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FIRST STEPS WITH BOTT FORMULA

MUSTAPHA LAHYANE a∗ , ISRAEL MORENO-MEJÍA b AND DAN SILVA-LÓPEZ bc

ABSTRACT. We use Bott’s residue formula to infer that a general cubic surface in the pro-
jective space P3

C contains exactly twenty seven lines and that a general complete intersection
of two quadrics in P4

C contains exactly sixteen lines.

1. Introduction

Bott formula allows one to compute the degree of certain zero cycles on a smooth
complete variety X with an action of an algebraic torus in terms of local contributions
supported on the components of the fixpoint set. Such a cycle should be a polynomial of
Chern classes of linearized vector bundles with respect to the torus action. One advantage,
if one can apply the formula, is that one may not need to know the intersetion theory
of the variety X . The disadvantage could be that calculations may require the help of a
computer. This note contains two explicit calculations showing how to use Bott formula
(see Sections 4 and 6). The original formula appeared first in the paper authored by Bott
(1967). Atiyah and Bott (1984) generalised the formula expressing it in the language of
equivariant cohomology. The formula used here (Theorem 3.1) is the version published by
Ellingsrud and Strømme (1996) which is an interpretation due to Carrell and Lieberman
(1973, 1977) of that given by Atiyah and Bott (1984) and relies on the fact that, given an
action of C∗ on a variety X , one obtains a vector field s whose zero set is the fixed point
set of the action. There are several works in the literature that use Bott formula and the
reader interested in more elaborated situations should start having a look at Ellingsrud and
Strømme (1996), where more situations with finite fixed point sets are considered, and
also to the paper by Kontsevich (1995) where another version of the formula is used in a
situation where the fixed point set has components of positive dimension.

2. The scheme of zeros of a global section

Let E be a rank r vector bundle over a smooth complete variety X over C of dimension
n with Chern classes c1(E ), . . . ,cr(E ). Given a global section s ∈ Γ(X ,E ) we have a
homomorphism s : OX → E sending 1 to s. The zeros scheme of s is defined to be the closed
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subscheme Y of X corresponding to the exact sequence

E ∨ s∨−→ OX −→ OY → 0.

By the way we recall that when E = TX = Ω∨
X is the tangent sheaf of X one calls s a vector

field on X . In terms of a local trivialization of E one can represent the section s as a vector
of regular functions, say s = (s1, . . . ,sr), which locally generate the ideal sheaf of Y . This
representation determines a Koszul complex K•(E ,s) of sheaves on X:

0 →∧rE ∨ →∧r−1E ∨ → ··· → ∧2E ∨ → E ∨ s∨−→ OX −→ OY → 0. (1)

We also denote by Y the cycle associated to Y . If Y has codimension r then we have
cr(E ) = Y in the Chow group Ar(X) and the Koszul complex (1) is globally exact.

Theorem 2.1. Let X be a complex smooth proyective variety that admits a vector field s
whose zero scheme Y is nonempty and of codimension r = dimX. Then X is rational and if
| p−q |> 0 we have

dimC Hq(X ,Ωp
X ) = 0.

Proof. (see Carrell and Lieberman 1973, Theorem 1). □

As we have already mentioned at the introduction, given an action of C∗ on X one
obtains a vector field s whose zero set Y is the fixed point set of the action. If dimY = 0 the
corresponding Koszul complex K•(TX ,s) is then a locally free resolution of OY .
For i ≥ 0 let Bi be the cockernel of the Koszul map

Ω
i+1
X → Ω

i
X .

In view of Theorem 2.1 one has that there are exact sequences for all i:

0 → H i(X ,Ωi
X )

pi−→ H i(X ,Bi)
ri−→ H i+1(X ,Bi+1)→ 0. (2)

There are natural maps

qi = ri−1 ◦ · · · ◦ r0 : H0(Y,OY )→ H i(X ,Bi).

3. Representation of cohomology classes by functions

Recall that given a subvariety V ⊂ X of codimension i one associates a cohomology class
η(V ) ∈ H i(X ,Ωi

X ) (see Hartshorne 1977, Chapter III, Ex. 7.4). Given a function f : Y →C
and a non-zero cohomology class c ∈ H i(X ,Ωi

X ) it is said that f represents c if

qi( f ) = pi(c).

There is a filtration of the ring of complex-valued functions on Y

0 = A−1 ⊆ C= A0 ⊆ A1 ⊆ A2 ⊆ ·· · ⊆ Ar = H0(Y,OY ),

where Ai = kerqi+1. One has that
AiA j ⊆ Ai+ j

and the associated graded ring ⨁︂
i

Ai/Ai−1
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is naturally isomorphic to the cohomology ring (see Carrell and Lieberman 1977, Theorem
2.6)

H∗(X ,C)∼=
⨁︂

i

H i(X ,Ωi
X ). (3)

This gives a representation of the cohomology clases by functions on the fixed point set.
The representation is unique upto addition of functions coming from cohomology classes of
lower degree. This representation provides a way to evaluate zero-cycles if we know how to
describe a function representing a given class and if we have an explicit formula to for the
composition

εX : H0(Y,OY )
qn−→ Hn(X ,Ωn

X )
resX−→
≃

C,

where n = dim(X), resX corresponds to the trace map in the paper by Hartshorne (1966)
and resX (η(V ) = degV ) for a 0-cycle V ⊂ X . Theorem 3.1 below deals with representation
and evaluation issues. Let E be a C∗-linearized vector bundle of rank r on X . For each
fixed point x ∈ Y the fibre of E splits as a direct sum of one-dimensional representations of
C∗; let τ1(E ,x), ...,τr(E ,x) denote the corresponding weights, and for all integers k ≥ 0, let
σk(E ,x) ∈ Z be the k-th elementary symmetric function in the τi(E ,x).

Theorem 3.1 (Bott Formula). Let E and the notation be as above. Then
(1) The k-th Chern class ck(E ) ∈ Hk(X ,Ωk

X ) can be represented by the function f :
Y → C given by f (x) = σk(E ,x).

(2) Given a function f : Y → C one has

εX ( f ) = ∑
x∈Y

f (x)
σn(TX ,x)

4. Twenty seven lines through a cubic surface

Consider a cubic hypersurface Q⊂P3, say Q=V (F) with F a cubic form in C[x0, . . . ,x3].
Let QL be the set of lines in P3 contained in Q. The cardinality of QL is related to the
degree of certain 0-cycle on the Grasmannian of lines in P3 as stated in Lemma 4.1. We
shall see how to use Theorem 3.1 to compute the degree of that cycle. Before that we need
to introduce some background and the elements required to apply the theorem.

Let W be a 4-dimensional complex vector space and consider the projective space P3 =
P(W ) and the Grassmanian G(2,W ) of lines in P3. Let S −→G(2,W ) be the tautological
bundle of G(2,W ), then we have a universal line

L= P(S)⊂G(2,W )×P3.

This means that if L ⊂ P3 is a line and we represent by L the corresponding point in G(2,W )
we have that

L∩
{︂
{L}×P3

}︂
= {L}×L ∼= L.

Consider the sheaf
E = p1∗(OL⊗ p∗2OP3(3)) (4)

where p1 and p2 are the two projections of G(2,W )×P3. Write F to denote OL⊗ p∗2OP3(3)
(of course, there is some abuse of notation, specifically we mean the sheaf on G(2,W )×P3

given by j∗( j∗(p∗2OP3(3))) where j stands for the inclusion L⊂G(2,W )×P3). Next we
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see that E is a locally free sheaf of rank 4. Given a point L ∈ G(2,W ) consider the fibre
(G(2,W )×P3)L under p1 and the sheaf

FL := F |(G(2,W )×P3)L
.

Then FL can be seen as a sheaf on {L}×L ∼= L and since L is a line on P3 we can identify
it with OP1(3). Therefore

dimH0((G(2,W )×P3)L,FL) = dimH0(P1,OP1(3)) = 4 (5)

for any L ∈G(2,W ). It follows from standard Cohomology and base change theory (Mum-
ford 1970, Corollary 2, p. 50) that E is a locally free sheaf of rank 4.

Lemma 4.1. If QL is finite then we have that #QL ≤ degc4(E ). If Q is a general cubic,
then #QL = degc4(E ).

Proof. First one should notice that a cubic Q⊂P3 induces a non-zero section in H0(G(2,W ),E ).
From (4) one can see that

H0(G(2,W )×P3,OL⊗ p∗2OP3(3)) = H0(G(2,W ),E ).

Also, there is a natural homomorphism

H0(G(2,W )×P3, p∗2OP3(3))−→ H0(G(2,W )×P3,OL⊗ p∗2OP3(3))

given by restriction of sections, that is, σ −→ σ |L . Notice also that

H0(G(2,W )×P3, p∗2OP3(3)) = H0(P3, p2∗p∗2OP3(3)) = H0(P3,OP3(3)).

Then, since a non-zero cubic σ cannot vanish on all lines in P3 we have in fact an injective
map

H0(P3,OP3(3))−→ H0(G(2,W ),E ).

Finally, given a cubic form F ∈ H0(P3,OP3(3)) the set of zeros of the section F|L of E

induced by F corresponds to the set QL of lines in P3 on which F vanish. It follows
from section 2 that if QL is finite then we have that as schemes QL = c4(E ) in the Chow
ring of G(2,W ) because dim(G(2,W )) = 4. Since a point in QL could have multiplicity
≥ 1 in c4(E ) one has #QL ≤ degc4(E ). By the Kleiman’s Bertini Theorem (Kleiman
1974) on has that for a general cubic Q the zero scheme QL is finite and smooth and then
#QL = degc4(E ). □

Let W have coordinates (x0, . . . ,x3). Define an action of C∗ on W given by t ·(x0, . . . ,x3)=
(ta0x0, . . . , ta3x3). This induces an action on G(2,W ) which have six fixed points(if ai ̸= a j
for i ̸= j), namely, the lines through every pair of canonical points eī = (0 : · · · : 1⏞ ⏟⏟ ⏞

i

: · · · : 0) ∈

P3. Let Li, j the line through eī and e j¯ . Then tangent space to G(2,W ) at Li, j is given by

TG(2,W ),Li, j = Hom(Si, j,Qi, j) = S∨i, j ⊗Qi, j (6)

where Si, j ⊂ W is subspace generated by {ei,e j} and Qi, j = W/Si, j. Then we have split-
ings Si, j ∼= V (ai)⊕V (a j) and Qi, j ∼= V (k)⊕V (l), where the action of C∗ on V (i) ∼= C is
multiplication by t i. So

TG(2,W ),Li, j
∼=V (k−ai)⊕V (k−a j)⊕V (l −ai)⊕V (l −a j) (7)
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and we use the vector of weights

(τ1(TG(2,W ),Li, j), . . . ,τ4(TG(2,W ),Li, j)) = (k−ai,k−a j, l −ai, l −a j)

to compute
σ4(TG(2,W ),Li, j) = (k−ai)(k−a j)(l −ai)(l −a j). (8)

We want to represent c4(E ) by a function so we have also to determine the weights of the
action on the fibres of E at the fixed points. With the notation as in (5) we have, following
Mumford (1970, Corollary 2, (ii), p. 50), that the fibre at Li, j is given by

ELi, j = H0((G(2,W ) × P3)Li, j ,FLi, j) = H0(Li, j,OLi, j(3)) = Sym3(S∨i, j). (9)

Therefore we have
Sym3(S∨i, j)∼=

⨁︂
p,q≥0,
p+q=3

V (−pai −qa j), (10)

and by Theorem 3.1 we have that c4(E ) is represented by the function f

Li, j −→ σ4(E ,Li, j) = ∏
p,q≥0,
p+q=3

(−pai −qa j). (11)

Let fi, j be the contribution of Li, j to εX ( f ), that is,

fi, j =
f (Li, j)

σ4(TG(2,W ),Li, j)
.

So from (8) and (11) fi, j = c(ai,a j,k, l) where k, l depend on i, j and

c(ai,a j,k, l) =
9ai aj (aj +2ai) (2aj +ai)

(k−ai) (k−aj) (l −ai) (l −aj)
.

When (i, j) = (0,1) one can set (k, l) = (a2,a3) so

f0,1 = c(a0,a1,a2,a3) =
9a0 a1 (a1 +2a0) (2a1 +a0)

(a2 −a0) (a2 −a1) (a3 −a0) (a3 −a1)
.

Similarly, one has for the other fixed points

f0,2 = c(a0,a2,a1,a3) =
9a0 a2 (a2 +2a0) (2a2 +a0)

(a1 −a0) (a1 −a2) (a3 −a0) (a3 −a2)
.

f0,3 = c(a0,a3,a1,a2) =
9a0 a3 (a3 +2a0) (2a3 +a0)

(a1 −a0) (a2 −a0) (a1 −a3) (a2 −a3)
.

f1,2 = c(a1,a2,a0,a3) =
9a1 a2 (a2 +2a1) (2a2 +a1)

(a0 −a1) (a0 −a2) (a3 −a1) (a3 −a2)
.

f1,3 = c(a1,a3,a0,a2) =
9a1 a3 (a3 +2a1) (2a3 +a1)

(a0 −a1) (a2 −a1) (a0 −a3) (a2 −a3)
.

f2,3 = c(a2,a3,a0,a1) =
9a2 a3 (a3 +2a2) (2a3 +a2)

(a0 −a2) (a1 −a2) (a0 −a3) (a1 −a3)
.

Now one can verify that

ε( f ) = f0,1 + f0,2 + f0,3 + f1,2 + f1,3 + f2,3 = 33.
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5. The case of k-planes in projective varieties

Consider now a subvariety Y ⊂ Pn where Y is a complete intersection of hypersurfaces
V (Fd1), . . . ,V (Fds)⊂ Pn of degrees d1, . . . ,ds. Let YK be the set of k-planes in Pn that are
contained in Y . Assume Pn = P(W ). We now take S −→G(k+1,W ) to be the tautological
bundle of G(k+1,W ) and consider the universal k-plane

K= P(S)⊂G(k+1,W )×Pn.

Now, the vector bundle
Ed = p1∗(OK⊗ p∗2OPn(d)) (12)

has rank(Ed) =
(︁k+d

d

)︁
. Notice that (k+ 1)(n− k) = dimG(k+ 1,W ). As in the proof of

Lemma 4.1 taking the section induced by (Fd1 , . . . ,Fds) one has the following

Proposition 5.1. Let Y ⊂ Pn be the complete intersection of p general hypersurfaces in Pn

of degrees d1, . . . ,dp respectively. Assume that ∑i
(︁k+di

di

)︁
= (k+1)(n− k). Then the number

of k-planes contained in Y is finite and equals

deg(cN(E ))

where N = (k+1)(n− k) and
E =

⨁︂
i

Edi .

6. Sixteen lines through the intersection of 2 quadrics

Now we can consider the case of a surface that is the complete intersection of 2 general
quadrics in P4 = P(W ). Similarly to section 4 one takes an action of C∗ on W given by
t · (x0, . . . ,x4) = (ta0 x0, . . . , ta4x4) with ai ̸= a j for i ̸= j. For a fixed point Li, j ∈ G(2,W )
one has Si, j ∼=V (ai)⊕V (a j) and Qi, j ∼=V (k)⊕V (l)⊕V (m) so that

TG(2,W ),Li, j
∼=V (k−ai)⊕V (k−a j)⊕V (l−ai)⊕V (l−a j)⊕V (m−ai)⊕V (m−a j) (13)

and then

σ6(TG(2,W ),Li, j) = (k−ai)(k−a j)(l −ai)(l −a j)(m−ai)(m−a j). (14)

Here we take
E = E2 ⊕E2.

The fibre of E2 at Li, j is given by

(E2)Li, j = H0(Li, j,OLi, j(2)) = Sym2(S∨i, j)∼=
⨁︂

p,q≥0,
p+q=2

V (−pai −qa j). (15)

And then we have that c6(E ) is represented by the function f

Li, j −→ σ6(E ,Li, j) = ∏
p,q≥0,
p+q=2

(−pai −qa j)
2. (16)

From (14) and (16) the contribution fi, j of Li, j to εX ( f ) is of the form
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fi, j = c(ai,aj,k, l,m)

:=
(2ai)

2 (ai +aj)
2 (2aj)

2

(k−ai) (k−aj) (l−ai) (l−aj) (m−ai) (m−aj)
.

For fi, j, 0 ≤ i < j ≤ 4 one has

f0,1 = c(a0,a1,a2,a3,a4)

=
16a0

2 a1
2 (a1 +a0)

2

(a2 −a0) (a2 −a1) (a3 −a0) (a3 −a1) (a4 −a0) (a4 −a1)

.̇
.̇
.̇

f3,4 = c(a3,a4,a2,a0,a1)

=
16a3

2 a4
2 (a4 +a3)

2

(a0 −a3) (a1 −a3) (a2 −a3) (a0 −a4) (a1 −a4) (a2 −a4)

and one can verify that
ε( f ) = ∑

0≤i< j≤4
fi, j = 24.

The same was obtained by Griffiths and Harris (1994, p. 199) using Schubert calculus
(see also Griffiths and Harris 1994, Chap. 4, Sec. 4).

Acknowledgments

The authors gratefully thank the referees for their suggestions to improve the readability
of our paper.

Declarations

M. Lahyane acknowledges a partial support from Coordinación de la Investigación
Científica de la Universidad Michoacana de San Nicolás de Hidalgo (UMSNH) during 2022.
The first two authors are members of the SNII-Conahcyt.

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper. The
authors declare that there are no conflicts of interests.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 101, No. 2, LC1 (2023) [8 pages]



LC1-8 M. LAHYANE ET AL.

References

Atiyah, M. F. and Bott, R. (1984). “The moment map and equivariant cohomology”. Topology 23(1),
1–28. DOI: 10.1016/0040-9383(84)90021-1.

Bott, R. (1967). “A residue formula for holomorphic vector-fields”. Journal of Differential Geometry
1, 311–330. DOI: 10.4310/jdg/1214428096.

Carrell, J. B. and Lieberman, D. I. (1973). “Holomorphic vector fields and Kaehler manifolds”.
Inventiones Mathematicae 21, 303–309. DOI: 10.1007/BF01418791.

Carrell, J. B. and Lieberman, D. I. (1977). “Vector fields and Chern numbers”. Mathematische Annalen
225(3), 263–273. DOI: 10.1007/BF01425242.

Ellingsrud, G. and Strømme, S. A. (1996). “Bott’s formula and enumerative geometry”. Journal of the
American Mathematical Society 9(1), 175–193. DOI: 10.1090/S0894-0347-96-00189-0.

Griffiths, P. and Harris, J. (1994). Principles of Algebraic Geometry. Wiley Classics Library. New
York: John Wiley & Sons, Ltd. DOI: 10.1002/9781118032527.

Hartshorne, R. (1966). Residues and Duality. Vol. 20. Lecture Notes in Mathematics. Lecture notes
of a seminar on the work of A. Grothendieck, given at Harvard 1963/64. Berlin, New York:
Springer-Verlag. DOI: 10.1007/BFb0080482.

Hartshorne, R. (1977). Algebraic Geometry. Vol. 52. Graduate Texts in Mathematics. New York, NY:
Springer. DOI: 10.1007/978-1-4757-3849-0.

Kleiman, S. L. (1974). “The transversality of a general translate”. Compositio Mathematica 28(3),
287–297. URL: http://www.numdam.org/item/CM_1974__28_3_287_0/.

Kontsevich, M. (1995). “Enumeration of Rational Curves via Torus Actions”. In: The Moduli Space
of Curves. Ed. by R. H. Dijkgraaf, C. F. Faber, and G. B. M. van der Geer. Vol. 129. Progress in
Mathematics. Boston, MA: Birkhäuser Boston, pp. 335–368. DOI: 10.1007/978-1-4612-4264-
2_12.

Mumford, D. (1970). Abelian Varieties. Vol. 5. Studies in Mathematics. Bombay: Tata Institute of
Fundamental Research. (Reprinted edition available at https://bookstore.ams.org/tifr-13).

a Universidad Michoacana de San Nicolás de Hidalgo,
Instituto de Física y Matemáticas,
Avenida Francisco J. Múgica S/N, Edificio C 3, Ciudad Universitaria,
Colonia Felicitas Del Rio, C. P. 58040 Morelia, Estado de Michoacán de Ocampo, México

b Universidad Nacional Autónoma de México,
Instituto de Matematicás, Unidad Oaxaca,
Leon 2 altos, Col. Centro, C.P. 68000, Oaxaca de Juárez, Oaxaca, México

c Instituto Tecnológico de Huichapan,
Departamento de Ingeniería en Gestión Empresarial,
El Saucillo, Huichapan, C.P. 42411, Hidalgo, México

∗ To whom correspondence should be addressed | email: mustapha.lahyane@umich.mx

Manuscript received 27 March 2023; communicated 19 May 2023; published online 29 October 2023

© 2023 by the author(s); licensee Accademia Peloritana dei Pericolanti (Messina, Italy). This article is an
open access article distributed under the terms and conditions of the Creative Commons Attribution 4.0
International License (https://creativecommons.org/licenses/by/4.0/).

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 101, No. 2, LC1 (2023) [8 pages]

https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.4310/jdg/1214428096
https://doi.org/10.1007/BF01418791
https://doi.org/10.1007/BF01425242
https://doi.org/10.1090/S0894-0347-96-00189-0
https://doi.org/10.1002/9781118032527
https://doi.org/10.1007/BFb0080482
https://doi.org/10.1007/978-1-4757-3849-0
http://www.numdam.org/item/CM_1974__28_3_287_0/
https://doi.org/10.1007/978-1-4612-4264-2_12
https://doi.org/10.1007/978-1-4612-4264-2_12
https://bookstore.ams.org/tifr-13
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. The scheme of zeros of a global section
	3. Representation of cohomology classes by functions
	4. Twenty seven lines through a cubic surface
	5. The case of k-planes in projective varieties
	6. Sixteen lines through the intersection of 2 quadrics
	Acknowledgments
	Declarations
	References

