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ABSTRACT. A Pythagorean triple is an ordered triple of integers (a,b,c) # (0,0,0) such
that a® +b? = ¢2. Tt is well known that the set |} of all Pythagorean triples has an intrinsic
structure of commutative monoid with respect to a suitable binary operation, (33, ). In this
article, we will introduce the “commensurability” relation R among Pythagorean triples,
and we will see that it induces a group quotient, 3/9R, which is isomorphic with the direct
product of infinite (countable) copies of C., the infinite cyclic group, and a cyclic group of
order 4. As an application, we will see that the acute angles of Pythagorean triangles are
irrational when measured in degrees.

1. Introduction

In literature by Pythagorean tern we usually mean a set of three non-negative integers
such that the square of one of them is the sum of the squares of the other two. The trivial
cases are:

a?+0%=ad*

Except for the trivial cases, the elements of a Pythagorean tern are three distinct positive
integers. Usually, such a set is simply denoted by {a,b,c}; for example, {3,4,5} is the
first Pythagorean tern. A non-trivial Pythagorean tern (resp. a non-trivial Pythagorean
triple) is said to be primitive if their terms are coprime. Pythagorean terns have been studied
and enumerated since Babylonian times, and many mathematicians from Euclid, through
Fibonacci, Fermat, Euler, and Gauss up to our contemporary mathematicians, have deeply
studied this topic (see Alperin 2005; Maor 2007; Murray 2013, and references therein).
Note that, if we put ¢ to be the maximum of the three terms of a Pythagorean tern {a,b,c},
then c is positive and the following Pythagorean identities hold:

(Fa)® + (Fb)* = 2.
2

A triple (a,b,c) € Z x Z x N is said to be Pythagorean if a*> +b> = ¢>. Thus, given a
non-trivial Pythagorean tern {a,b,c} with the maximum term ¢ we may associate eight
ordered distinct Pythagorean triples:

(a,b,c),(—a,b,c),(a,—b,c),(—a,—b,c),(b,a,c),(—b,a,c),(b,—a,c),(—b,—a,c).
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Conversely, if (a,b,¢) is a Pythagorean triple, then {|a|,|b|,c} defines a Pythagorean tern.
The aim of this article is to investigate, using elementary methods, the set

m:{(aal%C)EZXZXN: a2+b2:C2}

of all Pythagorean triples, pointing out the main algebraic aspects and their consequences.
As operation between triples, we will use a composition “x” inspired by that introduced by
Eckert (1984, p. 22, Eq. (2)) and Taussky (1970).

We highlight that our results are in line with and not dependent on those obtained
by Eckert (1984, p. 24), and Jitman and Sangwisut (2022). In fact, Eckert focused his
investigation on the collection P31 of all Pythagorean triangles, which are right triangles
with integer sides. He used geometric properties of the hypocycloids and results on the
values that the trigonometric functions assume on angles that are rational in degrees (see
Niven 1985) to prove that 3| is an abelian torsion-free group. After he proved that 3 is
a free abelian group. In this way, he gave an indirect algebraic interpretation to the set of
Pythagorean triples with all positive terms. Similarly, Jitman and Sangwisut considered
the set 3, of the primitive Pythagorean triples (a, b, ), such that a and c are odd positive
integers and b is an even integer (which can be zero or negative). Then they introduced
a binary operation different from those introduced by Eckert (1984, p. 22, Eq. (2)) and
Taussky (1970). Thereafter, starting from the properties of hyperbolic numbers, they have
provided a complete description of the structure of 13, as a free abelian group.

The nature of our proofs are arithmetic and are based on elementary results on positive
integers which are sums of two squares (see Section 3). In Section 4, we have introduced
the “commensurability” relation SR among all Pythagorean triples, and than we have de-
scribed the structure of 3/9R (see Theorem 4.8). As an application of our main result,
we prove the so-called “Governor’s theorem”, which provides restrictions on the angle
values of a Pythagorean triangle (see Theorem 5.1). This shows another connection between
Pythagorean triples and number theory.

The paper is suitable for a large audience.

2. Pythagorean terns and Pythagorean triples

Definition 2.1. A Pythagorean tern (resp. triple) {a,b,c} with the maximum term c, is
said to be trivial if either a or b is 0. Respectively, all trivial Pythagorean triples appear as
follows:

(a,0,a),(0,b,b),(—a,0,a),(0,—b,b).

In order to produce non-trivial Pythagorean terns, and hence non-trivial Pythagorean
triples, there is a very satisfactory classic result due to Euclid (see, for example, Joyce 1997,
Book X, Proposition XXIX) or Maor (2007, Sec. 1):

Proposition 2.1 (Euclid’s formula). Let m and n be positive integers, with m > n. Then
{m? —n?, 2mn, m* 4 n?} is a non-trivial Pythagorean tern.

Remark 2.1. Let {m*> —n?, 2mn, m*> +n*} be a Pythagorean tern (m and n positive numbers).
Note that m? + n? is the maximum term among the three, moreover, m? — n? = 2mn, and
the greatest between them depends on the choice of m and n (see Table 2.1).
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TABLE 2.1. Initial Pythagorean terns produced by Euclid’s formula

m | n m2—712,2mn,m2—|—n2

211 3,4,5 Primitive
311 8,6, 10 Derivate
312 5,12,13 Primitive
4 11 15,8, 17 Primitive
412 12, 16, 20 Derivate
413 7,24, 25 Primitive
511 24,10, 26 Derivate
512 21, 20, 29 Primitive
513 16, 30, 34 Derivate
514 9, 40, 41 Primitive

A Pythagorean tern that is not primitive is said to be derivate. Clearly, if {a,b,c} is a
Pythagorean tern, then for any positive integer n > 1, {na,nb,nc} is a derivate Pythagorean
tern. Thus, the “relevant” Pythagorean terns are the primitive ones. How can we determine
all primitive terns? Despite Euclid’s formula does not produce all Pythagorean terns — for
example, {9,12,15} —, all primitive terns can be obtained by it (see Maor 2007, Appendix
B):

Lemma 2.2. For every primitive Pythagorean tern {a,b,c} there exist two coprime positive
integers m > n such that {a,b,c} = {m* —n?, 2mn, m*> +n?}.

Remark 2.2. We note that the most natural way to prove the Lemma 2.2 consists in solving
a system of three “Diophantine” equations. Probably, this result was already known to
Diophantus, but to the best of our knowledge its paternity is not established.

The following characterization of primitive terns holds (see Maor 2007, p. 11; Mollin
2008, Theorem 7.6; Moreno and Wagstaff Jr. 2005, Theorem 7.6).

2 2

Proposition 2.3. Let m > n be two positive integers. Then the tern m* —n?, 2mn, m* +n
is primitive if and only if m and n are coprime and m+ n is an odd integer.

3. Sums of two squares: recalls and technical lemmas

By Euclid’s formula, studying Pythagorean triples is connected with the following
problem:

which integers are the sum of two squares?

In this order, it will be useful to recall some basic results. The first one is the famous formula
of Diophantus and Brahmagupta (see Moreno and Wagstaff Jr. 2005, p. 320, Eq. 8.1):

(a® 4+ b*)(c* 4+ d*) = (ac — bd)? + (ad + be)* = (ac + bd)* + (ad — be)?. (3.1)
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Remark 3.1. We note that the Diophantus - Brahmagupta identity (Eq.(3.1)) can be also
derived by using complex numbers. Precisely, if z = a+ib and 7 = ¢+ id, then z7/ =
ac —bd +i(ad + bc), so that:

2?17} = |2 <= (@ +b*) (P +d?) = (ac — bd)* + (ad + be)?

This kind of problem was also studied by Fibonacci in the thirteenth century and Bachet
in the seventeenth century (Dickson 2012). The first to correctly formulate necessary and
sufficient conditions for an integer to be a sum of two squares (see next Theorem 3.1)
was Albert Girard (1595 —1632), and so the following is often referenced as the Girard’s
Theorem. Some years later on December 25, 1640, (so it is also referred to as Christmas
Theorem), Fermat stated these conditions independently in a letter to Mersenne and claimed
he had an iron-clad proof, which he did not publish. The first published proof was given by
Euler in 1754 (see Mollin 2008, Theorem 6.1).

Theorem 3.1 (Euler). An odd prime p = a* +b* for a,b € N if and only if p = 1(mod4).
Moreover, when such a representation exists, it is unique (ignoring the order of the sum-
mands).

Note that if » € N admits a representation as the sum of two two integer squares,
n = a” + b?, then we may suppose that a and b are positive.

Definition 3.1. (See Mollin 2008, Definition 6.1, p. 247) A representation of n € N as a
sum of two integer squares, n = a” + b, is said to be primitive if (a,b) = 1.

Clearly, if a prime p admits a representation as a sum of two squares, then this represen-
tation must be primitive.

Remark 3.2. Note that the prime p = 2, admits a trivial representation as the sum of two
squares: 2 =1+ 1. If we force the Euclid’s formula with m = n = 1, we see that this
primitive representation produces a trivial Pythagorean tern: {0,2,2}.

The quoted Euler’s result is a particular case of a general theorem that gives the number
of primitive representations of a positive integer n as sums of two squares:

Theorem 3.2. (See Mollin 2008, Theorem 6.3, p. 247) The number ry(n) of primitive
representations of n > 1 as a sum of two integer squares is given by
0 if4 divides n or if there is a prime p = 3(mod 4) dividing n;
ra(n) =< 2971 ifd doesn’t divide n, there is no prime p = 3(mod 4) dividing n,
and d is the number of distinct odd prime divisors of n.

In particular, we have the following result:

Proposition 3.3. Let p be an odd prime p = 1(mod4). Then for every positive integer h
there exists a unique Pythagorean primitive triple (a,b, p") of the type 0 < a < b < p".

Proof. By hypothesis p = 1(mod4) and hence p" = 1(mod4), then by Theorem 3.2, p"
admits exactly one primitive representation as sum of two squares:

pt=u? v, where O<v<u and (u,v)=1. 3.2)
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Now, put a = min{u? —v*,2uv} and b = max{u* —v*,2uv}. Clearly, a and b are coprime,
so that (a, b, p") is a primitive. Moreover, as (p")? = 1(mod4), by Theorem 3.2, a® + b*> =
(p™)? is the unique representation of (p’*)? as sum of two squares, then (a,b, p") is the
unique Pythagorean primitive triple of the type 0 < a < b < p'. 0

Definition 3.2. In the following, when p = 1(mod 4), we will refer to the unique primitive
triple (a(p"),b(p"), p") of the type 0 < a(p") < b(p") < p" as the principal Pythagorean
triple of the maximum term p".

Remark 3.3. Let p = 1(mod 4), and consider (a(p),b(p), p") the principal Pythagorean
triple with the maximum term p”. Then we have exactly eight primitive triples with the
maximum term p”. They can be listed as follows:

(Fa(p),Fb(p).p"), (Fb(p), Fa(p), p").

Remark 3.4. We note that powers of prime numbers may be the third component of distinct
Pythagorean triples. For example, (15,20,25) and (7,24,25) are Pythagorean triples. Note
that the first one is not primitive.

The following technical results will be useful for our purpose:

Lemma 3.4. Let p be a prime odd number, and h,k € N. If p" = a®> + b* and p* = > + d*
with (a,b)=1 and (c,d)=1, then either (ac — bd) is coprime with (ad + bc) or (ac+bd) is
coprime with (ad — bc).

Proof. By Diophantus-Brahmagupta Identity (Eq. (3.1)) we have:
PR = (@ +b?)(c* 4+ d*) = (ac — bd)? + (ad + be)* = (ac +bd)* + (ad — be)*.  (3.3)

By contradiction, assume that the statement is false. Then, by Eq. (3.3) p divides both
(ac—bd) and (ac+ bd), hence p divides 2ac. If p divides a, we have a contradiction, as
p'"=a?>+b* and (a,b) = 1; similarly, if p divides c, we have a contradiction, as p* = ¢ 4-d>
with and (¢,d) = 1. O

Lemma 3.5. Let (a,b) = 1 and (c,d) = 1. If >+ d? divides a* + b* and ¢* +d*> = p®,
with p prime and o € IN, then there exist m and n coprime integers, such that

D) @ +b> = (m?+n?)(c? +d?),

2) b=mc+nd, a=|md—nc

Proof. In order to find pairs (m,n) as required, we first solve the following systems:
xtdy Coand QT . (3.4)
dx—cy =a —dx+cy =a

As ¢? +d* # 0, each of the above systems has just one solution. Respectively:

bc+ad ac—bd bc—ad ac+bd
mom) = (G ) e om) = (G ) 09

Clearly, both (my,n;) and (ma,n;) satisfy the second requirement of the statement. On the
other hand, an easy computation shows that
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m?+n3 =m3+n5 = (a®>+b*)/(c* +d*) €N. (3.6)
Thus, to complete the proof it suffices to prove that either (m,n1) or (my,ny) is composed
of coprime integers. In this order, note that by hypothesis p® = ¢ +d? divides both
c2a® + c*b? and 2a® + d*d?, so that p® divides b*>c?> — a*d* = (bc + ad)(bc — ad). By
hypothesis (c¢,d) = 1, thus p{c and p t d. Now suppose that p divides both the factors
(bc+ad) and (bc — ad), then p divides 2bc and 2ad, and hence p divides both a and b.
This contradicts the hypothesis, as (a,b) = 1. Then p® either divides (bc+ad) or (bc —ad).
Therefore, by Eq. (3.5), either m; or my must be an integer.

If m, is an integer, then, by Eq. (3.6), n is a rational number whose square is an integer,
thus n; is likewise an integer. We have proved that (m,n;) is a pair of integers that is a
solution of the first system of (3.4). In particular, every common divisor of m; and n; must
divide both a and b. By hypothesis, (a,b) = 1, then m; and n; are coprime.

Similarly, also in the case that m, is an integer, we can prove that m; and n; are coprime.
The proof is complete. 0

4. The group of primitive Pythagorean triples

In this section, according to Eckert (1984), we will see that the set of all Pythagorean
triples
P :={(a,b,c) EZLXLxN:a*+b*=c?}
has a proper natural algebraic structure. Note that by Eq. (3.1), if (a,b,¢), (d’,b', ') belongs

to 3, then also (ad’ — bb',ba’ +b'a,cc’) lies in B, therefore, we may consider the following
operation:

x: ((a,b,c),(d b ,c") € BxP — (a,b,c)x(d',b,c") := (ad — bb',bd’ +b'a,cc’) € P,
Theorem 4.1. (P, *) is a commutative monoid.

Proof. Tt is easy to check that * is a commutative operation and that (1,0, 1) is the identity

of 3.

Now we check that « is associative. Let (a,b,c), (a',b',c’),(a",b",c") € P.
Then

((a,b,c)*(d b)) *(a",b",c") = (a,b,c)x ((d, b, ') x (a" b ,")).
In fact

((a,b,c)*(d b)) *(a",b",c") = (ad' — bb ,ba +V'a,cc’)*(a",b",c")
= ((ad’ —bb")a" — (bd' + b a)b”,(bd' +b'a)d’ +b" (ad' —bb'),cc’ ")
= (ad'd" —bb'a" —bd'b" —b'ab”, ba'd" +b'ad" +b"ad’ — bbb’ ;' ).

(a,b,c)*((d',b',c")x(a",b",c")) = (a,b,c)x(da’ —b'b" ,b'd" +b"d ,c'")
— (a(a/a// _ b/b//) _ b(b/a// +b//al), b(a/a// _ b/b//) +a(b/a// + b//a/)7cc/c//)
= (ad'd" —ab'b" —bb'd" —bb"d' , ba'd" — bb'b" +ab'a" +ab"d ,cc' ). O
The above theorem allows us to produce Pythagorean triples as the product of two given
Pythagorean triples. See the next examples:
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Example 4.1.
(4,3,5)%(5,12,13) = (—16,63,65).

Special cases are the powers of a triple. Below there are the first 5 powers of (3,4,5):
(3,4,5)% = (3,4,5)%(3,4,5) = (—7,24,25),
(3,4,5)3 = (3,4,5)  (—7,24,25) = (—117,44,125),
(3,4,5)* = (=7,24,25) % (—7,24,25) = (—527,—336,625),
(3,4,5)7 = (—7,24,25) x (—117,44,125) = (—237,-3116,3125).

Remark 4.1. Note that (3, %) is not a group, as it contains only the following units:
(1307 1)7 (07 13 1) (_1707 1)7 (Oa _13 1)3
for which, the following composition rules yield:
1) (Oa 17 1)*(0’ 17 1) = (71707 1)’
i) (0,1,1)x(—1,0,1)=(0,—1,1);
iii) (0,1,1)%(0,—1,1) =(1,0,1).
Remark 4.2. By Remark 4.1, C = ((0,1,1)) = {(1,0,1),(0,1,1),(—1,0,1),(0,—1,1)} is
a finite cyclic subgroup of 3 of order 4. In (3, x) the following composition rules yield:
i) (a,b,c)*(1,0,1) = (a,b,c);

11) (a,b,c)*(fl,O,l):(fa,fb,c);
iii) (a,b,c)x(0,—1,1) = (+b,—a,c);
iv) (a,b,c)*(0,1,1) = (=b,a,c).

In (3, %) it is natural to consider the following equivalence relation A:
(a,b,c)R(ay,b1,c1) < In,m € Z\ {0} : ma = na;,mb = nby,mc = nc.
In this case we will say that (a,b,¢) and (ay,by,c|) are commensurable.

Example 4.2.
i) (6,—8,10)%(3,—4,5); and (6,—8,10)R(9,—12,15);
ii) (6,—8,10) JA(3,4,5) and (6,—8,10) fR(9,12,15);
i) [(10,—24,26)] = [(5,—12,13)]s.

Lemma 4.2. For every class X € B/ there exists a unique primitive triple of '3 that
belongs to X.

Proof. Let [(d',b',c')]]m € P/R, and let d be the positive greater common divisor of
{d',b',c'}. Put

Then (a,b,c) is a primitive triple that belongs to X.
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Now, let (e, f,g) € X be a primitive triple, then there exists m/n € Q such that (n,m) = 1
and m(e, f,g) =n(a,b,c). It follows that n divides e, f and g and m divides a,b and c. Thus,
m=n=1,and (e, f,g) = (a,b,c). O

Remark 4.3. Note that if a triple (a’,b’,¢’) is commensurable to a primitive triple (a,b,¢),
thatis (d’,b’,c") belongs to [(a,b,c)]g., then a divides @, b divides &, and ¢ divides ¢’
Remark 4.4. R is a congruence in (I3, %), in fact, if (a,b,c)PR(a1,b1,c¢1) and
(d,b',c)R(d},b],c}), then (a,b,c) = z(a1,bi,c1) and (d',b',c") = 2 (a},b),c|) where
7,7 € Q. So we have

(ad' —bb',bd’ +bd ,cc') = 77/ (a1d) — b1}, b1d)| +b1d),c1c)).
It follows that

[(ad' —bb';bd' +b'a,cc’)|m = [(a1a] — b1b), b1d} + blay,cic))]ors
and so that
(a,b,c)x(d,b',c") R (a1,by,c1)*(d},b],c)).
Thus, we may consider the induced quotient operation in G := 3/9R:
x: ([(a,b,0)|m, [(d,b,)|m) € Gx G — [(a,b,c)|nx[(d b, )]s € G,
defined by [(a,b, )| x[(d',b',c")]oz := [(ad — b’ ,bd' +b'a,cc)]s.
As a quotient of (3, %), G is likewise a monoid. Indeed, it turns out that G is a group.

Theorem 4.3. (G,*) is an abelian group.

Proof. We have just to check that every element of G is invertible. For, let [(a,b,c)|m € G,
then [(a,b,¢)]o * [(a, —b,c)]x = [(@aa+bb,0,cc)]r = [(c?,0,cc)]sz = [(1,0,1)]s. In other
terms [(a,b,¢)]g' = [(a,—b,c)]m. O

Definition 4.1. As every element of G can be represented by a unique primitive Pythagorean
triple (see Lemma 4.2), we will call G as the group of primitive Pythagorean triples.
We highlight the following properties of (G,x) that are inherited from (3, ).

Remark 4.5. By Remark 4.1 and Remark 4.2 we have that

C4 = <[(07 17 1)]£R> = {[(1707 1)]9'{7 [(07 17 1)]9%7 [(_1707 1)]%7 [(07 _17 l)]fﬁ} isa CyCIiC
subgroup of G of finite order 4. Moreover, the following rules yield:

) [(avb)c)}m*[(lvo’l)]m: [(aabac)]i)‘i

ii) [(a7b7c)}m*[(_1707 1)]% = [(_av_bac)]m

iii) [(a,b,¢)]on (0, =1, ] = [(+b, —a,¢)]m,

iv) [(aﬂbvc)}%*[(oﬂlvl)]% [( b,a C)}ER’

V) [(a,b,c)]ml*[(l,o,l)]m = ( a,—b C)] [(l 0, 1)] = [(a7_b C)b"

vi) [(a,b,C)}%l*[(—l,O,l)]gR = [(a _va)]%*[( 1 071)}9{ [( aabvc)]
vi) [(a,b,¢)]g *[(0, =1, Doz = [(@,=b, )]s % [(0, =1, D]z = [(—b, —a, )],
viil) [(a,b,¢)]y *[(0,1,1)]ox = [(a,—b,c)]sx x[(0,1, )]s = [(+],a, )]
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In particular, for every Pythagorean triple (a,b,c) the subgroup ([(a,b,c)]m) - ([(0,1,1)]5)
contains all the eight elements:

[(aabac)]ma [((J, 7b,C)]9{[(7(1,b,C)]9{7 [(7(1’ *b,c)]%
[(b,a,c)]m, [(b7 —a,C)]g){7 [(—b,a,c)km [(_bv —cl,C)]g)q.

Remark 4.6. Every trivial Pythagorean triple, (a,0,a), (0,b,b), (—a,0,a), (0,—b,b), be-
longs to one of the following class:

[(1707 1)]3’1» [(07 17 l)]fﬁv [(_1’01 1)]9% [(07_17 l)]fﬁ

In other terms, the class represented by a trivial Pythagorean triple is one of the elements of
the finite cyclic group Cs = ([(0,1,1)]m).

Lemma 4.4. Let p be a prime number such that p = 1(mod 4), and let (a,b, p) be a primitive
Pythagorean triple. Then for every positive integer h, there exists a unique primitive triple
of the type (an, by, p") that belongs to [(a,b, p)". In particular, ([(a,b,p)|g) is an infinite
cyclic subgroup of G.

Proof. We show that every positive power of [(a, b, p)]g'% can be represented by a primitive
triple of the type (ay,, by, p*) then the uniqueness follows by Lemma 4.2.

By hypothesis,(a, b, p) is a primitive Pythagorean triple, so that if 2 = 1 it is enough to
choose ay =a and by = b.

If h =2 we have [(a,b, p)]s; *[(a,b, p)]x = [(a® — b?,2ab, p?)]n. On the other hand, a
and b are coprime, so that (a® — b?,2ab, p?) is likewise a primitive triple.

Suppose now that 4 > 2. By induction, we may assume that the statement is true for
all positive integers i such that 1 < i < A, thus there exist two pairs of integers numbers,
(ah,1 ,bhfl) and (ahfz,bhfz), such that

[(aabvp)}ggl = [(ah—hbh—lvph_l)]%a and [(a7b7p)]g%_2 = [(ah—vah—%ph_z)]fR

hfl) 1172)

and the triples (a,_1,bp_1,p and (ap_2,bp_2,p are primitive. Now, we note that

[(d,lﬁp)]g{ = [(a»bal’)]m*[(%bm)]}g’{l = [(al,bl,p)]m* [(ah717b]171’ph71)]m

= [(a1ap—1 — biby-1, arby—1 +bran_1, p")]mn.
By contradiction, suppose that the triple (aja,_1 — b1bp—1, arbp—1 +bray_1, ph) is not
primitive, then by Lemma 3.4 the triple (ajap—1 +b1bp—1, a1by—1 —biay_1, ph) is primitive.
On the other hand

(@b, Pl = [(ab, )™ *[(ab,p)]s " = [(@r,=br, plow [(an-1, a1 7"

= [(aran—1 +bibyp_1, arbp— — brap_1, p").
It follows that both (ajay_1 +b1by_1, aib,_1 —biaj,_1, p") and (aj,_2,bj,_2, p"~2) are two
distinct primitive triples representing the same element [(a, b, p)]gg 2. This is a contradiction
by Lemma 4.2. We have proved that for every positive /, the h-power [(a,b, p)], admits a
primitive representation of the type:

h—2)

[(a,b, )% = [(a1an_1—biby_1, arby_1+bran_1, p")|s.
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The first part of the proof shows that for every i > 1, [(a,b,p)]g’% = [(an, bn, p")|ox # 16 =
[(1,0,1)]gs. Then ([(a, b, p)]gs) is an infinite cyclic subgroup of G. O

The above lemma can be extended as follows:

Corollary 4.5. Let p be a prime number such that p = 1(mod 4), and let (a,b,p) be a
primitive Pythagorean triple. Then any non-trivial element of ([(a,b, p)]s) is of the type
(an, by, p") for suitable coprime integers ay,, by, and h € N.

Proof. Any non-trivial element of ([(a,b, p)]x), is of the type X = [(a,b, p)]%;, where
04keZ

If k > 0, then the statement follows from Lemma 4.4.
Let k < 0, and put 7 = —k. Then

—1)(—k
(@b Pl = [(@,b. )l ™ = [(a,~b,p) 5y,
and the statement follows again by Lemma 4.4. O

Remark 4.7. Applying the Lemma 4.4 to an element of G represented by a principal triple
(a(p),b(p), p) of the maximum term p (see Definition 3.2), we have:

i) ([(a(p),b(p),p)]lsz) NCs =1, where C4 = [(0,1,1)]: (see Remark 4.6). It fol-

lows that the product ([(a(p),b(p),p)]s;) *Cs < G generated by [(0,1,1)]sz and

[(a(p),b(p), p)la is a direct product: ([(a(p),b(p), p)lg) * Ca.
ii) By Remark 3.3, and Remark 4.5, the subgroup ([(a,b, p)]s;) x C4 contains all

classes represented by one of the eight primitive triples of the maximum term p:
[(u,v, p)]ox € ([(a,b,p)lgn) X Ca.

Example 4.3. It is easy to see that [(3,4,5)]%5 = [(—7,24,25)]sy and [(7,24,25)]y =
[(4,3,5)]%04. so that [(7,24,25)]y is not a power of [(3,4,5)]y;. Therefore, a Pythagorean
triple of the type (u,v, p*) may be not a power of the principal triple (a(p),b(p), p). On the
other hand, by Remark 4.7 both [(7,24,25)]g, and [(—7,24,25)]s belong to ([(3,4,5)]x) X
Cy, where C4 = ([(0,1,1)]m:). This suggests a more general result, in which the principal
triples play a crucial role.

As the following two results show, if « and v are coprime integers, such that u> +v> = p*",
then each of the eight classes of triples derived from the tern {u, v, ph}:

[(”7v7ph)]m7 [(_Mvvvph)}i)% [(uv—v’ph)]i)h [(—u, _V7ph)]9%a

[(Va"‘7ph)]9%> [(_vvu’ph)]‘}iv [(V’_uaph)]i)‘{v [(—V>—”7Ph)]m

lies in ([(a(p),b(p), P)]w) x Cs.

Lemma 4.6. Let p be a prime number such that p = 1(mod 4), and let (a(p),b(p), p) be
the principal Pythagorean triple with the maximum term p. Let h be a positive integer and
(u,v, p") be a primitive Pythagorean triple. Then [(u,v, p")]o has infinite order and belongs

to ([(a(p).b(p), p)]) x ([(0, 1, )]a).
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Proof. By Lemma 4.4 there exists a (unique) primitive triple of the type (aj, by, p") such
that [(a(p),b(p), p)|s = [(an, by, p")]sx. Note that, by Remark 4.5,
([(a(p);b(p), P))52) x ([0, 1, 1)]ox) = [(an, b, P x {[(0, 1, 1)]w),

contains all the following elements, and each of them has infinite order, by Lemma 4.4:
[(ah7bhaph)]ma [(ah?_bhaph)]mv [(—ah,b}“ph)]gﬁ, [(_aha_bh»l?h)b%

[(bnyan P")sxs [(br, —an, p"))ox, [(—bnsan, p")or, (0w —an, p")]x.

On the other hand, by Proposition 3.3 there exists a unique primitive tern with the maximum
term p”, so that each element of G represented by a primitive Pythagorean triple of the type
(u, v, p") must coincide with one of the above 8 elements. O

Lemma 4.7. Let P, be the set of the first n prime numbers p such that p = 1(mod4). For
every p € Py, let (a(p),b(p), p) be the principal Pythagorean triple of the maximum term

p. Then the subgroup A, of G generated by [(a(p1),b(p1),p1)ls---, [(@(pn),b(Pn), Pn)lm,
where p; € P,, is isomorphic with the direct product of n copies of an infinite cyclic group:

Drpep([(a(p),b(p), p)l) ~ Coo X ... X C.

Proof. By Lemma 4.4, for every p € P, the subgroup ([(a(p),b(p),p)]s:) is isomorphic
with a cyclic infinite group. Thus, it is enough to show:

An = Drpep,([(a(p),b(p), P)]ox)-

If n =1, it is trivial.

Let n > 1 and proceeding by induction suppose that A,_; = Drpcp, , ([(a(p),b(p),p)ln)-
By contradiction suppose that X is a non-trivial element lyingin A,,—; N {[(a(px),b(pn), Pn)]9r)-
By Corollary 4.5, for every i = 1,...,n, any non-trivial element of ([(a(p;),b(pi), pi)|m)is
of the type [(a;n;,bip,, pf”)]g{ for suitable coprime integers a; 5, and b; 5, and h; € N. In
particular, X = [(@y j,,bnn,, P'")]oz. On the other hand, by a computation, we have

n—1

h h h Ny
X =[(a1nb10,, 07 [(@n1y 13Ot 4, 1> Py )]r = (v, p7 -, ) oms
for suitable integers u and v, so that
h fiy, n
[u7v’p]l o .prllf]l]m = [(an,hmbn,hn’pz )]m
It follows that p/» divides p’l“ e pfi”_’ll , by Remark 4.3. This contradiction shows that

Ap—1N <[(a(pn)ﬂb(pn)>pn)]m> = [(1,07 1)]9‘{7

and hence

Ap = An—1%([(@(pn);b(Pn); Pn)lor) = An—1 X ([(a(pn), b(Pn), Pn)Ir)- U

We are now in a position to describe the structure of the group G.
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Theorem 4.8. Let G = /R be the group of primitive Pythagorean triples. Then G is a
direct product of a free abelian group and a finite cyclic group of order 4. Precisely:

G = (Drper([(a(p),b(p); p)lsr)) > {[(0, 1, D) = (Coo X ... X Ceo X ...) X iy,

where P is the set of prime (positive) numbers p such that p = 1(mod 4), and (a(p),b(p), p)
is the principal triple with the maximum term p.
Moreover, for every non-trivial triple (a,b,c,) the element [(a,b,c,)|s: has infinite order.

Proof. Let A be the subgroup of G generated by all elements of the type [(a(p),b(p), p)]n.
where p is a prime such that p = 1(mod 4), and let X € A. Then X lies in some subgroup of
the type

Ax=([(a(p1),b(p1), P)]3r- -, [(a(pn),B(Pn), Pn)]3r ),

where P, is the set of the first n prime numbers p such that p = 1(mod4). By Lemma 4.7

An = ([(a(p1);b(p1); p)lsr) X ... < ([(a(pn),b(Pn), P)l3) = Coo X ... X Ces.

n

Thus X can be written in a unique way as the product of finitely many elements of the type
[(a(p),b(p),p)]m In other terms A is a direct product of infinitely many countable copies
of infinite cyclic groups:

A =Drpep([(a(p),b(p),p)ln)-

Put H:=A x ([(0,1,1)]9). We will show that G = H.

By Lemma 4.2 any element x € G can be represented by a primitive triple (u,v,r),
so that x = [(u,v,r)]m. Clearly, {|ul,|v|,r} is a primitive Pythagorean tern, and hence,
by Lemma 2.2, there exist two coprime positive integers a > b such that {|u|,|v|,r} =
{a* —b?, 2ab, a® + b*}; in particular, r = a® + b is an odd integer.

Let r = pi‘ ~p;2 -...+ p{" be the primary decomposition of r (p1,...,p; are distinct
primes and ey, ...,e; are positive integers). By Theorem 3.2, for every i = 1...r we have
pi % 3(mod 4), and hence p; = 1(mod 4). In particular, by Theorem 3.2, p{' = ¢ +d?, for
suitable coprime integers ¢ and d. We will prove that

[(u,v, 1)) € (Drizi ([(a(pi), b(pi), pi)lsr)) x ([(0,1,1)];:) < H.
If r = 1, then [(u,v,r)]s = [(u,v, p]')] and applying Lemma 4.6 we have

[(,v.p1")]gx € ([(a(p1). b(p1), p1)]5) x ([0, 1, Do) < ([(alp1),b(p1), 1)los) x ([(0, 1, 1)])-
Suppose now that ¢ > 1 and proceed by induction.
Clearly, p¢! = ¢ +d? divides r = a®>+ b2 so that, if we put w = ——, by Lemma 3.5
Dy
one of the following holds:
i) There exist m and n coprime integers such that w = m? 4-n?, and
b=mc+nd, a=md—nc.In particular, in this case
@ —b* = (d*—*)(m* —n*) —dedmn, and  2ab = (d* — c*)2mn+ (m* —n*)2cd.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 102, No. 1, A3 (2024) [17 pages]



ON THE ALGEBRAIC STRUCTURE OF PYTHAGOREAN TRIPLES A3-13

ii) There exist m and n coprime integers such that w = m? +n?, and
b=mc+nd, a= —md+ nc. In particular, in this case

@ —b* = (d* = *)(m* —n®) —dcdmn, and —2ab = (d* — *)2mn+ (m* —n*)2cd.

Clearly, (d*> — ¢?,2dc, p') is a primitive triple, and both in the above cases, by Proposi-
tion 2.3 (m? —n?,2mn,w) is likewise a primitive triple. Now, we note that the number of
primes that appears in the primary decomposition of w is less than ¢. Thus, by induction we
may suppose that the elements [(d> — c?,2dc, p! )], and [(m? —n? ,2mn,w)]s belong to H.
Now we may compose them taking into account the two possible cases:

1) In this case, we have:
[(d* —c2,2dc, p°)]ox * [(m* — n?, 2mn, w)]x
= [((d? — ¢®)(m* — n*) = 2dc2mn, (d* — c?)2mn+ (m* —n?)2dc, p“'w))ln
= [(a* — b?,2ab,r)|x € H.
On the other hand {|u|,|v|,r} = {\a2 — l72|7 |2ab|, p¢1w}, so that, by Remark 4.5,

[(%V?r)]m € <[(a2_bzazab7pelw)]m>*<[(0’ L, 1)}93> <H.

i) In this case, we have: [(d? — ¢?,2dc, p®)]ox * [(m? — n?, 2mn, w)|

= [((d* — ) (m* —n?) — 2dc2mn, (d* — c?)2mn+ (m* —n*)2dc, p*'w))|n
= [(a* — b*,—2ab,r)|x € H.
On the other hand, {|ul,|v|,r} = {|a® — b?|,|2ab|, p®'w}, so that, by Remark
4.5,
[(u,v,7)]ox € ([(a® = b7, —2ab, p'w)];) *([(0,1,1)]:) < H.
We have proved that every element [(u,v,7)] € G belongs to H. Thus, G = H.

Let now (a,b,c) be a non-trivial triple. Then [(a,b,¢)]s: ¢ C4. On the other hand, the
first part of the proof shows that

[(a,b,c)]ly =X Y, where X € AandY € Cy.

It follows that X # 1, and by Lemma 4.7 it has infinite order so that [(a,b,c)]sy = X xY, has
infinite order, too. O

5. The geometric interpretation

In the introduction, we have recalled that a Pythagorean triangle is a right triangle with
integer side lengths. In this section, we highlight how an interesting property referred to
Pythagorean triangles may be obtained via the algebraic properties of Pythagorean triples.
Precisely, as a consequence of Theorem 4.8 we obtain an elementary proof of the “Governor
Theorem” (see Garibaldi 2008, p. 191; Scarpis 1903):

Theorem 5.1 (The Governor Theorem). If a right triangle has integer side lengths, then the
acute angles are irrational, when measured in degrees.

Proof. Let 7 be a Pythagorean triangle whose hypotenuse has length ¢ and whose legs have
lengths a and b. Clearly, 7 may be associated with a non-trivial triple (a,b,¢): 7 = F4p.¢)
(see Fig. 5.1). Note that a = ccos(f3) e b = csin(f3), where f is the angle between the sides
aand c.

Now we prove that for every positive integer n, both cos(nf3) and sin(nf3) are integers,
moreover the following identity holds:
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B a C

FIGURE 5.1. The Pythagorean triple (a,b,c) associated with a Pythagorean
triangle T, p )

[(a,b,¢)]; = [c(cos(nB),csin(nf),c)]n. (5.1)

The statement is trivially true for n = 1. Let n > 1 and proceeding by induction assume that
cos((n—1)B) and sin((n — 1)) are integers and the following identity holds:

[(a,b,0)]5 " = [(c cos((n—1)B), ¢ sin((n—1)B), ¢)]x.
Then,
[(a,b,¢)]5 = [(c cos((n—1)B), c sin((n—1)B),c)]ox *[c(cos(B),csin(B),c) |
= [(cos((n—1)B)(cos(B)c* —sin((n—1)B)sin(B)c?, cos((n — 1)B)sin(B)c*+
sin(n— 1B)cos(B)c?,c?)|m
= [(cos(nB)c?,sin(nB)c?,c?)|m = [(cos(nB)c,sin(nf)c, c)]x.
Thus, cos(nfl) and sin(nf3) are integers, and (5.1) holds. By contradiction, suppose now

that 3 is rational in degrees, and put B = m/n 360°. Then (nf8) = mm, and two cases
appear:

= =

[(1,0,1)]: = 16.
[(—1,0,1)]m: that is a periodic element

m even) In this case, [(c cos(nf),csin(nf),c)|m

m odd) In this case, [(c cos(nf),csin(nf),c)|m
of G (see Remark 4.5).

So that, by Eq.(5.1), in both cases [(a,b,¢)] is a periodic element of G. On the other hand

(a,b,c) is a non-trivial triple, so that, by Theorem 4.8 it has infinite order. This contradiction

completes the proof. g

6. Conclusions

The study of Pythagorean triples has deep historical roots, dating back to the most
ancient Assyrian-Babylonian civilizations and the Pythagorean theorem. It is closely
tied to number theory, as it provides an entry point for discussions on prime numbers,
divisibility, and modular arithmetic. Pythagorean triples are a specific case of Diophantine
equations, which involve finding integer solutions to polynomial equations. This connects
the study of Pythagorean triples to broader algebraic concepts (see Jannamorelli 2013).
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FIGURE 6.1. Plimpton 322 XIX sec. B.C. (see Plimpton 322 2024): a Babylonian
clay tablet, containing a significant list of Pythagorean triples.

Moreover, Pythagorean triples have a clear geometric interpretation. In physics, these triples
are relevant to problems involving vectors and forces, where right-angled triangles often
arise. Understanding these triples lays the groundwork for applications in physics and
engineering. It should also be noted that they also have a certain relevance in computer
science. For example, some cryptographic algorithms involve the use of Pythagorean
triples. Exploring these applications shows the intersection of number theory and modern
technology, showcasing the ongoing relevance of these mathematical concepts. Besides
these scientific aspects, we also highlight relevant didactic perspective derived from:

e Concrete Exploration of Number Theory: exploring Pythagorean triples offers a
concrete and visual way to introduce and understand number theory concepts.

e Geometric Visualization: connection with Pythagorean theorem.

e Pattern Recognition: investigating Pythagorean triples encourages students to
recognize patterns and relationships between numbers. This can lead to discussions
about symmetry, the role of odd and even numbers, and the impact of scaling on
the triples.

e Problem-Solving Skills: investigating Pythagorean triples encourages students to
recognize patterns and relationships between numbers. This can lead to discussions
about symmetry, the role of odd and even numbers, and the impact of scaling on
the triples.

As we have said in the introduction, the set 3 of all Pythagorean triples has an intrinsic
structure of commutative monoid with respect to a suitable binary operation, (%3, ). Eckert
and Vestergaard (1989), Jitman and Sangwisut (2022), and Mariani (1962) considered
different points of view and proved that special subsets of Pythagorean triples can be
regarded as torsion free groups. On the other hand, their investigations appear somehow
technical and sometimes by means of non-elementary concepts (see Jitman and Sangwisut
2022). This could affect the applications of their results.

We conclude by noting that our investigation approach could be adapted to a larger set of
triples. This provides new insights and ideas for further research.
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