ALI SAPEEH RASHEED a

ABSTRACT. Our aim is to study the evolutions of Tzitzeica hypersurfaces which appear
in understanding the dynamics of some geometric programming problems and reliability
optimal allocation problems. Section 2 analyses the convexity of a Tzitzeica hypersurface.
Sections 3−6 refer to standard Tzitzeica hypersurfaces and their evolutions by convenient
geometrical flows: (i) evolution along the normal vector field, (ii) infinitesimal normal
transformation of a Tzitzeica hypersurface, (iii) evolution along a centro-affine vector field,
and (iv) evolution along an affine vector field. Sections 7−8 include results on the Tzitzeica
law in economics and the evolution of Tzitzeica surfaces described by PDEs: (v) Tzitzeica
hypersurfaces as invariants w.r.t. excess demand flow; (vi) parametric Tzitzeica surfaces
based on PDEs and their evolutions.

1. Introduction and motivation

The nature of hypersurface changes and how the hypersurface evolves with time, in the
differential geometry sense, is not yet entirely known. Generally, the mechanism of hyper-
surface evolution in a differential process is investigated through changes in hypersurface
profiles with process time.

Hypersurface processing tools and techniques are widespread in computer graphics, ani-
mation, medical imaging, computer aided modeling, and computer vision (Morigi 2010). In
recent years, there has been an increasing interest in hypersurface deformation (motion) gov-
erned by geometric PDEs. Our paper introduces a new approach to modelling geometrical
flows of contours and hypersurfaces having in view future topics in optimization problems.
Differential evolution has shown to be very efficient when solving global optimization
problems with simple bounds. In this paper, we propose a modified constrained differential
evolution based on different Tzitzeica constraints handling techniques, namely, feasibil-
ity and dominance rules, especially for geometric programming and reliability optimal
allocation (Udrişte et al. 2017).

In Sections 2−8 we are interested both in the original forms and in the ending forms,
beneficial to some optimization problems.
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2. Convexity of Tzitzeica hypersurfaces

The Tzitzeica surfaces theory is well-known (Tzitzéica 1907; Udrişte et al. 2004; Agnew
et al. 2010). The constant level sets ∏

n
i=1 xi = c attached to the function

f : Rn → R, f (x) =
n

∏
i=1

xi, x = (x1, ...,xn),

are Tzitzeica hypersurfaces in Rn. Each of these hypersurfaces reduces to: union of 2n−1

disjoint and closed sets if c ̸= 0, union of coordinate hyperplanes if c = 0.

Proposition 2.1. (Udrişte et al. 2016) The Tzitzeica hypersurface ∏
n
i=1 xi = c is convex.

Proof. Since

∂ 2 f
∂x2

i
= 0,

∂ 2 f
∂xi∂x j

=
c

xix j
,

we find

d2 f = 2 f ∑
i< j

dxi

xi

dx j

x j
= c

⎛⎝( n

∑
i=1

dxi

xi

)2

−
n

∑
i=1

dx2
i

x2
i

⎞⎠ .

The restriction of this Hessian to the tangent plane c ∑
n
i=1

dxi
xi

= 0, i.e.,

d2 f =−c

(
n

∑
i=1

dx2
i

x2
i

)
is negative definite. Consequently, the second fundamental form is positive definite. □

3. Normal evolution of Tzitzeica hypersurfaces

The monographs by Evans (2010), Morigi (2010), and Antontsev and Shmarev (2015)
offer the reader a treatment of the theory of evolution PDEs. The monographs by Udrişte
(1994), Udrişte et al. (2004), and Calin and Udrişte (2014) contain related topics. All of
these suggested the following ways of deformation.

In relation to deformation of Tzitzeica surfaces, we have to say from the beginning what
is well-known (Tzitzéica 1907, 1909): the Tzitzeica property is preserved only by affine
transformations and centro-affine ones.

3.1. Steepest increase lines. Let f (x) = ∏
n
i=1 xi be the Tzitzeica function. The gradient

vector field ∇ f =
(

f
xi

)
has two properties: (i) shows at every point (x1, ...,xn) the direction

and the sense of steepest increase of f ; (ii) is orthogonal to the constant level sets of f
(Tzitzeica hypersurfaces). These are the field lines of ∇ f , i.e., the solutions of the ODE
system dxi

dt = c
xi
, i= 1, ...,n. Since x1dx1 = ...= xndxn = cdt, the steepest increase orbits are

intersections of hyperbolic hyper-cylinders x2
2 − x2

1 = c2, ...,x2
n − x2

1 = cn (see first integrals).
The field ∇ f is solenoidal, and consequently its flow conserves the volume.
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3.2. Evolution along the normal vector field. Let us consider the Tzitzeica hypersurface
f (x) = x1 · · ·xn = c and the vector field N = ∇ f with the components

(
c
x1
, ..., c

xn

)
. Along

the given Tzitzeica hypersurface, the field N is a normal vector field.

Theorem 3.1. A normal deformation of a Tzitzeica hypersurface x1 · · ·xn = c can be written
as

(x2
1 −2ct)(x2

2 −2ct) · · ·(x2
n −2ct) = c2.

Proof. The evolution of the surface f (x) = c along the direction of the vector field N,
i.e., with respect to a parameter t ∈ [0,ε), is made taking into consideration the extension
(variation) function F (x1, ...,xn, t), solution of the Cauchy problem

∂F

∂ t
=−(N,∇F ), F (x1, ...,xn,0) = f (x1, ...,xn)− c.

Explicitly, the PDE is
∂F

∂ t
+

c
x1

∂F

∂x1
+ ...+

c
xn

∂F

∂xn
= 0,

with the characteristic system

dt
1

= x1
dx1

c
= ...= xn

dxn

c
.

We use the first integrals (general solution of the characteristic system)

x2
1 = 2ct + c1,x2

2 − x2
1 = c2, ...,x2

n − x2
1 = cn.

Let Φ : Rn → R be an arbitrary C1 function. Then

F (x1, ...,xn, t) = Φ(x2
1 −2ct,x2

2 − x2
1, ...,x

2
n − x2

1),

together with the initial data

F (x1, ...,xn,0) = f (x1, ...,xn) = x1 · · ·xn − c.

The condition
Φ(x2

1,x
2
2 − x2

1, ...,x
2
n − x2

1) = x1 · · ·xn − c

implies

Φ(y1,y2, ...,yn) =
√

y1(y2 + y1) · · ·(yn + y1) − c.

We find the solution

F (x1, ...,xn, t) =
√
(x2

1 −2ct)(x2
2 −2ct) · · ·(x2

n −2ct) − c

and the result follows. □

The normal deformation of a Tzitzeica hypersurface is not a Tzitzeica hypersurface since
the deformation is realised by the diffeomorphism yi = x2

i −2ct, i = 1, ...,n, which is not a
centro-affine one.
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Remark 3.1. (i) The evolution Hamilton-Jacobi PDE

∂F

∂ t
=±(∇xF ,∇xF )

describes the movement of the surface F (x1, ...,xn; t) = 0 along its normal vector field
±∇xF .

(ii) Let F(x, t). The ODE dx
dt (t) = ∇xF(x(t), t), gives the PDE

d
dt

F(x(t), t) = ||∇xF ||2 + ∂F
∂ t

.

Consequently, the hypersurfaces in the evolution (i) are first integrals of ODE (ii).

4. Infinitesimal normal transformation of Tzitzeica hypersurface

Our aim is to deform a Tzitzeica hypersurface x1 · · ·xn = c by infinitesimal transformation
associated to its normal vector field N =

(
c
x1
, ..., c

xn

)
. Between the deformed hypersurfaces

there exist one which is Tzitzeica?

Theorem 4.1. The infinitesimal transformation of the normal flow deforms the Tzitzeica
hypersurface x1 · · ·xn = c into the hypersurface

n

∏
i=1

yi ±
√

y2
i −4ct

2
=C.

Proof. The infinitesimal transformation produced by the normal vector field N is

y1 = x1 + t
c
x1
, ...,yn = xn + t

c
xn
, x1 · · ·xn = c, t ∈ [0,ε).

One determines x1, ...,xn (one reverses the infinitesimal transformation),

xi =
yi ±

√
y2

i −4ct

2
, i = 1, ...,n

(positive roots) and we introduce in the first equation. □

These new hypersurfaces are obtained from a Tzitzeica hypersurface using a diffeomor-
phism different from a centro-affine one. Consequently they are not Tzitzeica hypersurfaces.

5. Evolution along a centro-affine vector field

Let us consider the Tzitzeica hypersurface f (x) = x1 · · ·xn = c and the centro-affine
vector field Ax, det A ̸= 0. The evolution along this vector field is described by the PDE

∂F

∂ t
=−(AR,∇F ), F (x1, ...,xn,0) = f (x1, ...,xn)− c.

The characteristic system dt
1 = dx1

A1x = ... = dxn
Anx , i.e., dx

dt = Ax, has the general solution
x = eAtC. Then

F (x1, ...,xn, t) = Φ(e−Atx),

F (x1, ...,xn,0) = f (x1, ...,xn)− c = x1 · · ·xn − c.
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It follows the equation of deformed hypersurface

F (x1, ...,xn, t) = (e−At)1x · · ·(e−At)nx− c = 0.

The centro-affine diffeomorphism y = e−At x shows that our deformation is a Tzitzeica
hypersurface.

Problem Let B(t),B(0) = I be a given family of centro-affine diffeomorphisms. Does
there exist one centro-affine vector field Ax that, deforming the Tzitzeica hypersurfaces,
creates the given family B(t)?

Proposition 5.1. The centro-affine diffeomorphisms corresponding to centro-affine deform-
ing field are those of exponential type only.

Proof Setting e−At = B(t), we find A = −B−1(t) ˙B(t). Since the right hand member
is independent on t, we find the matrix ODE: B−1(t)Ḃ(t)2 − B̈(t) = 0, with the solution
B(t) = eCt . It follows that A =−C. Consequently, the Proposition is true.

6. Evolution along an affine vector field

Let us consider the Tzitzeica hypersurface f (x) = x1 · · ·xn = c and the affine vector field
Ax+h, detA ̸= 0. The evolution along this vector field is described by the PDE

∂F

∂ t
=−(AR+h,∇F ), F (x1, ...,xn,0) = f (x1, ...,xn)− c.

The characteristic system
dt
1

=
dx1

A1x+h1
= ...=

dxn

Anx+hn
,

i.e., dx
dt = Ax+h, has the general solution

x = eAt {C+
(
I − e−At)h

}
.

Then
F (x1, ...,xn, t) = Φ

(
e−Atx−

(
I − e−At)h

)
,

F (x1, ...,xn,0) = f (x1, ...,xn)− c = x1 · · ·xn − c.
It follows:

Theorem 6.1. The equation of deformed hypersurface is

F (x1, ...,xn, t) =
n

∏
i=1

[(e−Atx)i − ((I − e−At)h)i]− c = 0.

The affine diffeomorphism y = e−Atx− (I − e−At)h shows that our deformation is a
Tzitzeica hypersurface, with respect to a new center point (e−At − I)h.

Let us highlight an affine diffeomorphism that preserve the quality of Tzitzeica hy-
persurface, like in duality between series and parallel systems in reliability (Abed et al.
2017). Let x1 · · ·xn = c be a Tzitzeica hypersurface, with the center (0, ...,0). The affine
diffeomorphism (symmetry and translation) x1 = 1− y1, ...,xn = 1− yn change the given
Tzitzeica hypersurface into a Tzitzeica hypersurface (1−y1) · · ·(1−yn) = c, with the center
(1, ...,1). Here, the associated matrix has the determinant ±1 (equi-affine diffeomorphism).
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In our context, a well-known result (Tzitzéica 1907, 1909) can be written in the general
form:

Theorem 6.2. Let x = (x1, ...,xn) and y = (y1, ...,yn). An affine diffeomorphism x = Ay+b
changes the Tzitzeica hypersurface x1 · · ·xn = c, with the center (0, ...,0), into a Tzitzeica
hypersurface (Ay1 +b1) · · ·(Ayn +bn) = c, with the center A−1b.

7. Tzitzeica hypersurfaces as invariants w.r.t. excess demand flow

We extend the theory of single-time dynamics produced by the excess demand vector
field (see Udrişte et al. 2004; Calapso and Udrişte 2005), from 3 to n = odd dimensions.

Let p = (p1, ..., pn) be the vector of prices. The general excess demand vector field E
has the components

E1(p) = − p2
p1+p2

+ p3
p1+p3

− ... + (−1)n−1 pn
p1+pn

E2(p) = − p3
p2+p3

+ p4
p2+p4

− ... + (−1)n−1 p1
p2+p1

... ... ... ... ... ...
En(p) = − p1

pn+p1
+ p2

pn+p2
− ... + (−1)n−1 pn−1

pn+pn−1
.

Using these data, we can write the excess demand flow d p
dt (t) = E(p(t)).

The positive homogeneity of degree zero of each component Ei(p) means that if all prices
are multiplied by the same positive constant, the excess demands do not vary (is invariant
with respect to homothetic transformations). The Walras Law ∑

n
i=1 piEi = 0 means that

f1(p) = 1
2

(
p2

1 + p2
2 + ...+ p2

n
)

is a first integral. The associated constant level sets of f1(p)
are spheres (compact hypersurfaces, invariant under the excess demand flow). Consequently,
the vector field E is complete.

Let us introduce and explain what is a Tzitzeica Law.

Theorem 7.1. The Tzitzeica function f (p) = p1 · · · pn is a first integral for the excess
demand flow.

Proof. We can verify the relation

∑
CP

p1 p2 · · · pn−1 En = 0 (summation by cyclic permutation).

Indeed, for n=odd number, we can write

E1(p) = p1

(
1

p1 + p2
− 1

p1 + p3
+ ...

)
E2(p) = p2

(
1

p2 + p3
− 1

p2 + p4
+ ...

)
. . . . . . . . .

En(p) = pn

(
1

pn + p1
− 1

pn + p2
+ ...

)
,

whence the previous relation follows. Consequently, a second first integral of the flow is
f2(p) = p1 · · · pn, i.e., the excess demand flow conserves the standard Tzitzeica hypersur-
faces. □

Practically this means that the "volume of the prices" is constant.
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Remark 7.1. For n=odd number, we can write⎛⎝ E1(p)
...

En(p)

⎞⎠= A(p)

⎛⎝ p1
...
pn

⎞⎠ ,

where A is a skew-symmetric n×n matrix.

The previous flow and the Euclidean metric determine the least squares Lagrangian

L =
1
2

δ
i j
(

d pi

dt
−Ei

)(
d p j

dt
−E j

)
.

Its Euler-Lagrange ODEs are

d2 pi

dt2 = δ
jk
(

∂Ei

∂ p j
−

∂E j

∂ pi

)
d pk

dt
+

∂ f
∂ pi

,

where f = 1
2 δ i jEiE j is the energy density. The last ODEs describe the generated geometric

dynamics (geodesic motion in a gyroscopic field of forces), dynamics that include the excess
demand flow.

8. General evolution of Tzitzeica surfaces

A parametric Tzitzeica surface is characterized by the completely integrable PDE system

ruu =
hu

h
ru +

1
h

rv,ruv = hr, rvv =
1
h

ru +
hv

h
rv, (lnh)uv = h− 1

h2 .

Theorem 8.1. The evolution surface r(u,v, t), t ∈ [0,ε) is a Tzitzeica surface if and only if
∂ r
∂ t (u,v, t) = A(t)r(u,v, t), where A(t) is a non-degenerate matrix.

Proof. Let (u,v) → r(u,v, t), t ∈ [0,ε) be an evolution of the Tzitzeica surface r(u,v) =
r(u,v,0).

If we consider ∂ r
∂ t (u,v, t) = A(t)r(u,v, t), with A(t) a non-singular matrix, then using

the fundamental matrix Ω(t), we find the solution r(u,v, t) = Ω(t)r(u,v,0) = Ω(t)r(u,v),
which will satisfy the Tzitzeica system, and hence the evolution is a Tzitzeica surface.

Conversely, let us take the evolution surface r(u,v, t) as Tzitzeica for any t ∈ [0,ε). By
partial derivative, we find

∂

∂ t
ruu =

hu

h
∂

∂ t
ru +

1
h

∂

∂ t
rv,

∂

∂ t
ruv = h

∂

∂ t
r,

∂

∂ t
rvv =

1
h

∂

∂ t
ru +

hv

h
∂

∂ t
rv.

Hence the surface ∂

∂ t r(u,v, t) is again a Tzitzeica surface. According to the well-known
theory, there exists a time dependent centro-affine transformation, which applies the surfaces
one to another, i.e., ∂ r

∂ t (u,v, t) = A(t)r(u,v, t). □

Remark 8.1. If the system of PDEs is linear in r(u,v), then an evolution ∂ r
∂ t (u,v, t) =

A(t)r(u,v, t) produces surfaces of the same type.
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Universităţii Bucureşti, Matematică 54, 213–218.
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