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ABSTRACT. We introduce and study p-a-Lindelof sets in p-spaces as a subclass of -
Lindelof sets and as a superclass of both p-semi-Lindelof sets and strongly p-Lindelof sets.
Several properties and mapping properties of t-a-Lindelof sets are studied extensively.

1. Introduction

A generalized topology (GT) (Csaszar 2002) tt on a non-empty set X is a collection of
subsets of X such that @ € u and  is closed under non-empty arbitrary unions. For a GT
U on X, the pair (X, u) will be called a generalized topological space (GTS), elements of
u will be called p-open sets, and a subset A of (X, ) will be called p-closed if X\A is
u-open. A space (X, 1) will always mean a GTS. If A is a subset of a space (X, 1), then
the p-closure of A (Csészér 2005), ¢y (A), is the intersection of all p1-closed sets containing
A, and the p-interior of A (Csdszdr 2005), iy (A), is the union of all y-open sets contained
inA. A GT p on X is called a strong GT (Csészar 2004) if X € u. A space (X, u) is called
a u-space (Noiri 2006) if X € u, that is u is a strong GT.

Recently, various types of Lindelof properties in GTSs have been considered by several
mathematicians. The primary purpose of this article is to introduce and study p-o-Lindelof
sets in (-spaces. We also introduce and study a new type of generalized open sets in GTSs,
called wy-a-open sets, and invest them to obtain more properties of u-a-Lindeldf sets.

If (X, 7) is a topological space and A C X, then A and IntA will stand, respectively,
for the closure of A in X and the interior of A in X. A subset A of a topological space
(X, 7) is called semi-open (Levine 1963) (resp. preopen (Mashhour ef al. 1982), B-open
(Abd El-Monsef et al. 1983), c-open (Njéstad 1965)) if A C IntA (resp. A C IntA, A C IntA,
A CIntIntA). The families of semi-open (resp. preopen, $-open, a-open) subsets of
a topological space (X, 7) will be denoted by SO (X) (resp. PO (X), B (X), a(X)). Itis
known that if 4 € {SO (X),PO(X),B (X),a(X)}, then (X, ) is a p-space. Njastad (1965)
pointed out that if 4 = o (X), then U is a topology on X finer than 7.
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2. Preliminaries

A subset A of a space (X, 1) is called (Csédszar 2005) p-semi-open (resp. [-preopen,
u-B-open, p-o-open) if A C ¢y (iy (A)) (resp. A C iy (cu (A)), A C ey (in (cu (A))),AC
iu (cu (ix (A)))). We will denote the class of p1-semi-open sets by & (it) or o, the class of
u-preopen sets by 7 (i) or w, the class of u-f-open sets by 8 (i) or 3, and the class of
u-a-open sets by a (1) or o. It was pointed out by Csészér (2005) that each of o, 7, 3,
and « is a GT. However, it is easy to see that each of ¢ and f is a strong GT, while 7 and o
need not.

We recall the following definitions and facts for their importance in the material of our
article.

Proposition 2.1. (Csdszdr 2005) Let (X, 1) be a space. Then

(Jucaoa=onNm;

(ii) oUTm C B;

(iii) a (§) = £, V¢ € {o, 7, B, a}.

Definition 2.2. (Sarsak 2013) (i) A subset A of a |1-space (X, L) is called |-Lindeldf if any
cover of A by lL-open subsets of X has a countable subcover.

(ii) A p-space (X, 1) is called p-Lindeldf if any cover of X by [L-open sets has a countable
subcover:

Definition 2.3. (i) A subset A of a topological space (X,7) is called strongly Lindeldf
(Hdeib and Sarsak 2000) relative to (X, 7) if any cover of A by preopen subsets of X has a
countable subcover.

(ii) A topological space (X, 7) is called strongly Lindelof (Mashhour et al. 1984) if any
cover of X by preopen subsets of X has a countable subcover.

Definition 2.4. (Sarsak 2019) (i) A subset A of a U-space (X, L) is called strongly -
Lindelof if any cover of A by [L-preopen subsets of X has a countable subcover, that is A is
7 (u)-Lindelof.

(ii) A p-space (X, ) is called strongly w-Lindelof if any cover of X by [1-preopen sets has
a countable subcover, that is (X, (p)) is 7 (U)-Lindelof.

Definition 2.5. (i) A subset A of a topological space (X, 1) is called semi-Lindeldf in X
(Sarsak 2009) if any cover of A by semi-open subsets of X has a countable subcover. We
will use the term "relative to X" to mean "in X".

(ii) A topological space (X, T) is called semi-Lindeldf (Ganster 1990) if any cover of X by
semi-open subsets of X has a countable subcover.

Definition 2.6. (i) A subset A of a space (X, 1) is called p-semi-Lindelof relative to X
(Mustafa 2012) if any cover of A by l-semi-open subsets of X has a countable subcover, or
equivalently (Sarsak 2021), A is o (1)-Lindeldf. We will say A is [1-semi Lindeldf to mean
A is u-semi Lindelof relative to X.

(ii) A space (X,l) is called p-semi-Lindeldf (Mustafa 2012) if any cover of X by -
semi-open sets has a countable subcover, or equivalently (Sarsak 2021), (X,o(u)) is
o (u)-Lindeldf.

Definition 2.7. (Sarsak 2019) (i) A subset A of a topological space (X,7) is called [3-
Lindeldf relative to (X,7) if any cover of A by B-open subsets of X has a countable
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subcover.
(ii) A topological space (X, ) is called B-Lindeldf if any cover of X by B-open subsets of X
has a countable subcover.

Definition 2.8. (Sarsak 2023) (i) A subset A of a space (X, 1) is called p-B-Lindeldf if any
cover of A by l1-B-open subsets of X has a countable subcover, that is A is  (1)-Lindeldf.
(ii) A space (X, 1) is called p-B-Lindelof if any cover of X by L-B-open sets has a countable
subcover, that is (X, (1)) is B (1)-Lindeldf.

3. u-a-Lindelof sets

This section is mainly devoted to introducing and studying u-o-Lindelof sets in u-
spaces.

Definition 3.1. (i) A subset A of a topological space (X, 7) is called o.-Lindeldf relative to
(X, 7) if any cover of A by at-open subsets of X has a countable subcover.

(ii) (Ganster 1990) A topological space (X,7) is called a-Lindelof if any cover of X by
a-open subsets of X has a countable subcover.

Definition 3.2. (i) A subset A of a i-space (X, 1) is called w-o.-Lindeldf if any cover of A
by u-a-open subsets of X has a countable subcover, that is A is o (U)-Lindelof.

(ii) A p-space (X,p) is called u-a-Lindeldf if any cover of X by |L-0-open sets has a
countable subcover, that is (X, a (1)) is a(u)-Lindeldf.

Remark 3.3. It is easy to see that the countable union of l-0-Lindeldf subsets of a |L-space
(X, u) is p-a-Lindelof.

The next six remarks follow from Proposition 2.1(iii).

Remark 3.4. Let A be a subset of a space (X, 1L). Then it is clear that
(i) A is W-semi-Lindeldf if and only if A is ¢ ([)-a-Lindeldf;
(ii) A is u-PB-Lindeldf if and only if A is B (1)-o-Lindeldf.

Remark 3.5. Let A be a subset of a l-space (X, |L). Then it is clear that
(i) A is u-o-Lindelof if and only if A is o (1)-o-Lindelof;
(ii) A is strongly p-Lindeldf if and only if A is 7t (W)-a-Lindeldf.

Remark 3.6. If A is a subset of a topological space (X,7) and p € {t,0a(X)}, then

A is p-o-Lindeldf < A is a-Lindelof relative to (X, 7).
In particular,

(X, ) is p-o-Lindeldf < (X, 7) is a-Lindelof.
Remark 3.7. If A is a subset of a topological space (X,7) and & = SO (X), then

A is u-a-Lindeldf < A is semi-Lindeldf relative to (X,T).

In particular,
(X, 1) is u-o-Lindelof < (X, T) is semi-Lindelof.
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Remark 3.8. If A is a subset of a topological space (X, T) and L = PO (X), then

A is Uu-a-Lindeldf < A is strongly Lindeldf relative to (X, 7).
In particular,
(X,u) is p-o-Lindelof < (X, t) is strongly Lindeldf.

Remark 3.9. If A is a subset of a topological space (X,7) and i = B (X), then

A is p-o-Lindeldf < A is B-Lindeldf relative to (X, 7).
In particular,
(X, u) is p-o-Lindelof < (X, 1) is B-Lindeldf.

Remark 3.10. Clearly, if a subset A of a p-space (X, 1) is [-semi-Lindeldf or strongly
U-Lindeldf, then A is u-o-Lindeldf, and if A is (-o-Lindeldf, then A is u-Lindelof; in
particular, if a t-space (X, L) is l-semi-Lindelof or strongly |-Lindeldf, then (X, 1) is
u-o-Lindeldf, and if (X,1) is u-a-Lindeldf, then (X, 1) is p-Lindelof. However, the
converses need not be true even for topological spaces as it is well known.

Recall that a subset A of a space (X, i) is called pu-a-closed (Sarsak 2012) if X\A is u-
a-open. The following proposition characterizes (--Lindeldf sets in terms of y-a-closed
sets; the straightforward proof is omitted.

Proposition 3.11. A non-empty subset A of a -space (X, L) is [t-o-Lindeldf if and only if
Sor every family F# = {Fy : @ € A} of W-o-closed sets having the property that for every
non-empty countable subfamily F' of %, (ﬂ f’) NA £ 0, then (N.7)NA #0.

Next, we characterize u-a-Lindelof sets using filter bases; to proceed, we recall the
following.

Definition 3.12. (Sarsak 2019) (i) A filter base ¥ on a non-empty set X is called a strong
filter base on X if whenever ' is a non-empty countable subcollection of F, there exists
F € F suchthat F C .Z';

(ii) A strong filter base .7 on a non-empty set X is called a maximal strong filter base on X
if whenever ¢ is a strong filter base on X with % C 3, then F = .

Proposition 3.13. (Sarsak 2019) Every strong filter base % on a non-empty set X is
contained in a maximal strong filter base on X.

Definition 3.14. A filter base ¥ on a space (X, L) is said to & (l)-converge to a point
x € X if for each [-a-open subset U of X such that x € U, there exists F € % such that
F CU. % issaid to oo (1)-accumulate at x € X if UNF # 0 for every F € F and for every
U-oc-open subset U of X such that x € U.

Remark 3.15. Let F be a filter base on a space (X, L) and x € X. Then it is easy to see
that

(i) If # a (u)-converges to x, then F o (1L)-accumulates at x;

(ii) If F is a maximal filter base (maximal strong filter base), then F o (l)-converges to x
if and only if & a (U)-accumulates at x.
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Proposition 3.16. For a non-empty subset A of a [1-space (X, L), the following are equiva-
lent:

(i) A is u-o-Lindelof;

(ii) Every maximal strong filter base on X, each of whose members meets A, o (lL1)-converges
to some point of A;

(iii) Every strong filter base on X, each of whose members meets A, o, (lL)-accumulates at
some point of A.

Proof. (i)=(ii): Let .% be a maximal strong filter base on X, each of whose members meets
A, such that .% does not o (1t)-converge to any point of A. Since .%# is maximal, it follows
from Remark 3.15(ii) that % does not a (1t )-accumulate at any point of A. Thus, for each
x € A there exist F, € % and a U-o-open subset U, of X such that x € U, and U, N F, = 0.
But A is u-o-Lindeldf, so there exist x1,x2,%3,... € X such that A C U2, Uy,. Since .7 is a
strong filter base on X, there exists F' € .% such that F C (2| Fy;, but Uy, N F,;, = 0 for each
i€{1,2,3,..},soU,NF=0foreachic {1,2,3,..},ie. 0 = (U2, Uy,)NF DANF, a
contradiction.

(i1)=-(iii): Let .# be a strong filter base on X, each of whose members meets A. Then
F9 ={FNA:F € .7} is a strong filter base on X. Thus by Proposition 3.13, .7 is
contained in a maximal strong filter base .7 on X, each of whose members meets A. By (ii),
S a(u)-converges to some point x of A, thus by Remark 3.15(1), 77 o (u)-accumulates
atx, but Z7 c A, s0 F7 a (u)-accumulates at x. Hence, .% o (it)-accumulates at x.

(iii))=(1): Suppose that A is not u-a-Lindelof. Then by Proposition 3.11, there exists
a cover % = {Uqy : o € A} of A by p-at-open subsets of X such that for any non-empty
countable subset Ag of A,

N{X\Ua) @€ Ao A #0.

For each non-empty countable subset A of A, let

F, = [ﬂ{(X\Ua) ae AO}} NA.

Then % = {FA0 : Ag is a non-empty countable subset of A} is a strong filter base on X,
each of whose members meets A. Thus by (iii), # o (i )-accumulates at some point x of A.
Since % is a cover of A, there exists oy € A such that x € Ug,, but Z a(u)-accumulates
at x and Uy, is pi-a-open, so Uy, NF # @ forevery F € 7. Let F = (X\Uao) NA. Then
F € F and thus Ug, N (X\Uq,) NA # 0, a contradiction. O

At the end of this section, we study the behaviour of u-a-Lindelof sets in a subspace; to
proceed, we recall the following.

Definition 3.17. (Sarsak 2013) Let A be a non-empty subset of a space (X,u). The
generalized subspace topology on A is the collection {U NA : U € u}, which will be denoted
by Ua. The generalized subspace A is the GTS (A, la).

Remark 3.18. (Sarsak 2013) Let A be a non-empty subset of a f-space (X, t). Then it is
easy that (A, 14) is a a-space.
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Proposition 3.19. Let B be a non-empty subset of a [t-space (X, 1) and A C B. Then A is
u-a-Lindeldf if and only if A is (o (1)) g-Lindeldf.

Proof. Necessity. Observe first that (X, (u)) is an o (u)-space, thus by Remark 3.18,
(B, (o (1))p) is an (o (u))z-space. Suppose that o7 = {Aq : @ € A} is a cover of A by
(e (u))g-open sets. Then Ay = Sq N B, where Sq is o (u)-open for each & € A. Thus
& ={Sq: o € A} is a cover of A by u-o-open sets, but A is -a-Lindeldf, so there exist
oy,00,03,... € Asuch that A C U2, So,, and thus, A C U2, (So, NB) = U2 Ag,. Hence,
Ais (a(u))g-Lindelof.

Sufficiency. Suppose that . = {Sy : & € A} is a cover of A by y-a-open sets. Then
o ={SqNB:o €A} is an (a(u))z-open cover of A, but A is (& (i)),-Lindelsf, so
there exist &, 0, 03,... € A such that A C U2 (S, NB) C U2 So;- Hence, A is u-o-
Lindelof. g

Corollary 3.20. Let A be a non-empty subset of a l-space (X, 1t). Then A is U-o-Lindeldf
if and only if A is (& (1)) ,-Lindelof.

4. wy-a-open sets

In this section, we introduce and study a generalized form of u-a-open sets in GTSs,
called @y -a-open sets.

Definition 4.1. Let (X, 1) be a space and A be a subset of X. Then A is called @y -a-open
if whenever x € A, there exists a |L-a-open set Uy containing x such that U \A is countable.
A is called wy-ot-closed if X\A is @y -a-open. The collection of all ®y-0-open subsets of
X will be denoted by 0y ).

Proposition 4.2. Let (X, 1) be a space and A be a subset of X. Then A is @y -ot-open if and
only if whenever x € A, there exists a |L-0.-open set Uy containing x and a countable subset
Cy of X such that U\C, C A.

Proof. Necessity. Let A be @, -o-open and x € A. Then there exists a p-a-open set Uy
containing x such that U, \A is countable. Let C, = U,\A. Then U,\C, C A.

Sufficiency. Let x € A. Then by assumption, there exists a (-a-open set U, containing x
and a countable subset C, of X such that U,\C, C A. Thus, U,\A C C, and therefore, U,\A
is countable. Hence, A is @,-a-open. O

Corollary 4.3. Let (X, ) be a space and A be an @y --closed subset of X. Then A C BUC
for some L-Q-closed subset B of X and some countable subset C of X.

Proof. Let A be an @y -a-closed subset of X. Then X\A is @y -a-open. If X\A = 0, choose
B=X and C =0. If X\A # 0, choose x € X\A. Thus by Proposition 4.2, there exists a {1-0-
open set U, containing x and a countable subset C, of X such that U,\C, C X\A. Therefore,
A C (X\Uy) UCy. Let B=X\Uy and C = Cy. Then B is p-at-closed, and A C BUC. O

Proposition 4.4. (i) If (X, 1) is a space, then (X, 0q(y)) is a space.
(ii) If (X, 1) is a p-space, then (X, wa(u)) is an @y y)-space.
(iii) If A is a u-o-open subset of a space (X, L), then A is @y -&t-open, that is 0t () C @g(y)-
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(iv) Let A be a subset of a space (X, ). Then A is @y -a-open if and only if A is Dy, 0t
open.
(v) Let A be a countable subset of a y-space (X, ). Then A is 0y-0-closed.

Proof. (i) Clearly, 0 is ®y-a-open, that is 0 € @y(,). Now let Uy be wy-a-open for
each a € A, and let x € Jyecp Ug. Then x € Uy, for some o € A. Since Uy, is @y-ot-
open, there exists a y-a-open set Vg, containing x such that Vi, \Uy, is countable. Thus,
Vo \ (Uaea Ue) is countable. Hence, Ugep Ua is @y-a-open, that is Ugep Ua € Ogy)-
Hence, (X, @gy)) is a space.

(i) As (X, ) is a u-space, X € 4. Thus, X is pu-a-open. Let x € X. Then X\X =0 is
countable. Thus, X is @y -o-open, that is X € 0y ,). Hence, (X, “’a(u)) is an @y y)-space.

(iii) Let A be p-ct-open and x € A. Then A\A = 0 is countable. Thus, A is @, -a-open.

(iv) Suppose that A is @y -0t-open and let x € A. Then there exists a [t-ot-open set U
containing x such that U\A is countable. By (iii), U is @y -a-open. By Proposition 2.1(v), U
is 0g(y)-0t-open. Thus, A is g, ) ~0-Open. Conversely, suppose that A is Wy, ~-Open
and let x € A. Then there exists an ®y,)--open set U containing x such that U \A is
countable. By Proposition 2.1(v), U is @y -a-open. Thus, there exists a p-ct-open set V
containing x such that V\U is countable. Now V\A = ((VA\U)\A)U ((UNV)\A). As U\A
and V\U are both countable, (V\U)\A and (UNV)\A are both countable, and thus, V\A
is countable. Hence, A is @y -0t-open.

(v) Let x € X\A. As (X,u) is a u-space, X € U, and thus, X is y-o-open. Now
X\ (X\A) = A is countable by assumption. Thus, X\A is @,-a-open, that is A is wy-0-
closed. 0

The next proposition discusses the property of the counterparts of Proposition 4.4(i) and
(ii) in classical topology.

Proposition 4.5. Let (X, L) be a topological space. Then (X , wa(#)) is a topological space.

Proof. By Proposition 4.4(ii), it suffices to show that if A and B are @,-&-open, then ANB
is wy-a-open. Let x € AN B. Then there exist y-a-open sets U and V such thatx e UNV
and both U\A and V\B are countable. Since U is a topology on X, U NV is u-o-open.
Now,

(UNV)\(ANB) C (U\A)U(V\B).

Since U\A and V\B are countable, (UNV)\ (ANB) is countable. Hence, ANB is
@y, -0-open. g

The following easy example shows that the converse of Proposition 4.4(iii) need not be
correct, in general, even for topological spaces.

Example 4.6. Let X be an uncountable set and L = {0,X,A}, where A is a non-empty
countable subset of X. Then by Proposition 4.4(v), X\A is wy-0-open; however, X\A is not
-ai-open as it is not [-preopen (observe that X\A ¢ i, (cy (X\A)) =iy (X\A) = 0).

The following example shows that the converse of Proposition 4.4(v) need not be correct,
in general, even for topological spaces.
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Example 4.7. Let X be an uncountable set equipped with the discrete topology U. Then
clearly every subset of X is U-ot-open; thus by Proposition 4.4(iii), every subset of X
is wy-a-open. Now let A be a subset of X such that X\A is uncountable. Then X\A is
@y -0t-closed which is uncountable.

5. More properties

The primary purpose of this section is to provide more properties and mapping properties
of p-a-Lindeldf sets.

Proposition 5.1. Let A be an wy-0-open subset of a p-space (X, |b). If A is p-o-Lindeldf,
then A = B\C for some [l-Q-open subset B of X and some countable subset C of X.

Proof. Since A is @y -ot-open, it follows that for each x € A there exists a (-a-open set Uy
containing x such that U, \A is countable, but A is i-a-Lindeldf, so there exist x,x3,x3, ... €
A such that A C U2, Uy,. Thus, A= (U2, Uy,)\ (UZ; (Uy\A)). Let B=J;Z, Uy, and
C=UzZ, (Ug\A). Then B is p-o-open and C is countable. O

Proposition 5.2. Let A be a subset of a -space (X, ). Then A is U-o-Lindeldf if and only
if A is ©gy)-Lindeldf.

Proof. Necessity. Suppose that .7 = {Sq : & € A} is a cover of A by @g,)-open sets.
Then for each x € A, x € Sy (), for some @ (x) € A. Thus, there exists a u-a-open set
Uy containing x such that Uy\Sy) is countable. Now o/ = {U, : x € A} is a cover of A
by u-a-open sets, but A is u-¢-Lindeldf, so there exist xj,x2,x3,... € A such that A C
Uizt (Us NA) € (U ((Ug\Sap) NA)) U (U1 Sagy))- Since Uy ((Ux\Sa(x)) NA)
is a countable subset of A, it is covered by a countable subcollection % of .. Thus, . has
PBU{Su( i €N} as a countable subcover. Hence, A is g(,,)-Lindeldf.

Sufficiency. Follows from Proposition 4.4(iii). O

Proposition 5.3. Let A be a yi-o-Lindeldf subset of a u-space (X, 1) and B be an oy -0i-
closed subset of X. Then AN B is -a-Lindeldf. In particular, an @y -0-closed subset A of
a u-a-Lindeldf space (X, 1) is u-a-Lindeldf.

Proof. Suppose that . = {Sy, : & € A} is a cover of AN B by p-o-open sets. Then o7 =
{So: @ € AU{X\B} is a cover of A by w,-a-open sets, but A is p-a-Lindeldf, so it
follows from Proposition 5.2 that there exist ¢, ¢, , 03, ... € A such that A C (U2 S¢,) U
(X\B). Thus, ANB C U2 (Se; NB) C Ui~ Se;- Hence, AN B is p-o-Lindeldt. O

Corollary 5.4. Let A be a [-a-Lindelof subset of a p-space (X,1) and B be a [-a-
closed subset of X. Then AN B is u-o-Lindeldf. In particular, a L-a-closed subset A of a
u-o-Lindelof space (X, 1) is w-o-Lindeldf.

Proposition 5.5. Ler (X,u) be a u-space. If every proper p-a-closed subset of X is
U-o-Lindeldf, then X is (-a-Lindeldf.

Proof. Let % ={Uy : o € A} be a cover of X by u-a-open subsets of X. Choose o € A
such that Uy, # 0. Then X\Uy, is a proper p-a-closed subset of X, thus by assumption,
X\Uyg, is p-o-Lindeldf, so there exist o, 0, @3, ... € A such that X\Ugy, C U2 Uy, and
thus, X = U~ o Uy,. Hence, X is u-c-Lindel6f. O
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We will study now a sum property of u-c-Lindeldf spaces, to proceed, we recall the
following.

Definition 5.6. (Sarsak 2013) Let (X, o) be a GTS for each o € A, where {Xq : @ € A}
is a disjoint family of sets. The collection | of subsets of \J X, is defined as follows:

u:{UCUXa:UﬂXaeua,VaeA}.

Remark 5.7. (Sarsak 2013) Let (X, o) be a GTS for each o € A, where {Xy : ot € A} is
a disjoint family of sets, and let L be as in Definition 5.6. Then W is a GT on | JXq. The GTS
(UXq, ) will be called the generalized topological sum of Xy, 0 € A, and will be denoted
by ®Xq.

Remark 5.8. (Sarsak 2013) Let (Xq, o) be a Ug-space for each o € A, and let (®Xq, 1)
be the generalized topological sum of (Xq,Ua), O € A. Then it is easy to see the following:
(i) (©Xq. ) is a p-space;

(ii) Xq is both W-open and l-closed for each o € A.

Proposition 5.9. Let (X, Ua) be a Ug-space for each o € A, and let (®Xqy, L) be the
generalized topological sum of (Xq,Ua),0 € A. Then ®Xq is U-a-Lindeldf if and only if
X is W-a-Lindelof for each oo € A and A is countable.

Proof. Necessity. Observe first by Remark 5.8(i) that (©Xg, 1t) is a -space. By Remark
5.8(i1), Xq is u-o-closed for each @ € A. Since ©X, is u-o-Lindeldf, it follows by
Corollary 5.4 that X, is p-a-Lindelof for each o € A. Also by Remark 5.8(ii), X is
u-o-open for each o € A, thus, o = {X, : o € A} is a cover of ®Xy by U-o-open sets,
but &X, is u-a-Lindelof, so, A is countable.

Sufficiency. Follows from Remark 3.3. O

At the end of this section, we study several mapping properties of p-a-Lindeldf sets.

Recall that a function f: (X,u) — (¥, k) is called (i, x)-continuous (Sarsak 2011) if
the inverse image of each x-open set is -open, and called (u, k)-closed (Sarsak 2011) if
the image of every p-closed set is k-closed.

Proposition 5.10. Let f: (X, 1) — (Y, K) be a (@), & (K))-continuous function, where
(X, 1) is a p-space and (Y, x) is a k-space. If A is u-a-Lindeldf, then f(A) is k-o-Lindelof.

Proof. Suppose that .7 = {Sq : @ € A} is a cover of f(A) by k-o-open sets. Then &/ =
{f7'(Sq): @ € A} isacoverof A, but f is (@g (), & (K))-continuous, so 1 (Sa)is wu-0-
open for each & € A. Since A is p-o-Lindeldf, it follows from Proposition 5.2 that there exist
o, 0,03,... € Asuch that A C U £~ (Sg)- Thus £ (A) CUZ, f (F ' (Se)) CUZ1 S
Hence, f (A) is k-a-Lindelof. O

Corollary 5.11. Ler f: (X,u) — (Y, k) be an (o (1), o (k))-continuous function, where
(X, 1) is a p-space and (Y, x) is a k-space. If A is u-a-Lindeldf, then f(A) is k-o-Lindelof.

Proposition 5.12. Let f: (X,u) — (Y,K) be an (a (L), @y x))-closed function, where
(X, ) is a u-space and (Y, x) is a k-space. If for eachy €Y, £~ (y) is u-o-Lindeldf, then
f~Y(A) is u-a-Lindeldf whenever A is k-a-Lindeldf.
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Proof. Suppose that . = {Sy : & € A} is a cover of f~!(A) by u-a-open sets. Then it
follows by assumption that for each y € A there exists a countable subcollection .~ of .%/
such that £~ (y) C U.#”. Let V, = J.#”. ThenV, is u-o-open. Let Hy = Y\ f(X\V}).
Then Hy is @x--open as f is (@ (1) , @) )-closed, also y € Hy, for each y € A as 'y c
V. Thus, 7 = {Hy,:y € A} is a cover of A by @-a-open sets, but A is k-a-Lindeldf,
so it follows from Proposition 5.2 that there exist y1,y2,y3,... € A such that A C U~ | H,,.
Thus, ' (A) c U, £~ (Hy,) € U2 Vy,. Since .7 is a countable subcollection of .
for each i € N, it follows that [ Ji> , .# is a countable subcollection of .#. Hence, f~! (A)
is p-o-Lindelof. O

Corollary 5.13. Let f: (X, 1) — (Y,x) be an (o (), @ (K))-closed function, where (X, 1)
is a u-space and (Y, x) is a k-space. If for eachy €Y, f~ (y) is p-o-Lindelof, then f~' (A)
is W-a-Lindelof whenever A is k-Q-Lindeldf.

The next issue is to study a product property of (-¢-Lindelof spaces; to proceed, we
recall the following.

Proposition 5.14. (Sarsak 2013) Let (X, 1) and (Y, x) be GTSs, and let
U ={UxV:UeuVex}t Thend={UY : ¥V C%}isaGTonX xY.

Remark 5.15. (Sarsak 2013) Let (X,11) and (Y, k) be GTSs. Then A from Proposition
5.14 is called the generalized product topology on X X Y, and denoted by L X k. Let A C X,
BCY,and K C X xY. Then it is easy to see the following:

(i) ¢ (4 % B) = ¢, (4) X cx (B):

(ii) iy, (A X B) = iy (A) X ix (B).

Remark 5.16. (Sarsak 2013) Let (X, 1) be a p-space, (Y, k) be a k-space, and A be the
generalized product topology on X X Y. Then it is clear that (X XY, ) is a A-space.

Lemma 5.17. Ler (X,u) be a p-space, (Y, k) be a k-space, and A be the generalized
product topology on X X Y. Then the projection Py : (X xY,A) — (X, 1) (resp. Py :
(X xY,A)— (Y,x))is (¢ (L), 0 (p))-continuous (resp. (a (1), &t (x))-continuous).

Proof. We will show that the projection Py : (X x Y,A) — (X, u)is (ot (1), ot (1))-continuous,
the other case is similar. Let A be a yi-o-open subset of X. Then (Px) ' (A) = A x Y.
We want to show that A X Y is A-a-open. Now by Remark 5.15, i) (c3 (i, (AxY))) =
iy (cu (ix (A))) xY DAXY. Thus, A XY is A-ct-open. O

Corollary 5.18. Ler (X, 1) be a p-space and (Y, k) be a k-space, and A be the generalized
product topology on X X Y. If X x Y is A-o-Lindeldf, then (X, 1) is p-a-Lindelof and
(Y, ) is k-ot-Lindeldf.

Proof. Observe first by Remark 5.16 that since (X, ) is a u-space and (¥, x) is a K-space,
(X xY,A) is a A-space. The result follows from Corollary 5.11 and Lemma 5.17. O

Acknowledgements

The author would like to thank the referee for his/her valuable suggestions and comments.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 101, No. 1, A6 (2023) [12 pages]



u-a-Lindelof sets in p-spaces A6-11

References

Abd El-Monsef, M. E., El-Deeb, S. N., and Mahmoud, R. A. (1983). “B-open sets and -continuous
mappings”. Bulletin of the Faculty of Science. Assiut University 12, 77-90.

Csészr, A. (2002). “Generalized topology, generalized continuity”. Acta Mathematica Hungarica
96(4), 351-357. por: 10.1023/A:1019713018007.

Csdszar, A. (2004). “Extremally disconnected generalized topologies”. Annales Universitatis Scien-
tiarium Budapestinensis de Rolando Edtvés Nominatae. Sectio Mathematica 47, 91-96. URL: http:
//annales-math.elte.hu/annales47-2004/Annales_Universitatis_Scientiarum_Budapestinensis_
de_Rolando_Eotvos_nominatae_Sectio_Mathematica_2004_TOMUS_XLVILpdf.

Csdszér, A. (2005). “Generalized open sets in generalized topologies”. Acta Mathematica Hungarica
106(1-2), 53-66. DOI: 10.1007/310474-005-0005-5.

Ganster, M. (1990). “On covering properties and generalized open sets in topological spaces”. Mathe-
matical Chronicle 19, 27-33. URL: https://graz.pure.elsevier.com/en/publications/on-covering-
properties-and-generalized-open-sets-in-topological-s.

Hdeib, H. Z. and Sarsak, M. S. (2000). “On strongly Lindelof spaces”. Questions and Answers in
General Topology 18(2), 289-298. URL: http://qagt.org/v18n2.html.

Levine, N. (1963). “Semi-open sets and semi-continuity in topological spaces”. The American Mathe-
matical Monthly 70(1), 36—41. Do1: 10.1080/00029890.1963.11990039.

Mashhour, A. S., Abd El-Monsef, M. E., and El-Deeb, S. N. (1982). “On precontinuous and weak
precontinuous mappings”. Proceedings of the Mathematical and Physical Society of Egypt 53,
47-53.

Mashhour, A. S., Abd El-Monsef, M. E., Hasanein, 1. A., and Noiri, T. (1984). “Strongly compact
spaces”. Delta Journal of Science 8(1), 30-46.

Mustafa, J. M. (2012). “u-Semi compactness and p-semi Lindelofness in generalized topological
spaces”. International Journal of Pure and Applied Mathematics 78(4), 535-541. URL: https:
/Iwww.ijpam.eu/contents/2012-78-4/7/.

Njastad, O. (1965). “On some classes of nearly open sets”. Pacific Journal of Mathematics 15(3),
961-970. pOI: 10.2140/PIM.1965.15.961.

Noiri, T. (2006). “Unified characterizations for modifications of Ry and R; topological spaces”.
Rendiconti del Circolo Matematico di Palermo. 2nd ser. 55(1), 29-42. po1: 10.1007/BF02874665.

Sarsak, M. S. (2009). “On semicompact sets and associated properties”. International Journal of
Mathematics and Mathematical Sciences 2009, 465387. DOI: 10.1155/2009/465387.

Sarsak, M. S. (2011). “Weak separation axioms in generalized topological spaces”. Acta Mathematica
Hungarica 131(1-2), 110-121. por: 10.1007/s10474-010-0017-7.

Sarsak, M. S. (2012). “Weakly p-compact spaces”. Demonstratio Mathematica 45(4), 929-938. DoI:
10.1515/dema-2013-0411.

Sarsak, M. S. (2013). “On u-compact sets in p-spaces”. Questions and Answers in General Topology
31(1), 49-57. URL: http://qagt.org/v31nl.html.

Sarsak, M. S. (2019). “On strongly u-Lindelof sets in p-spaces”. Questions and Answers in General
Topology 37(1), 1-12. URL: http://qagt.org/v37n1.html.

Sarsak, M. S. (2021). “More on p-semi-Lindelof sets in p-spaces”. Demonstratio Mathematica 54(1),
259-271. por: 10.1515/dema-2021-0026.

Sarsak, M. S. (2023). “On u-f-Lindeldf sets in generalized topological spaces”. Heliyon 9(3), e13597.
DOI: 10.1016/j.heliyon.2023.e13597.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 101, No. 1, A6 (2023) [12 pages]


https://doi.org/10.1023/A:1019713018007
http://annales-math.elte.hu/annales47-2004/Annales_Universitatis_Scientiarum_Budapestinensis_de_Rolando_Eotvos_nominatae_Sectio_Mathematica_2004_TOMUS_XLVII.pdf
http://annales-math.elte.hu/annales47-2004/Annales_Universitatis_Scientiarum_Budapestinensis_de_Rolando_Eotvos_nominatae_Sectio_Mathematica_2004_TOMUS_XLVII.pdf
http://annales-math.elte.hu/annales47-2004/Annales_Universitatis_Scientiarum_Budapestinensis_de_Rolando_Eotvos_nominatae_Sectio_Mathematica_2004_TOMUS_XLVII.pdf
https://doi.org/10.1007/s10474-005-0005-5
https://graz.pure.elsevier.com/en/publications/on-covering-properties-and-generalized-open-sets-in-topological-s
https://graz.pure.elsevier.com/en/publications/on-covering-properties-and-generalized-open-sets-in-topological-s
http://qagt.org/v18n2.html
https://doi.org/10.1080/00029890.1963.11990039
https://www.ijpam.eu/contents/2012-78-4/7/
https://www.ijpam.eu/contents/2012-78-4/7/
https://doi.org/10.2140/PJM.1965.15.961
https://doi.org/10.1007/BF02874665
https://doi.org/10.1155/2009/465387
https://doi.org/10.1007/s10474-010-0017-7
https://doi.org/10.1515/dema-2013-0411
http://qagt.org/v31n1.html
http://qagt.org/v37n1.html
https://doi.org/10.1515/dema-2021-0026
https://doi.org/10.1016/j.heliyon.2023.e13597

A6-12 M. S. SARSAK

The Hashemite University,
Department of Mathematics, Faculty of Science,
P.O. Box 330127, Zarqa 13133, Jordan

Email: sarsak@hu.edu.jo

Manuscript received 31 August 2022; communicated 24 November 2022; published online 6 March 2023

© 2023 by the author(s); licensee Accademia Peloritana dei Pericolanti (Messina, ltaly). This article is an
open access article distributed under the terms and conditions of the Creative Commons Attribution 4.0
BY

International License (https://creativecommons.org/licenses/by/4.0/).

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 101, No. 1, A6 (2023) [12 pages]


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Preliminaries
	3. µ-α-Lindelöf sets
	4. ω_µ-α-open sets
	5. More properties
	Acknowledgements
	References

