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ON THE SYMMETRIC ALGEBRA OF SYZYGY MODULES
OF MONOMIAL IDEALS

GAETANA RESTUCCIA 4* AND PAOLA LEA STAGLIANO ¢

ABSTRACT. We consider the symmetric algebra of the first syzygy module of a monomial
ideal generated by an s-sequence. We introduce on that algebra an admissible term order
which allows us to compute its algebraic invariants.

Introduction

Let R = K|x],...,x,] be a polynomial ring in n indeterminates over a field K and let M
be a finitely generated R-module. The symmetric algebra Symg(M) is a very important
algebra from many points of view. In particular, if M is a linear type ideal / in the sense of
Valla (1979), then Symg(I) = Rees(I) and it is evident its importance in algebraic geometry.
The main goal of this paper is to compute the invariants of the symmetric algebra of the
first syzygy module of M, Syz; (M), where M is a monomial ideal I of R. We look to the
computation of invariants of Sym(Syz;(I)) via the theory of s-sequences, that has been
introduced by Herzog, Restuccia, and Tang (2001) and having a useful role in this direction
(La Barbiera and Restuccia 2011; Restuccia 2006; Restuccia, Utano, and Tang 2014). If the
R-module Syz; (I) is generated by an s-sequence, we give formulas for dimension, depth
(with respect to the maximal irrelevant ideal of R), multiplicity and Castelnuovo-Mumford
regularity of Symg(Syzi(I)) only in terms of the same invariants of ideals of R. More
precisely, in Section 1 we give two sufficient conditions for Syz; (1) to be generated by a
s-sequence, I a monomial ideal of R. In Section 2, we investigate the module Syz;(m),
m = (xp,...,X,) the maximal irrelevant ideal of R. We prove that Syz; (m) is generated by a
s-sequence if and only if n = 3. The complete study of the invariants of Symg(Syz;(m)),
for n > 3 is given by Restuccia, Utano, and Tang (2014). Also Symg(Syz,—1(m)) and
Symg(Syz,(m)) are studied, finding that Syz,—;(m) and Syz,(m) are generated by an s-
sequence, hence we proceed to calculate their invariants.
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1. Preliminaries

Let R be a Noetherian graded ring and let M a finitely generated R-module. We give a
short introduction of the notion of s—sequence generating a finitely generated R-module M
and we will conclude with the main theorem concerning the computation of the invariants of
Sym(M): the Krull dimension of M, dim(M), the multiplicity of M, e(M), the Castelnovo-
Mumford regularity of M, reg(M), and the depth of M with respect to the maximal irrelevant
ideal of R, depth(M).

Let M be a finitely generated module on a Noetherian ring R, with generators fi, f2, ..., fu-

j= L,n

Symg (M) = @;>0Sym (M); the symmetric algebra of M. Note that
Symg (M) =R[Y1,..., Y] /J,

where

n
J=1(g1,.--,8m), and g; = Zainj'
j=1

We consider S = R[Y],...,Y,] a graded ring by assigning to each variable ¥; the degree 1
and to the elements of R the degree 0. Then J is a graded ideal and the natural epimorphism
S — Symg (M) is a homomorphism of graded R—algebras.

Let < be monomial order on the monomials in Yj,...,Y, withthe order Y| <Y, <... <Y,.
We call such an order admissible. For any polynomial f € R[Y},....Y,],f =Y qaaY%, we

putinc (f) = aqY* where Y? is the largest monomial in f with aq # 0, and we set
inc(J)=(in< (f): feJ).

Fori=1,...,n we set M; = Z}:l Rf;, and let I; be the colon ideal M;_ : (fi). In other
words, [; is the annihilator of the cyclic module M;/M;_ and so M;/M;_; = R/I;. For

convenience we also set Iy = (0).

Definition 1.1. The colon ideals I; are called the annihilator ideals of the sequence

fl?""fn’

Notice that (I;Y1,LY,,...,1,Y,) Cin< (J), and that the two ideals coincide in degree 1.

Definition 1.2. The generators fi,..., f, of M are called s—sequence (with respect to an
admissible order <), if
in< (]) = (11Y1,12Y2, e aInYn)

If in addition; C I, C ... C I, then fi,..., f, is called a strong s—sequence.
The invariants of the symmetric algebra of a module which is generated by an s-sequence
are computed by the corresponding invariants of R. We have:
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ON THE SYMMETRIC ALGEBRA OF SYZYGY MODULES OF MONOMIAL IDEALS A3-3

Proposition 1.1. Let M be generated by an s-sequence fi,..., f, with annihilator ideals
L,....I,. Then

d :=dim(Symg(M)) =max  o<y<n, {dim(R/(L; +...+1,))+r};

1<i|<..<ir<n

e(Symr(M)) = Z e(R/(Ii +...+1,)).
0<r<n,1<i)<..<iy<n
dim(R/(Liy +...+1;, ))=d—r

In particular, if fi1,..., fu is a strong s—sequence, then
d = maxo<,<,{dim(R/I,) +1};
e(Syme(M) = Y e(R/L,).

-
dim(R/I,)=d—r

Proof. (see Herzog, Restuccia, and Tang 2001, Proposition 2.4) U

Proposition 1.2. Let R = K[xy,...,xy| be a polynomial ring, and let M be a graded R-
module. If M is generated by a strong s-sequence and I C --- C I,, are the annihilator

ideals of this sequence, then
reg(Symg(M)) < max{reg(l;) :i=1,...,n};

and
depht(Symg(M)) > min{depth(R/L;)+i:i=0,1,...,n}.

Proof. (see Herzog, Restuccia, and Tang 2001, Proposition 2.5) O

2. First syzygy module of a monomial ideal

Let I be a monomial ideal in R = K[xy,...,x,], generated by monomials m;,...,m;,
I = (m,...,my), and consider the beginning of the Taylor resolution (Eisenbud 1995;
Taylor 1966):

2
AR BR AR R/I—0
We denote by ej,.. ., e, the canonical basis of R°. Then @ (¢;) = m; for all i and
l iym; l iy ..
@ (e1 Nej) = cm(m mj)e,-— cm(m mj)ej foralli < j
m; mj

The Taylor resolution is multigraded with deg(e;) = deg(m;),
deg(e;Nej) = deg(lem(mj,m;)).
We choose ij,...,i; € {1,...,m} and set
!
) ) lem(my,,...,m;) . .
S(i1,...,0) = —¢;, \e;, Ij+1 =1
( ) kgl lcm(miwmikJrl) Iy Tyl ( + )
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A3-4 G. RESTUCCIA AND P. L. STAGLIANO

Then @ (s(i1,...,i;)) = 0. We call the elements s(ij, ..., i) cyclic syzygies.

Theorem 2.1. Let [ = (my,...,ms) C R =K|x1,...,x,] be a monomial ideal, let U be a
subset of {(i,j) : 1 <i< j<s}andset F =Y, jcy SeiN\ej. Then Ker(¢|F) is generated
by cyclic syzygies.

Proof. (see Bruns and Herzog 1995, Proposition 5.1) g

Example 2.1. Let I = (x,y,z,t) C K[x,y,z,t] be a monomial ideal. We consider the subsets
of cardinality 3 of {1,2,3,4}. We have the following cyclic syzygies

§(1,2,3) =ze1 Nexy+xex Ne3 —yer Nes

(1,2,3)
$(1,2,4) =tey Nea+xer Nes—yey Nea
s(1,3,4) =tey Nes+xe3 Nes —ze1 Nes
5(2,3,4) =tey Nes+yes Nes—zea Nes

If we consider the subset of cardinality 4, we obtain
5(1,2,3,4) = ztey Nep +xter Nes+xyes Neg —yzey Nea = z5(1,2,3) +xs(2,3,4)

In fact, for this ideal, any cyclic syzygy has length 3. Same result for [ = (x1,x2,...,%,) C
Klxi,x2,...,X]

Theorem 2.2. Let I = (my,...,m;) be a monomial ideal of K[x,x3,...,x,]. Let 1 <ij <

ip < i3 <tand put:
e lem(m;, ,mi,,mj;)
11,0213 —
lem(miy,m;y)

Suppose that:

(a) the second syzygy module of I is generated by trinomials;
. . . . lem(my, iiy)  lem(mj S
(b) forir # jo oriz # j3, we have: ged (1:'1:'1((":;21'”;)) , lcc::((:,]; 3;;;) =1, 1<i1<ih<iz<t,
I<jp<jpp<jz<t
(¢c) foriy = jp, i3 = j3 and iy # ji, we have:

(1) miyiyiy = My jyis = Miy iy jy

Mig iviy = Mz, jriy = Miz iy jy»
My, jris = Miyipiz = Miy, jiip
(2) if q=ged(mi, jyizsmj, jpjs). then q/mi, iz and q/mis jy .

Then Syzy(I) is generated by an s-sequence.

Proof. The relation ideal Z of Syz; (/) is generated by
Siyiyiy = Miyigis Tipiy — My iyiz Tiyis Mg iyiy Ty
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with T;,;, < T;,i; < Tyiy. We consider two trinomials sj ;,;, and s, j, j, then in< (s, i,iy) =
Mmi, iris Ti2i3 and m< (Sj1j2j3) =Mj . jhj3 szjS . The S—polynomlal 1S

M s Tiajs G Miy iy Tiyis
ged(miy iy Ty 1y o s Tinjs) ged(miy iyiy Tiniy sy o js T js

S(Si1i2i3>s./1.izjz) =

(b):

) Sjij2i3

(i) If jo # iy or jz # i3 and jj # i] then
ng(milai2i3 Tiyiysmjy o js szjs) = ng(milaiZiS’mjl ,1'2]'3) =1
by hypothesis. Then the S—polynomial S(s;, iyi;, 5}, j,j;) Teduces to zero.
(if) If j1 =1i1, jo #ip or j3 # i3, then s j, iy = i, j,j; and
ged(Miy iy Thyiys iy o j3 T jy) = 8Cd(Miy iy s iy o j3) = 1

by hypothesis. Then the S—polynomial S(s;,ii5, i, j, ;) Teduces to zero.

(c):
If j, = ip and j3 = i3, i) # j1, we can suppose i; < ji. Consider the set {ij, ji,i2,i3}, where
i1 < j1 <ip < i3, then we have:
ged(miy iyis Thiys My iz Thyis) = 8€d(Miy iyiz s My i) Tiy T
Put ged(m;, jyiz,mj, iniy) = ¢, then the S—polynomial is
_ M Miyiyi

S(si1i2i37sj1i2i3) = q Siyigiz — Sjriziz =

q

= 23 (7mi2~,i1i3Ti1i3 +mi3-,i1i2Ti1i2) — (
q q
In the following ged (m;, ,mj,) = [m;,,my, ], for iy # is.

By Mi, ivis = Miy, jiis and by Miy ivi, = Mz, jip» WE Can WrlLe:

—miy jyiy Tiyiy +Mis iy Ty ) -

L oo — . L. (LRI 11,0203 g Lo Ju e LD ey
S(Siviniy+Sjuiniy) = My, jyis ( g Tyi, + q Tjiiy) +miy iy ( g Ti, g Tji,) =

Miziy jy Mj, iris My ipis Mis iy j)
:mi27i1i3(7q T j, — p Tiyis + p Tjyiz) — Miiyis—— Ty jy +
Mi, i m;, i3

o (Myyigiy M DI3
+m1371112( ]—;112 q ]—‘1112) -

R (mi1,i2i3 T: . _ Mjigiz 7 _|_mi37i1j1 - )_|_
— Mipiris q Jii3 q i3 q i1ji

7mi37i|i2(
q
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A3-6 G. RESTUCCIA AND P. L. STAGLIANO

By miy iy ji = Mig iyiy> My jyis = Miy igizs Miy jyin = Miy inis s

Mj, iriz = Mj, iji,» WE Can WrILe:

S(s--- s...)_mi27i1i3(m. T — +m; T, i)+
iyigizs S jiiniz) = i, jrizd iz Juivis Tigi i3irji Lin
M3 iy
- (miy jyin Tjvin = My iy Tinin + Min iy jy T 1) =
_ My miz,ilizs
= ijiiz — irjiiz
q

and S(i,iyis, S j,iri;) Teduces to zero by {siljli3,si1jli2} O
Example 2.2. Let I be the square-free monomial ideal of K[x1,...,x,] generated by all

square-free monomials of degree k. For k =n— 1, Iy satisfies all conditions of Theorem 2.2,

then Syzi(I,—1) is generated by an s-sequence.

The following lemmas contain some equalities between monomials of K|[xj,...,x,], in view
of giving other sufficient conditions in order that the S-polynomials of the generators of the
relation ideal of the symmetric algebra of the first syzygy module of I reduce to zero.

Lemma 2.1. Let m;,m,m3 monomials of K[x1,...,x,]. Then
lem(mj ,m;,,miy) m;,
lcm(milvmis) lcm(ng(mil’miz)ngd(milamlé))
Proof. Putmy = x| x3...xin, my —x“x X my = xlf'xgz . xn

- ink
lem(my,ma,ms) B xflﬂax(llyjl, 1)'“)6:”1)5(1",])1 )

lem(mp,m3) xflntvc(h ki) .leaX(jn-,kn)

_ max(iy, j k1) —max(j1 k1) max(in, jnkn) —max(jn kn)
=X o Xn

Moreover
mj

lem(ged(my,my), ged(my,m3))

i i
Xy

lcm(gcd(xill7x{'),...7gcd(xn M), gcd(x1 ,x]f ),....ged(xin X))

i1 —max(min(iy,j ),min(iy .k )) in—max(min(in, jn),min(in.ky))
x, X

Suppose iy < j; < k;,Vt, 1 <t < n,itresults:
max(it,jt7k[) —max(j[,k,) = kt _kt = O

and
iy — max(min(iy, j, ), min(iy, k) = iy — max(iz, k;) = i, — iy = 0.

Hence the equality holds. For the other cases, it is easy to verify the assertion. O
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Lemma 2.2. Let I = (my,...,m;) C K[x1,x2,...,x,] be a monomial ideal. Let 1 <ij <
ihb<iz<tandl < j < jy < jz <t. Put:

B lem(my, ,mi,, miy)
My igis = ——— -

lem(miy,m;y)
Suppose:
lem(mj, ,mi,) = lem(m;, ,mj,),
lem(mi ,miy) = lem(mj, ,mj, ),
lem(miy,miy) = lem(mj,,mj, ).
Then

Miyiyiy = Miy,jo j3 -

Proof. Using the definition, we have:

lem(m; ,miy,miy) — lem(lem(my ,my,), lem(mg ,miy))

11213 lem(miy,m;y) lem(miy,miy)

_ lem(lem(mj;,m;,),lem(m; ,my)) — lem(m; ,mj,,mj;)

= —m
lem(mj,,mjy) lem(mj,,mjy) 203

O

Lemma 2.3. Let I = (my,...,mg) C K[x1,x2,...,%,] be a monomial ideal. Let 1 <i< j <
k<sand1<I<h<g<s. Put:

m
i jk = lcm(gcd(mi,mjs,gcd(m,-,mk))'
Suppose that:
ged(mi,m;j) = ged(m;,my)
and

ged(mi,my) = ged(mi,my,).
Then m; ji = mj jp.
Proof. Using the definition of m; j;, we have:

m; . m;
lem(ged (mi,mj), ged(mi,my)) — lem(ged (mi,my), ged (mi,my))

mi jx = =mjp

Theorem 2.3. Let I = (my,...,ms) C K[x1,x2,...,x,] be a monomial ideal.

Put:
m;

I Tem(ged (my,m;), ged (mi,my))”

Suppose that:
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A3-8 G. RESTUCCIA AND P. L. STAGLIANO

(a) the second syzygy module, Syz(I), is generated by trinomials:
{sijk = mi jig jk —mj in&ix +miijgij, 1 <i< j<k<s}

where g;; is the free basis of A2RS;
(b) for j#hork#g, ged(mjr,mpg) =1, 1<i<j<k<s 1<I<h<g<s;
() forh=j, g=k i#l
(1) ged(mi,mj) = ged(mi,my) = ged(mj,my);

ged(my,my) = ged(mi,my) = ged(mj,my);
(2) if g =ged(my ji,my ji), then q/m;j iy and q/my ;.

Then Syz) (I) is generated by an s-sequence

Proof. 1t is sufficient to prove that the relation ideal of Syz; (1),
Z = (sijk = m jyTjx —mj T +myiTij 1 <i< j<k<s)CKxi,...,x|[T;;,
1<i<j<j<n]
has a linear Grobner basis on the variables 7;;. We fix a term order compatible with the
following order on the variables:
T <Tz<...<To 1,
and x; < Tjj, Vi, j. Then
in<(sijx) = mi jxTjk-
Let s;j; and s;, where 1 <i <[ <h < g <nbe two second syzygies, in<(syng) = mj poThg-

. . mj mj; i
We consider the S—polynomial S(s;j,sing) = %sijk - ;;’A S1jk-

(b) If j# hork#g,i# I, the variables T}, and T}, are different and
ged(mi j Tix,my pgThe) = gcd(my ji,my jg) = 1 by hypothesis. Then the S—polynomial
S(sijk,S1ng) reduces to zero.

Ifh# jorg#k,i=1,then s;g = Sing, in<(Sing) = Mj pgThg.
ged(mi g Thg,m; jkTix) = ged (mj pg,m; ji) = 1
by hypothesis and the S—polynomial § = (s;jx, sin;) reduces to zero.
(c) Leti#l,h=j, g =k, then T}, = Tj; and
ged(m; j T, my i Ti) = ged (my ji,my ji) Tik
Put g = gcd(mj ji,my jx), where g is a monomial, then the S—polynomial is

mi, jk i, jk
Sijk —

S(Sijk>S1jk) = S1jk =

my jk

_m, mi, jk
B (mi jw T — mj T + i Tij) —

(my jxTjx —mj i T +my i Tp5) =
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ON THE SYMMETRIC ALGEBRA OF SYZYGY MODULES OF MONOMIAL IDEALS A3-9

_my i my i m; ik m; jk
=7 m; ik Tix — p mjlka+ q mkuTz] q ml,jijk'i‘iq m; T+
mi jk my jk mi jk
i,j J
- my il = — m]szlk+ mkz] z]+ mjlszk— my i1y
q q q q q

Consider the set {i,/, j,k}. We can suppose i < [ and we have to consider only the case
i <1< j<k.In the following ged(m;,m;) = [m;,mj].

By [mj,my] = [m;,my], we have my ;; = my ;; and by [m;,m;] = [m;,m;], we have m;j =
m;j i (Lemma 2.3).

By [my,mj| = [m;,my], we have my ; = my ;; (Lemma 2.3). Now we are exactly in the case
(¢) of the Theorem 2.2, by Lemma 2.1 then the assertion holds. O

Remark 2.1. One deduces easily that the conditions (c) in the last theorem imply the
conditions (c) required in Theorem 2.2, but their formulation is more explicit and we do not

know if there is an equivalence.

Example 2.3. The sequence of monomials xy,xz,xu,xv in K[x,y,z,u,v| satisfies all the
conditions of Theorem 2.2 and Theorem 2.3, as we can easy verify. If I = (xy,xz,xu,xv),
Syzo(I) is generated by the cyclic syzygies:

yer Nes —zey Nes~+uey Ney,

yes Neg —uey Neg+vey Aes,

yex Nes —zey Negs—vey Ney,

zez Neg —uex Neg+vey Nes
For the 2-syzygy generated by four elements of the basis, we have:

uvey N\ ey +yvey \es+yzes Neg+zueg \Ney =
u(yep Nea —zey Neg —vey Ney) —y(ze3 Neg —uea Nes+vey Aes),

then Syz(I) is generated by trinomials.

In the following example, the second module of syzygies is generated by an s-sequence, but
the sequence does not satisfy the conditions of Theorem 2.2 and Theorem 2.3, showing the

sufficiency of the conditions.

Example 2.4. Let [ = (x1xpX4,X1X3X4,X2X3X4,X]X2X5, X X3X5,X2X3X5 ) be a monomial ideal
of the polynomial ring R = K|x1,x2,x3,%4,5). Let

0—S*(—5) = §"(—4) = @ |Rie; = $°(~3) =1 =0
be the minimal graded free resolution.

Syzi(I) = (xae —X5€3, X465 — X5€2,X4€4 — X5€1,X] €6 — X2€5,X2€5 — X3€4,X]€3 —X2€2,X2€2 —X3€])
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A3-10 G. RESTUCCIA AND P. L. STAGLIANO

J = (x4Ts —x5T3,x4T5 — x5 T2, x4 Ty — x5T1, X1 Ts — %215, X215 — x3 T4, 1 T3 = x2 T2, X2 T — X377 )
Syza(I) = (X187 — X286 — X484 +X582,X286 — X385 — X483 +X581)
Z = (x1Y7 —xYs — x4Y4 +x5Y2,x0Ys — x3Ys — x4Y3 + x511)

J does not admit a linear Grobner basis for any term order in R[Ty, ..., Tg| with x; < T}, for
alli,j,and Ty < T < ... < Ts. In fact, if we compute the Grobner basis G for J, we obtain:

G= {T2X2 —Tix3, Taxy — T1x3, Tsxg — Taxz, Tex1 — Taxz, Taxqa — T x5,
Tsx4 — Toxs, Texs — T3xs, T315x5 — ToTexs, T3Taxs — T1 Texs,

o Taxs — Ti Tsxs, To Taxz — Ty Tsx3, T3 Tuxs — Ty Tox3, —T1 T3 Tsx3 + T Th Texz |
Nevertheless, Z admits a linear Grobner basis in the variables Y;’s:

G = {Yoxo — Ysx3 — Yaxs +Yixs,Y7x1 — Ysx3 — Yaxg — Yaxg + Yixs + Yoxs}
so J is generated by a (not-strong) s—sequence:

in<(Z) = ((x2)¥s, (x1)¥3)

with

Lh=h=L=L=1=(0), I=(x2), L=(x)

3. Syzygy modules of the maximal ideal

Let K be a field, R = K[x1,x2,...,x,] a polynomial ring and m = (x1,xp,...,x,) the
maximal homogeneous ideal. We want to study the symmetric algebra of the first syzygy
module of m, Syz;(m) and of the (n — 1)-th syzygy module of m, Syz,_(m). Consider the
minimal free resolution of K = R/(x,x2,...,X,) given by the K.(x1,x2,...,x,), the Koszul

complex of S with respect to the set of elements {x,x2,...,x,} = {x}
Kix):=0—0K,—»K,-1—>...~ K> K —Ky—>m—0
We are going to study Syz; (m). By the morphism
.= Ky — Syz1 —
we have the following presentation of the symmetric algebra
Symg(Syz1(m)) = Symg (K, /Z)

where Z is the relation ideal of Syz; (m). Since
Syzi(m) = (xie; —xje;, 1 < i< j<n)and Syz;(m) C Kj, if we put 0;; = xje; —xje;, we
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obtain
Symg(Syzi(m)) =R[Yij,1 <i<j<n]/Z
Yij = i
where Z is the relation ideal.

Z= (xink—XjYik-l-XkYij,l <i<j<k<n)

Theorem 3.1. The first syzygy module, Syzi(m), of the maximal ideal (x1,x2,...,x,) of the

polynomial ring K[x,xz,...,x,] is generated by an s-sequence if and only if n = 3.

Proof. < For n = 3, the relation ideal Z of Symg(Syz;(m)) is generated by the trinomial
Z = (x1Y23 —x2Y13 +x3712)

and in.(Z) = (x1Y»3) for the order on the variables Y>3 > ¥i3 > Y}, hence the assertion
hold.

<= Suppose n > 3, than the first syzygy module of the ideal m cannot be generated by an
s-sequence and then the assertion holds. Let 0;jx = x; Vi —x; Yy +x:Y5, 1 <i< j <k <n,
and Oy = XV — xp Y1 + X Ygn, 1 < g < h <1 < ntwo elements of the set 6. For the
admissible order on the variables Y;;, in-(0;jx) = x;¥jx and in.(Ggn) = Xx¢¥p and each

S—polynomial must to be zero by definition of s-sequence.

(i) Ifg#i,h# jorl#k, ged(xiYjx,xs¥n) = ged(x;,x,) = 1 and then since the leading
terms of o;j; and Oy, are coprime, the S—polynomial S (o k> O'ghl) reduces to zero.
Ifg=i h# jorl#k,inc(0;jx) = Xi¥n, in<(Ogni) = x;¥j,
ged (XY i, xi¥n) = x;

S(Giji, Ognt) = Yix(xi¥ ji —xYix +X1Yi;) — Y (xi¥ng — x5 Y +x,Yyp) =
= —xYuYp +x Y Y +x0 Yy Y i — 1 Yin Y i

It is easy to verify that no term of this sum divides the initial term of all the elements
of the set {o; 1 <i<j<k< n}, for no admissible term order on the monomials
in the variables Y;;. Consider the monomial x;Y; Y. Fori=g, h# j, | # k, we have:
i=g<j<k,i=g<h<1Iandin correspondence we have the monomials x;Yj,
x;Yy, initial terms of the trinomials xink — xJ-Y,-k —I—kal‘j, x;Yn — xpYy + x1Yy, and
these monomials do not divide x;Y;;Y;. Since they not divide none of the remaing
monomials, x¢Y;; Y, x4YuYjk, XYinYji, the assertion follows. Then S(0jjk, Ogkr)
cannot be reduced by the set {0, <i < j <k <n}.
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(ii) Ifl;’é g, h= Js =k, in<(c>'[jk) = xink, in<(0'gh1) = )Cngk,
gcd(xink,ngjk) = Yj

X Y'k X‘Y'k
S(Oijis Ogji) = == (6 je = xYix + 2Y) = ﬁ(Xngk —x Yo 1Y) =
J

= —xgX; ¥y +xgxiYj + xix jYr — Xixi Yy .

Consider the set {i, g, j,k}. We can suppose i < g and we have to consider only the
case i < g < j<k.
We can write

S(Gijis g jr) = Xj (=X ¥i +xi¥gr + 2iYig) — Xk (X ¥ig — xg¥ij +xi¥yj) =
= xj(xi¥ok — xgYia + 20 Yig — i (Xi¥gj — xg¥ij +x;Yij) = XjOigk — X Oig
and S(0jji, Ogji) reduces to zero by {Gjer, Ojg; }-
O
Corollary 3.1. For n >3, the set 6 = {x;¥jx —x; Yy +xYij,1 <i < j<k <n}isnota
Grobner basis of Z, for any term order on the monomials Y;;j and such that
X, <Yp<Ysz<..< Yn—l,n
Theorem 3.2. Let [;;, 1 <i < j <n, be the annihilator ideals of the sequence {0;j,1 <
i < j < n} generating Syzi(m). Then I;; = (x1,...,xi—1), 1 <i< j<n i=2,...,n and
5L =0, forall j <n.
Proof. Put Iij = (0'12,0'13, .. .,G,'J,]) : (O',‘j). Then
Iip = (0) : (012) = (0)
Ii3 = (0,012) : (013) = (0)

In fact 612 = x1ep —x2e1, O13 = x1¢3 — x3e1. Let Ac I3 such that 7LO'13 = Uuoia, )L,/.L €S,

A(x1ez —x3er) = U(xiex —xpeq)

that is
Axie; —Axze; = Uxjez — [xzeq
Then
A)q =0
ux; =0
2.)63 — Uxy = 0

hence A = 4 =0 and ;3 = (0)

L4 = (012,013) : (O14)
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From the sequence 1 < 2 < 3 < 4, we have the forms where 014 appears:
f124 =X1024 —X2014 +X4012,  in<(fi24) = x1024

f134 = X1034 —X3014 +X4013,  in<(f134) = x1034
Consequently /;4 = 0. On the other hand, by direct calculations:
Let A € I14 such that Aoyy4 = uop +voys, A, U, v eES,

),(xle4 —)C4e1) = u(xwz —)C2€1) + v(x1e3 —)C3€1)

Axieqs — Axge; = Uxiepx — Uxye; + Vxies — Vxze

Then
AX1 =0
VX = 0
—A.X4 — Uxy = 0

UxX] — VX3 = 0
hence A = =v=0and I 4 = (0)
Likewise for the other ideals until /;,. The first non zero annihilator ideal is /3. In fact, for
I3 we have:
L3 = (012,013;-..,01,) : (023) = (x1)

From the sequence 1 < 2 < 3, we have the forms in which 0,3 appears:
f123 = X1023 — X2013 + X3012,  in<(f123) = x1023.

b4 = (012,013,...,01,,023) : (024) = (x1).
In fact, from the sequence 1 < 2 < 3 < 4, we have the forms in which 04 is the leading

term:
f124 =X1024 —X2014 +X4012,  in(fi24) = X104
And so on. In general, we have:
bj=(x)forj>2

For the ideal /34, from the sequence 1 < 2 < 3 < 4, we have the forms in which 034 is the
leading term:

f134 =X1034 —x3014 + %4013, in<(fi34) =x1034

f234 = X2034 — X3024 +X4023,  in<(f234) =x2034
then I34 = (x1,x2) and in general

Lj = (x1,x2) for j >3

By induction

L1 = (X1,X2, ..., Xn—2)
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Therefore
Lij=(x1,...,xi1),forl<i<j<mn andl;;=(0) Vj<n
O

Proposition 3.1. Let Syz; (m) the first syzygy module of m = (x1,x2,x3) C R = K[x1,x2,x3].
Then we have:
(i) dim(Symg(Syzi(m))) =4
(ii) e(Symg(Syzi(m))) =4
(iii) depth(SymR(Syzl(m))) 4
(iv) reg(Symg(Syzi(m))) =

Proof. Since Syz;(m) is generated by the s—sequence 512, $13, 523,
Symg(Syzi(m)) =R[Y;;,1 <i < j<3]/Z,
being Z = (x1Y23 —x2Y13 +x3Y12). Then we have:
inc(Z) = (x1T»3)
(i)
dim(Symg(Syzi1(m)) = dim(R[Y;j,1 <i < j<3]/in<(Z)) =
= dim(R/L3)+2=dim(R/(x;))+2 = 4.
(if)
e(Symg(Syzi(m)) = e(R[Y;j,1 <i < j<3]/in<(Z)) = e(R/3) = e(K[x2,x3]) = 4
(iii)
depth(Symg(Syzi(m)) > depth(R[Y;;,1 <i < j<3]/inc(Z)) =
depth(R/I3)+2=4

It follows the equality, since depth(A) < dim(A) for any finitely generated K —algebra.
(iv)
reg(Symg(Syzi(m)) = reg(R)Y;j,1 <i<j<3]/Z)<
< reg(R[Y;j,1 <i< j<3]/inc(Z)) <reg(R/h3) =
O

We recall here a Groebner basis for the relation ideal of Syz; (m), not linear in the variables
Y;;, obtained by Herzog, Tang, and Zarzuela (2003) for a suitable order on the variables and

for the lexicographic order on the monomial in the variables Y;;.
Put A(Y) = {Yinkl =YYy +YyY, 1 <<i<j<k<I< n}, then, we have:
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Theorem 3.3. The set G = {x;Yj —x;Yu+xY;j,1 <i< j<k<njU{xP(Y),1 <r<n}
is a Groebner basis of Z with respect to any term order with Y, 1, < ... <Yj2 <x1 <x2 <

s < Xp.
Proof. (see Herzog, Tang, and Zarzuela 2003, Lemma 3.1) O

Now we present a variation of the Groebner basis that appears in the previous Theorem,
obtained by varying the order on the variables and the admissible order. The obtained

Groebner basis is coherent with our definition of s-sequence.

Theorem 3.4. The set G = {x;¥jx —x;Yi+x:Yij, 1 <i<j<k<n}U{x,P(Y),1 <r<n}
is a Groebner basis of Z with respect to x, > ... >x1 > Y12 < ... <Y1,

Proof. By symmetry, G is also a Groebner basis with respect to any term order with
Xn> ... >x1>Y1n<...<Yy_14 Letu€ino(Z). Thenu € in.(I), and so u = vw where
w = in(g) for some g € G. If g belongs to {x;Yj, — x;Yix +xY;j,1 <i < j <k <n}, then
there is nothing to prove. Otherwise g € P(Y), and w is a monomial only in the ¥;;. On the
other hand, u = in(h) for some & € Z, and hence the leading term of / is divisible by some
x;. Therefore v is divisible by some x;, and so u =V/(x;w) for some monomial v'. Since
xiw = in(x;g), and x;g € {xP2(Y),1 < r <n}, the conclusion follows. O

Remark 3.1. We note that the Groebner basis given by Theorem 3.3 is linear in the
variables x1,xa,...,x,. This fact will be crucial for proving that the Jacobian dual of
Syzi(m) is generated by the s—sequence x3,x5,...,X}, where X{,x3,...,x; are the images
of X1,%2, - -, Xy in Sym(Syz1 (m))

Now, we study two syzygy modules of m whose symmetric algebra has a simple presentation,

as shown by Restuccia, Utano, and Tang (2014).

Theorem 3.5. Ler Syz,—1(m) be the (n— 1)—th syzygy module of m, then Syz,—(m) is

generated by a s-sequence.
Proof. By the complex K.(x), Syz,—i(m) has the presentation
0—K,— Ky—1 — Syzy—1(m) =0

Symg(Syzu—1(m)) = Symg(Ky-1)/Z,

where
n—1

Sympg(Ky—1) = Symg( /\ P")

Since

n—1 —(n—1)
/\Png /\ P'2P'=Pey®Per®...HPe,

Symg(Ky—1) = Symg(R") 2 R[Y1,...,Y.],
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a polynomial ring in n variables on R, being K, = A" P", the module K,, is generated by the
unique generator,
f=e NeaA...Ney.

Under the Koszul maps:
0—-K,—K,_1,

we map

tr— (—1)i+1xiel/\ez/\...eAi/\.../\e,,

-

Il
—_

1

Concerning the generators of Syz,—1(m), they are the image of the generators of K,,_| &
A"~ P", under the map

dlet NeaA...eiN... Ney) :nzl(fl)f“x,-el A NG Nep 1))
j=1
Then Syz,—1(m) has n — 1 generators given by the elements of the right-hand member of
(1). So, Symg(Syz,—1(m)) =2 R[Yy,...,Y,]/Z and Z = (t), where
t =YY" ,(=1)""1x;Y;, the unique linear form in the variables Y; and in- (t) = (—1)""1x,Y,,
hence
in<(2) = ((=1)"""x)¥n) = () Yn)
and it follows
L, = (x)

for the annihilator ideal. U

Proposition 3.2. Let Syz,_;(m) the (n— 1)-th syzygy module of m. Then we have:
(i) dim(Symg(Syza—1(m))) =2n—1
(ii) e(Symg(Syzp-1(m)))
(iii) depth(Symg(Syz,—1(m))) =2n—1
(iv) reg(Symg(Syzp-1(m))) =1

Proof. By the structure of in.(Z) = (x,Y,) and I, = (x,), we can compute the invariants.
We have Symg(Syzn—1(m)) = R[Y1,....Y,|/Z O

It is easy to study when the n—th syzygy module of the ideal m, Syz,(m), is generated
by s-sequences. We recall that Syz,(m) = K, = \" P" = A" P" = R. Therefore for the
symmetric algebra of Syz,(m), we have Symg(Syz,(m)) = Symg(R) = Symg(Re), where e
is the unique free generator. Hence Symg(R) = R[Y], a polynomial ring in a new variable
Y on R, Symg(R) = K[x1,x2,...,X,,Y] a polynomial ring in n+ 1 variables on K. The
relation ideal of Symg(R) is Z = (0) and then the syzygy module Syz,(m) is generated by
the s—sequence e. We have only one annihilator ideal I} = (0) = (0) : (e) = (0).
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The result shows the claim:

Proposition 3.3. Let Syz,(m) the n-th syzygy module of m. Then one has:
(i) dim(Symg(Syza(m))) =n+1

(ii) e(Symg(Syzs(m))) =0

(iii) depth(Symg(Syza(m))) =n+1

(iv) reg(Symg(Syz,(m))) =0
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