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ON THE RADIATION REACTION FORCE

TAMAS MATOLCSI *

ABSTRACT. The radiation self-force of a point charge is obtained in a mathe-
matically exact way in the framework of Distribution theory: the world line
and the electromagnetic field of a point charge are treated as Distributions; the
energy-momentum tensor of the point charge is too singular, but applying a
known method (which I call pole taming), we can consider it a Distribution;
the divergence of the pole tamed energy-momentum tensor is the force density
Distribution from which we can read off the radiation reaction force in its usual
form. It is pointed out to that this does not call forth that the spacetime
motion of a point charge obeys the Lorentz—Abraham-Dirac equation.

Introduction

The radiation reaction and the equation of spacetime motion of a point charge
under the action of an external force is an old problem of electromagnetism. The
original work of Abraham (treated, e.g., by Jackson 1998, Ch. 16.3) and then
Dirac’s formulation (treated, e.g., by Groot and Suttorp 1972, Ch. II1.3) suffers
from a mass renormalization according to which the finite mass of a particle is the
difference of the positive infinite electric mass and the negative infinite mechanical
mass. Other, quick deductions based on Larmor’s formula and some other ‘natural’
requirements (see Jackson 1998, Ch. 16.2) are not convincing either. Moreover,
the Lorentz-Abraham-Dirac (LAD) equation admits physically untenable run-away
solutions. The attemps to exclude such non-physical solutions by imposing extra
conditions (e.g., Mo and Papas 1971; Spohn 2000; Steane 2015; Matolcsi et al. 2017)
do not carry much conviction.

There are a number of articles (e.g, Baylis and Huschilt 1976; Rohrlich 1997, 2007;
Gralla et al. 2009; Spohn 2011) considering various continuum charge distributions
instead of a point charge and then taking or not the limit to a point. Though
casting more and more new light on the problem and its possible solution, neither
way seems satisfactory. A recent article (Bild et al. 2019) points out clearly to
Dirac’s unjustified applications of Gauss—Stokes theorem, Taylor expansion and the
limit procedure when an extended charge is shrunk to a point. In some papers (e.g.,
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Taylor 1956, 1958; Rowe 1978; Gralla et al. 2009; Matolesi and Van 2020) special
applications of Distribution Theory can be found when treating point charges.

In the present paper,' by a systematic use of Distribution Theory, it is shown
that not a mathematically incorrect derivation of the radiation reaction force but a
physical misapprehension is the source of why the LAD equation does not work well.

The formulation of spacetime free of coordinates and reference frames, expounded
by Matolesi (2020), is used which makes formulae shorter and more easily compre-
hensible; find enclosed a brief summary of the fundamental notions and some special
notations.

Spacetime points and spacetime vectors (which are often confused in coordinates)
are distinguished:

e M, mathematically an affine space, is the set of spacetime points, its elements
are denoted by normal letters, z, y etc.,

e M, mathematically a vector space, is the set of spacetime vectors, its
elements are denoted by boldface letters, x, y etc.,

e the set of time periods is T,

e the exact treatment requires the tensorial quotients of M by T, here we do
not refer to them explicitely,

e the Lorentz product of the vectors x and y is denoted by x -y (which is
ziy® in coordinates); x is timelike if x-x < 0 (which means in coordinates
the signature (—1,1,1,1) of the Lorentz form),

e an absolute velocity is a futurelike vector u for which u-u= -1,

o for an absolute velocity u, S, :={x € M| u-x = 0}, the set of u-spacelike
vectors, is a three dimensional Euclidean vector space,

e the action of linear and bilinear maps is denoted by a dot, too; e.g the action
of a linear map L on a vector x is L-x (which is L?;z* in coordinates),

e the adjoint of a linear map L is the linear map L* defined by (L*-x)-y =
x-(L-y) for all vectors x,y; shortly, L*-x = x- L,

e L is a Lorentz transformation if and only if L* = L1,

e the tensor product x ® y of the vectors x and y is a linear map whose
action on a vector z is (x ®y)-z := x(y -z) (in coordinates it is z’y*);
(x@y)"=y@x; x\y =xQy—(x@y)" and xVy :=x®y+(x®y)"
are the antisymmetric and symmetric tensor product, respectively,

e the formulae of electromagnetism are written in the choice c=1, h =1 and
the electric charge is measured by real numbers.

e D denotes the differentiation in spacetime (9 in coordinates). The an-
tisymmetric derivative of a vector valued function f is denoted by DA f
(Ok fi — 0 fr in coordinates). The spacetime divergence of f is denoted by
D-f (Opf kin coordinates). Similarly, D- T is the spacetime divergence of a
tensor valued function T (9T in coordinates).

e D denotes differentiation of other functions, e.g., parameterizations.

The word ‘distribution’ will appear in two different senses: 1. having its everyday
meaning (e.g., distribution of charges); 2. being a mathematical notion (generalized
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function). To distinguish between them, I write distribution for the first one and
Distribution for the second one.

The usual setting of Distribution Theory is based on R™ (Gelfand and Shilov
1964; Demidov 2001; Horvath 2012; Dijk 2013). It is a quite simple generalization
that spacetime and an observer space are taken instead of R* and R3. Another
simple generalization is that vector and tensor Distributions are included, too. The
present article can be understood without a thorough knowledge of Distributions;
besides the elementary notions the only non trivial one is pole taming, described
in the Appendices.

The guiding principle is that only quantities definable in Distribution Theory can
make sense. Distributions are denoted by calligraphic letters. Locally integrable
functions and the corresponding Distributions are distinguished in notation; e.g., F
is an electromagnetic field function, F is the corresponding electromagnetic field
Distribution.

ELECTRODYNAMICS OF POINT CHARGES
1. The retarded proper time

The existence of a material point in spacetime is described by a world line
function whose variable is the proper time; the range of a world line function is a
world line, a one dimensional submanifold in spacetime.

Let r be a given continuously differentiable world line function. For a world point
x, sp(x) will denote the retarded proper time corresponding to x i.e., the proper
time point of r for which x —r(s,(z)) is future lightlike or zero; evidently, it is zero
if and only if z is on the world line. In other words, s, (z) is defined implicitly by
the relations

(x—r(sr(2)))- (2 =r(sr(2))) =0,  —u-(z—r(s(2)) =0

for an arbitrary absolute velocity u. According to the implicit function theorem, s,
is continuously differentiable outside the world line; differentiating the first equality
above, we obtain that 2(z —r(s,(z))- (1 —#(s,(z)) ®Ds,[z]) =0 i.e.

x—r(sr(z))
P @) sy )
Though s, is not differentiable on the world line, it is continuous there which can
be seen as follows.

Let s_ < sg < s4 be arbitrary proper time points of the world line. If T~ denotes
the set of futurelike vectors then (r(s—)+77~)N (r(s;) —T7) is a bounded open
set containing r(sp). If z is in this set then r(s,(x)) is in it, too; consequently the
function x — x —r(s,(x)) is bounded. The proper time passed between two points
of the world line is less or equal than the inertial time, thus

|r(x) = s0[* < = (r(sr(z) = 7(s0))) - (r(sr(2) = r(s0))) =
=—(r(sr(z) —2)+(z=7(s0))) - ((r(s0(x) —2) + (x = 7(s0))) =
=2(z—r(sp(2))) - (w—7(s0)) — (x—7(s0)) - (x —7(s0))-
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Because of the mentioned boundedness, the right hand side tends to zero as = tends
to 7(sp)-

2. The electromagnetic field produced by a point charge

Let r be a given twice differentiable world line function of a point charge e. Let
us introduce the following functions:

R, (z):=z—r(sy(2),  w(z):=7(s:(2)),  ar(z):=i(s(z)), (1)

R
L, := ﬁ = —Ds,, d, = ar+(a’r"LT')uT' (2)
Then it is known (see Jackson 1998) that the electromagnetic field produced by a
point charge e with a given world line function r is the regular Distribution F|r]

defined by the locally integrable function
e u.AL, e d.AL,
Flr] = — e & Srior 3
"] A7 (—u,-R.)2 47 —u,.- R, (3)

the first term is the tied field F[r]'® which is never zero, the second term is the
radiated field F[r]"® which is zero if and only if the charge is not accelerated.

It is emphasized by the notation [r] that the formulae above make sense only if
the world line function is given because the retarded proper time is defined only in
that case.

3. ‘Energy-momentum tensor’ of a point charge

As usual, for an electromagnetic field function F,
1
T:= —F~F—1Tr(F«F) (4)

is considered the energy-momentum tensor whose negative spacetime divergence
—D - T is the spacetime force density. The problem is that T, in general, is not
locally integrable, thus T does not define a Distribution a priori, so it has no physical
meaning. In particular, this occurs for a point charge; that is why the quotation
mark appeared in the section title. According to (3), the ‘energy-momentum tensor’
is

T[r] = T[r]** + T[r]"* + T[r]"? (5)
where i

T[r)'¢ .= —F[r]'¢. F[r]* - ZTrF[r]td - F[r]t,

T[r]"*" := —(F[r]"* - Flr]"* + F[r]" - Flr]*") - iTr(F[T]“’ Flr]™ + Flr]™ - Flr]™),
T[r]" = —F[r]"*- F[r]" - iTrF[r]Td~F[r]rd,

for which we have the following equalities:

e? u,®L +L,®u,—L,®L
7Ftd[r}.Ftd[r]:167T2 T T (ur'R34 T r’ (6)
T T
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62
=T ) = 1o e M

2 d,®L,+L,®d,+2(u,-d,)L,®L
—(FU] P+ Frefp] FH) = - S ”(®_UT_+R(')1§ L O L,
T T

Te(F*[r]- Fr]) = 0, (9)

e? |d.]?L,®L
_Frd[r] -FTd[T} — e (7;1 17’{ )2 7*7 (10)
T T

Te(F"[r] - F™[r]) = 0. (11)

Evidently, T[r] is differentiable outside the world line; its properties near the world
line will be examined in the forthcoming sections.

4. Radial expansion of the retarded proper time

The retarded proper time is not differentiable on the world line, so it has not a
Taylor polynomial around the world line. Nevertheless, it can be expanded in ‘radial
directions’ in powers of the ‘radial distance’ as follows. We take the parameterization
(60) of spacetime around a given world line Ran(r); in this parameterization, at
every proper time point s of r, the spacelike vectors Lorentz orthogonal to #(s)
are taken into account; then according to the notations introduced in (62), p and
n describe distances and directions, respectively, in that Euclidean space. The
difference between the parameter proper time and the retarded proper time is

O(s,q) :=s—s,(r(s) + L(s)q).

© is a continuous function, non-negative and O(s,q) =0 if and only if g =0. Thus,

lim ©(s,q) =0 (12)
q—0

holds as well.

In the sequel, r is supposed to be three times continuously differentiable, the
variables are omitted for the sake of brevity and Ordo denotes a function whose
limit at zero is zero. First, let us observe that according to (12)

© = Ordo(p).

Then starting with s, =s— 0, we have
1 1
r(s—0) =r(s)—i(s)O+ 5%(5)92 - 7(5)0° +©30rdo(0). (13)
Subtracting both sides from the parameterization (63), we get (see (1))

1 1
R, =pn+i0— 5%@2 +5 703 +030rdo(0). (14)
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The left hand side is a lightlike vector or zero. The Lorentz square of both sides,
with the equalities

r-r=-=1, n-n=1, 7-n=0, 7-¥=0, 77 =—F-7,
results in

1 1
0=p>—(1+pn-#)0%+ Fled 7O’ — Er 0% + (p©3 +©4)Ordo(0).

In another form,

2 1 1
1= % <1+pn-i"— om0+ ﬁm?@? ~ (p@—|—@2)0rdo(®)) . (15)

which says that lim, .o (2—22 = 1. Since © is non-negative, lim, g % =1 holds as well.
Then

©=p(1+4) where A = Ordo(p) (16)
and (15) can be rewritten in the form
02 o2 .
1= 7 + F(pnw“—i—pOrdo(p)).
Putting (16) in the first term on the right hand side, we get
244+ A% ©?2
———— = ——(n-7#+0Ordo(p)).
p p? (
Let p tend to zero. Since A = Ordo(p), we get
. 24
lim — = —n-¥#,
p—0 p
in other words, A= p(—%n-#+ Ordo(p)); thus,
2
@:p—%(n-f—&—B) where B = Ordo(p). (17)
Then (15) can be written in the form:
2 2 1 1
1= %(1 +pn-i) — % <3pn~ 7O — EW@? +p20rdo(p)> : (18)

Putting (17) in the first term on the right hand side, we get

2
<1pn-i*pB+p4((n~i*)2+2n-i'~B+BQ)> (14 pn-i) =

2
—1-p*(n-#)? - pB+ pz((n~é*)2+0rdo(p)).

Then (18) divided by p? becomes

B 1 02 /1 e 1, ,6?
0=—(n-#)%— ;—FZ((H-?)Q—FOrdo(p)) o <3n- r; - 12|f|2p2+0rdo(p)>
from which B 5 ) )

D 02 e e
gl_r&) P 4(n ) 3n T +12\7'| .
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Then
B=p(-2m-1? = Ln ¥+ L}#2 + Ordo(p))
—P\ % 3 12 PI )

Then we have the final result

n-i  p? (9(n-i#)?2—[i?  n- ¥
G):p(l—p2+p2(( 12 17 + 3 >+p20rdo(p)). (19)

For the sake of simplicity, without the danger of confusion, we shall omit the terms
Ordo(p), writing approximative equalities:

. 2 <\ 2 12 e
n-i#  p? (9(n-#)* — |7 n-r
~p(1-p2l 2
© p( Pt ( B + 3 ) (20)
0?~p*(1-p(n-7)),  ©%=p’ (21)

It is emphasized again that these formulae do not come from a Taylor expansion
because of the non differentiability of the retarded proper time on the world line.

5. Further radial expansions

Using the previous results, we give the radial expansion of the functions occurring
in the formulae of the electromagnetic field (3). According to (20) and (21), the
retarded velocity and acceleration introduced in (1) have radial expansion

1 2
uT;\37%_;:@4_5%'Gzzf—pf—i—%((n-ﬂf—k ), (22)
a, =i — PO —pi. (23)

Further, (14) gives us
1 1
R, ~pn+i© — 5%@2 +5 703~

. P4 (n- )
S e
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1 1 3n-i  p? (15(n-#)% — 3|72
—— 1= — | ————+2n-
ETRAE p3< Pty ( 4 e )

1 1 .. p2 .\ 2 .12 8

(ur.Rr)4~p4<1—p2n-r+2(6(n-r) — |7 +§n-r .

Thus, for the quantities introduced in (2),

ern+f—p<;+(n~%)(i«+’2l>>+
2 6 '..2_ ..2
+p2((n T>3 7 +n-'7"> it
24
+pj 3(n f)2—|f|2+2n s (24)
2 1 3

drw+(n.%)7z+p<<|"~"

=
[\
|
N | —~
In]
=3
N
[\
|
=
=
N——
<.
|
—
=]
=:
—
=:
|
=
N——
—
N
at
b2

6. Radial expansion of the ‘energy-momentum tensor’
Let us take (6)-(11) and, for the sake of simplicity, let us rewrite (24) in the form

Pz
L. ~n+7—pA+ ?B.

Then - V denotes the symmetric tensor product -

(u, VL)~ uV(n+u)—p(uVA+iV(n+u))+

2

+ 2 (FV B+ ()i )V (i) 2V A),

(Ly @ Ly) = (n+7) @ (n+7) — p((n+7) Vit)+
P’ .
+§((n+r)\/B+A\/A).

Further, rewriting (25) in the form

d, =i+ (n-7)r+p(fr— (n-7#)ir— 7)
we have

(d, VL) =+ (n-#)r)V(n+7)+
+p(—(f+(n~é*)7'")\/A+(B7'“—(n-7’*)i*— %')v(nw)),
(ur'dr) ~ —(H-i*—Fpﬂ), (26)
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and
(- dy)(Ly ® Ly) = —(n-7) (0 +7) © (n+7)) +
+p((n-#)(n+7)vVA—B(n+i) @ (n+7));
finally,

|d,|? = |#]? = (n-7)2.

All these together give that the ‘energy-momentum tensor’ (5) has the radial
expansion

1672 g F@F—nenty
€2 p*
BTN (- §#)(2f @ —n®@n+1)
+ 3 B
p
L (FeF 0+ P n
02 4 2
1 (2(n®@ 7+ 7 ®n 7 .
(2 L Rmerren )+
pS 3
: . (27)
+p2<|¥|2+3(ﬂ )%+ )f“®f"+
1 /3]
+p2< \Z| _(n.f)Q n®n+
+1 2‘$|2+n r (F@n+n®7)+
= r r
02 3 2
1 |7,|2 3(11 1")2 2n- r OrdO(P)
1 [(]rF 1
+p2< e T

7. Distribution of energy-momentum

The radial expansion (27) shows that the ‘energy-momentum tensor’ T[r], for
every proper time value s of the given world line function r, has a pole of fourth
order and a pole of third order in the three dimensional Euclidean space Lorentz
orthogonal to 7(s). We can tame its poles, obtaining tmT|[r] (see Section C) as
follows. For the sake of avoiding misunderstandings, we shall write simply T instead
of T'[r] when integrating functions. For an z in the neighbourhood of the world line
in question let §(x) denote the proper time value for which

7(8(x)) - (x—r(3(x)) =0, (28)
holds, i.e., § is the first component of the inverse of the parameterization (60).

Proposition 7.1. If the support of the test function ¢ is disjoint from the range of
r then

(tm T[] | 6) = / T(2)é(z) d;
M
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if the support of the test function ¢ is in a world roll Hy r, then
(tmT[r] | qS) =

e? 47 (5(x 7(S(x
:/(T(x)¢>(sc)— Ar(8(2)) ® F(5( )|31+1¢(r(§(m)))> dz ! (29)

1672 6|z —r(8(x))
M

where the double exclamation mark says the integral must be taken in the radial
parameterization of the world roll Hy r, and in a given order.

Proof The integral (29) in the radial parameterization reads

/ (S )+ pm)o(r () + pn)—
1(0)

@ 4i(s)®i(s)+1
1672 6p*

6(r(s))) (1+p(n-F(s)) dno> dep> ds

with n = L(s)ny.
Let us write the radial expansion of the ‘energy-momentum tensor’ in the form

A(n)  B(n) N C(n) —|—Ordo(p).

P p? (30)

Then the function
(A/;) +B/§;) G Hp(;rdo(p)) (1+pn-i¥) = (31)
_ A[Ef) A(n)(n p?;)) + B(n) n B(n)(n-#)+ [C);(n) + Ordo(p) (32)

is to be pole tamed for each fixed s. A(n) is an even tensor product of n (linear
function of an even tensor muliple of ngp), so the first term of (32) can be tamed:

the function
A(n)(p(r(s) + pn) — ¢(r(s)))
4
0
is to be integrated in the radial variables (because the derivative of ¢ drops out
from the Taylor polynomial). The part containing ¢(r(s)+ pn) remains as it is,

A;f)¢<r<s>+pn>; (33)

the part containing ¢(r(s)) becomes

e? (41'"(8)@7‘"(5)—1—1

T G0 (39

which is obtained from the integral
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by the use of
/ L(s)ng ® L(s)ng dng = 4% (1+ L(s)(0) @ L(s)i(0)) = 4% (1+7(s)®i(s)).
S1(0)

A(n)n-#+ B(n) is a linear function of an odd tensor product of n, so the second
term in (32) can be tamed: the function

AT 540 5) - (33)

is to be integrated in the radial variables (because ¢(r(s)) drops out from the Taylor
polynomial). The third term in (32) defines a regular Distribution, so the function

B(n)n-¥+C,’0(2n)—|—Ordo(p) 6(r(s) + pm) (36)

is to be integrated.

Summarizing: the sum of (33), (35) and (36) gives the first term in (29), whereas
(34) gives the second term because in the radial parameterization §(z) = s and
[z —r(8(x))[=p. B

tmT[r] will be called the Distribution of energy-momentum (which is not an
energy-momentum distribution!) of the point charge with a given world line function
T

8. The radiation reaction force

The Distribution of energy-momentum of a point charge is a mathematical object.
Has it some physical meaning? The negative spacetime divergence of the energy-
momentum tensor of a continuous charge-current density is the force density; that
is why we can hope here a similar physical meaning. Recall that Agay(r) is the
Lebesgue measure of the world line Ran(r) (see equality (53)).

Proposition 8.1.

12e?
thmT[r} = E?( r + (T’ T )T)ARan('r') - (37)
122,
= E?(r/\ T)'T)‘Ran(r)' (38)

Proof The Distribution tmT[r] restricted to an open subset disjoint from the
world line equals the regular Distribution corresponding to the restriction of T[r].
Since D - T'[r] = 0 except the world line, we have to take test functions ¢ whose
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support is in a world roll Hy g, around the world line. For them

(=D tmT(r]) | 6) = (i Tlr]|- D) =
e2 47 (8(x 7(8(x
-/ (T(x)‘w[x] H{8z) @ &l ))“-ch[r(s(o:))]) da 1l =

1672 6|z —r(s(z)|*

= lim LN
R—0

M\Hy R

M

Because of D- T =0 in M\ H; g,, the first term in the integrand equals D - (T¢).
For examining the second term let us consider p and n as functions of the spacetime
points x instead of the radial parameters (s, q), i.e., let us introduce

0 =z —r(s(x n(x) := 7xfr(§(z)) ;
pla) = (s, ()= r S (39)

moreover, let

Then
(ph)(z) =z —r(5(x))
and
n-n=1, a-n=0 (40)
By differentiation we get
1-a®Ds=D(pn) =nxDp+ pDn, (41)
from which, by (40) we deduce
Dp=n. (42)
Further,
Dua=a®Ds,
and
0=D(a-pn)=pn-(a®Ds§)+ i (1-ua®Ds),
therefore
u
D§=——— 4
*T T 14)n-a (43)
and as a consequence,
1
D-(phn)=4— ——— 44
Further, let
47(s)®@7(s)+1)-De[r(s)] N

Z(s):= ( Z(z) = Z(5(x)).

6 )
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Then we find that DZ = Z(8) ® D5 from which by (43) (DZ)- i1 =0 follows.

taking into account (44) and (42),

Zoph - 1 1 ph-4h
SELLET (PR, EN
P 1+pn-a) p P

B Z _ 2z Zma
(I+pha-a)p*  p* (1+ph-2)p°
in other words,
Z Zon  Z(h-a)
—g =D —- A A3
P p (1+pn-a)p

Thus, we arrive at

(=D-tmT[r] | ¢) =

2 Z®h e? Z(n-a)
=i D-(T -
R0 / < ( ot Tom2 P’ 1672 (1+pn-a)p®

M\Hy R

Al-13

Then,

The integral of the second term in the parameterization around the world line

becomes a multiple of

// / o)(>dn0dpds

S1(0)

which is zero because of equality (54). By Gauss’ theorem, the integral of the first
term can be transformed to an integral on the corresponding world tube in such a

way that the tube is directed ‘inwards’ i.e., the normal vector is —n:

2 Z
(—D-tmT[rH(b):éiLno / <T¢+1§ 5 ;);n> =

M\H; g
2 oo
e Z®n
— _ 1i .1 Il =
pras <T¢+ 1672 53 ) L dAp p !
Prr

=—lim [ R? ...(ng,s) dng ds!
I 514)
where the integrand is
e? s)®n(s
((T¢) (r(s)+Rn(s)) + 1672 Z )]i ( )> -n(s)(1+ Rn(s) -#(s))
with n(s) := L(s)ng. Then
Z®n 4r@7+1)-Do|r 1 n-y
1% n(1+ Rn-#) = ¢ ®+6) ¢H(R3 R2>
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and on the base of the radial expansion (27)

(T(r+Rn)-n(l14+Rn-#) =
2 n T
=162 ("o ot
720+ 2|72 — 3 (n-i)i — 27
RQ

+

. Orc}l;(R) )

This, together with the expansion
#(r+ Rn) = ¢(r) + Rn-D¢[r] + R*Ordo(R),

give that the integral (45) of the Ordo terms in (46), because of the three times
differentiability of r, is less than a multiple of R, so their limit is zero when R tends
to zero; moreover, the integrals of the terms linear and trilinear in n in (46) are
zero. The integral of the terms independent of n results in a multiplication by 4,
the integral of the terms bilinear in n results in a multiplication by 4%(1 +7 7).
Thus, D¢[r] will be multiplied by
AT 14+7Q7T 4rer+1  4m .
"3 ok Y er TR

and ¢(r) will be multiplied by 3%#+ 2 (|#?7— 7*). Since

T ()(5) Dolr(s)) + 5 (5)) = 3 (+(s)o(r(s)) (47)

and its integral is zero because the support of ¢ is in Hy g,, it remains only

62

oy [ () Prs) — 7 (9)0(r() ds

I

which gives the desired result by |#%2 = —- 7. B

9. Discussion

9.1. On the self-force. The usual formula (38) of the radiation reaction force is
obtained in a mathematically exact way, without unjustified application of Gauss—
Stokes theorem, of Taylor expansion and without a doubtful limit to zero. It is
an important fact that the self-force is obtained for a given world line function r.
Consequently, its physical meaning is the following;:

If the world line function is r then the self-force is %%(7’“/\ )i

Accordingly, if the force f is necessary to get a given r without radiation i.e.,
mi = f(r,7) would valid without radiation, then besides f the force opposite to the
self-force must be applied for getting the desired world line function r.
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An actual example is when an elementary particle is revolved in a cyclotron by
a homogeneous static magnetic field. In spacetime formulation: there is given a
constant electromagnetic field F' and the world line without radiation would satisfy
mi = eF7. Then
2

. € . e . e : ,
’I’:WF'F"I", T.r:W(T'F)'(F.T):7W(F.T).(F.r)’

thus the self-force is
1 2e*

47 3m2 (

to keep the particle on a prescribed orbit, the opposite of the above force must
be applied besides the magnetic field. For better seeing, let us take the standard
inertial frame u in which the cyclotron is at rest. Then the u-spacelike component
of F, for which F-u=0, is the magnetic field B, a three dimensional antisymmetric

tensor. Using the relative velocity v := _Z - — u with respect to the inertial frame,
we have

F.F-i—|F-*7); (48)

B-v

V1—|v|?

Fr=F( ’ .—U>(—u-7’“):

—u-r

and the self-force relative to the inertial frame is

1 2e* (1+u®u) 9. 1 2 |B-v|?
— 2 LT UOW p o |F- B-Bv-="_y).
et —ur P B = g (BB 1—[v2"

Introducing the customary axial vector B corresponding to B we have |B| = |B],
B-v=vxB, B:-B-v=(vxB)xB. If the relative velocity is orthogonal to B
then B-B-v =—|B|?v, |B-v|? =|B|?|v|? and the self-force relative to the inertial
frame A )

1 2e¢* |B|*v

RERE Y o

4w 3m2 1 —|v]|
brakes the motion; the same opposite force must be applied additionally to avoid
braking and to ensure that the particle moves on the prescribed orbit.

9.2. On the LAD equation. Besides the unjustified application of Gauss—Stokes
theorem, of Taylor expansion and a doubtful limit to zero there is another, a
fundamental error in usual derivations of the LAD equation which is clearly seen
now.

The self-force Tzi(r/\ 7)1 is valid for a given world line function r; therefore
it is unjustified to put it in a Newtonian-like equation to obtain the LAD equation
which would serve to determine r. Thus, the LAD equation is a misconception
and its pathological properties are not surprising.

The well known fundamental problem (Bergmann 1962) is that both electrody-
namics and mechanics in their known forms are theories of action:

e the Maxwell equations define the electromagnetic field F produced by a
given world line function r of a particle,
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e the Newtonian equation defines the world line function r of a particle in a
given force (e.g., the Lorentz force in an extraneous electromagnetic field
F))
and at present we have not a well working theory of interaction which would
define both the electromagnetic field F and the world line function r together. To
see the problem more closely, let us consider a point charge under the action of
a given force f. Then according to the general conception (see, e.g., Gralla et al.
2009) - formulated in our language - the Newtonian equation is replaced with the
balance equation

-D- (Tm [r] +Te []:]) + f(rﬂ'ﬂ))‘Ran(r) =0 (50)

where T, [r] is the tensor Distribution of mechanical energy-momentum constructed
somehow of r and T [F] is the tensor Distribution of electromagnetic energy-
momentum constructed somehow of F. It seems evident that T, [r] = mi* @ ARan(r)
and then the balance equation

MiARanr = f(ra".ﬂ)ARan(r) -D-T. []:] (51)
together with the Maxwell equations
D-F =7ARan(r) DAF =0 (52)

would describe that r and F determine each other mutually. It is not sure that
there is a conveniently defined T ¢[F] with which (51) and (52) form a consistent
system of equations. It is sure, however, that T .[F] cannot be replaced with tmT[r]
which is valid for a given r; the LAD ‘equation’ is obtained by committing this
replacement.

9.3. Equation, equality. At last, let the LAD ‘equation’ be looked at from
another point of view. Namely, we have to distinguish clearly between an equation
and an equality, both denoted by the same symbol =. An equation is a definition:
it defines a set (the set of its solutions). An equality is a statement: it states that
two sets are the same.

Let S(e,m,f) be the set of processes of a point charge e with mass m under
the action of a force f. Because of the non-physical run-away solutions, the LAD
‘equation’ does not define S(e,m, f), thus it is not an equation from a physical point
of view. The various attempts to find satisfactory conditions to exclude non-physical
solutions suggest in this context that, in fact, the LAD ‘equation’ would be an
equality, stating that S(e,m,f) is a subset of all the solutions. Unfortunately, this is
not true, either, as it is shown in the excellent paper by Eliezer (1943): f being the
Coulomb force of a point charge, no physical motion in radial direction is a solution
of the LAD ‘equation’.

9.4. An illustrative example. The following example can illustrate the problem
of describing the interaction. Let two particles with the same charge and mass rest
in the space of a standard inertial frame. They repulse each other by the Coulomb
forces which are compensated by some constraint to attain the rest. If the constraint
is left off at an instant then the particles start to move. Figure 1 shows what
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happens (time passes from the left to the right). While resting, the particles send

FIGURE 1. Interaction of two point charges

Coulomb-actions to each other in the positive light cone, represented by sparsely
dotted lines. At the instant when the constraint is left off, the acceleration of
each particles is determined by the Coulomb force of the other. Then for some
time the acceleration of a particle is determined by the Coulomb force of the other
particle and the radiation self-force, and then it sends some action, different from
the Coulomb force to the other particle; this is represented by the densely dotted
lines. We have no formula for this acceleration and action. Later the situation
becomes more complicated: it is not known which action and self-force give rise to
an acceleration.

9.5. Final remarks. It is emphasized that the retarded field is meaningful only
for a given world line, therefore it cannot be used for determining the world line.
The various attempts to obtain a physically acceptable equation with continuum
charge distributions instead of a point charge suffer from the same fault of using
the retarded field (and sometimes the advanced one, too).

Appendix A. Measures

Elementary notions of (vector) measures and integration by them can be found
in the book by Dinculeanu (1967).

The Lebesgue measure of an affine space is the measure given by the usual
integration (customary for R™). The Lebesgue measure Ag of a submanifold H in
spacetime is given by the formula

/ f dhg = / F(p(€))v/[det (Dp[E] Dple])] de

i Dom(p)

where p is an arbitrary parameterization of the submanifold, i.e., a continuously
differentiable injective map defined in an affine space, having H as its range and
Dpl€], the derivative of p at £ is injective for all {. In particular, for a world
line function r, the Lebesgue measure of the corresponding world line is Aran(r)
which gives the integration along the world line. In particular, it is considered a
Distribution in spacetime,
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(Aranr | 8) = / o(r(s)) ds (53)

T
for arbitrary test functions ¢.

Appendix B. Three dimensional integration

Let ug be an absolute velocity in spacetime and Sy the three dimensional Eu-
clidean vector space Lorentz orthogonal to up; S1(0) is the unit sphere around zero,
its elements are denoted by ng. In the usual parameterization given by the angles
9, p relative to an orthonormal basis, the Lebesgue measure of S1(0) is obtained by
the symbolic formula dng ~ sin?d dv} dy with which we easily find the equalities

/ ng dng =0, / ng ® ng ® ng dng =0, (54)
S1(0) S1(0)
47
ny®ng dng = ?(1+UQ®UQ) (55)
S1(0)

where 1 is the identity map of spacetime vectors; and so on, the integral of an even
tensor products is a non-zero tensor, the integral of an odd tensor product is zero.
The radial coordinates of q € Sy are

p(@):=1al >0, mn(q):=— €S5(0).

]
Then the radial parameterization of Sq is
(p,ng) — pnyg.

We applied the usual ambiguity that p and ny denote functions in some respect and
variables in an other respect. The other well known integral formula

/ f(q) dg = / P / f(pno) dng dp (56)
So 0 51(0)

will be often used, too.

Appendix C. Pole taming

There is a well defined method to attach a Distribution to a locally non-integrable
function, having a pole singularity in a Euclidean space. Originally the method was
called regularization (Gelfand and Shilov 1964). Since the Distribution obtained
in this way is not regular, I call the method pole taming?. Only a special case is
necessary for us.

For the function p(q) :=1|q| (q € So), pQﬁ is not locally integrable if m > 0.
For m being an even positive integer, a Distribution can be attached to it by pole

2Aron Szabé proposed this name.
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taming defined as follows. For a test function v let q +— qu}m_l)(q) denote the

Taylor polynomial of order m — 1 at zero. In a neighbourhood of zero, 1 de()m_l) is
(m—1)
-T

a continuous function of order p™, therefore ﬁ% is integrable there. Outside

the support of v, however, the term containing the (m — 1)-th derivative is not
integrable; m is even; in the radial parameterization (B), D™~V (0)(pny, ..., png)
is a linear function of an odd tensor product of ng, thus, integrating in the order
given by (56), this term will drop out and an integrable function remains.

We repeat for avoiding misundertanding: it is known that, for an integrable
function, the order of integration by ng and p can be interchanged in (56). If a
function is not integrable, it can occur that in one of the orders the integral exists
(but in the other order not). Here we take the advantage that the integral exists in
the given order. In this way the pole taming of pzﬁ results in the Distribution
defined by

1 7 b(png) =T (pmg)
Y | Y T L

0 S1(0)

where the exclamation mark calls attention to that the order of integration cannot
be interchanged. For m = 0 we mean the pole taming formally by taking the
corresponding regular Distribution. Later, for the sake of brevity, we also use the

formula
1 ()= 7" (q)

0

where the double exclamation mark calls attention to that the integral must be
taken in radial parameterization and in the given order.

We have to extend the notion of pole taming as follows. For a k-th tensor power
ngg’k =ng®nyg®...ng we put

p2+m p2+m

00 n®k ne) —7m=Don
(tm ng” W) ::/P2 / ¢ Wono) “Ty” Gomo) dng | dp! (59)

0 S1(0)

which makes sense if m — 1+ k is odd; therefore,

— if m is even then k& must be even, too;
— if m is odd then k must be odd, too.

Appendix D. World rolls and world tubes around a world line

Let r be a twice continuously differentiable world line function. The Lorentz
boost (see Matolcsi 2020)
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(7(0) +7(s)) ® ((0) +7(s))
1—7(0)-7(s)

L(s):=1+ —27(s) ®7(0)
maps 7(0) into 7(s). Further, putting ug :=7(0), we use the earlier notations; then
{L(s)-q| q € Sp} is the subspace consisting of vectors Lorentz orthogonal to 7(s).
Then

p:TxSy—M, (s,q) —r(s)+L(s)-q (60)

is a parameterization of a neighbourhood of the world line. This is a reformulation of
a usual setting: (s, q) correspond to the so called Fermi coordinates. To be precise,
the following details are necessary. p is evidently continuously differentiable and its
derivative

Dpls,al = (i(s) + Lis)-q L(s)ls, ) (61)

(L(s)|s, is the restriction of L(s) to Sg) is injective for all s and for g =0, thus,
according to the inverse function theorem and the fact that p(s,0) = r(s), there is
an open subset in T x Sp which contains T x {0} where both p and all the values
Dp| - ] are injective.

Let I be a bounded and closed time interval. Then {r(s)|s € I} is a compact set
and each of its points has a neighbourhood in the range of the parameterization; thus,
{r(s)|s €I} can be covered by finite many such neighbourhoods. As a consequence,
there is an Ry > 0 in such a way that the part {r(s) | s € I'} of the world line is
contained in

Hygi={r(s) + L(s)-q| s € I,]a| < R}

for all 0 < R < Ry. Hy g is called a world roll of length I and radius R. With the
notations

L(s)-q q
q):=|L(s)-q| =|q|, n(s,q) := np(q) := —, 62
p(q) :=|L(s)-q| =|q| (s.q) Q) o(q) Q) (62)
the parameterization of Hr g can be rewritten in the form
r(s)+p(a)n(s,q) =r(s)+ L(s) - no(q). (63)

The cylinder around Hj g,
Prr:={r(s)+L(s)-q|s€l, |q =R}

is called the corresponding world tube. The tangent space of P g at the point
r(s)+L(s)-q is

{(7(s)+L(s)-q)t+L(s)-h|t €T, he Sy, h-q=0}.

For q € Sy we have (L(s)-q)-7(s) =0, (L(s)-q)- (L(s)-h) = q-h=0 and (L(s) -
)+ (L(s)-q) = 3 5 |L(s) - q|* = 0; thus,
() +L(s)- ) t+ L(s) - h) - (L(s) - @) =0
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and we find that the outward normal vector of Py r at the point 7(s)+ p(q)n(s,q)
is

n(s, q). (64)

Appendix E. Integration in world rolls

Integrals in a world roll will be computed in the parameterization (60) for which
we have

V/|det Dpls, q]*Dp[s, q]| = 1 + p(q)n(s,q) -#(s). (65)

To show it, for the sake of brevity, we introduce the notation

z(s,q) :==7(s)+L(s)-q.
Then from (61) we get

T e (D I
_ z(s,q)-z(s,q) z(s,q)-L|(s)s,
- ((L(S)|s0)* 2(s,q) 1s, ) ' (67)

Omitting the variables for the sake of perspicuity, we can write L|g, = L-(1+
up ® ug), thus (L|g,)* = (14 ug ® ug) - L*; accordingly, (14+ug® up)-L*-z =
L*-z+ ug(ug - L*) -z which equals z- L+ ug(i-z) =z-(L-(1+ug®up)). The
block matrix (67) is symmetric, its determinant is z-z— (z- L|g,) - ((L|s,)*-2). The
second term here equals (z-L)-(z-L)+2(z-L)-ug(7-ug) — (- ug)? = z-z+ (- up)?,
thus we have

det(Dp*Dp) = —(7'"-z)2 =—(1 +pn-é*)2;

the last equality comes from

i) 2(s,a) = ~147(s) - bls) - q = 1+ o (+(s)-L(s)-a) ~#(s) - Lis) -q
and the quantity in the parenthesis in the middle term on the right hand side is
zZero.

Finally, if p(q) is ‘sufficiently small’ then 1+ p(q)n(s, q)-#(s) is positive, thus it is
positive for all the possible (s, q) because Dp[s, q] is injective, the determinant cannot
be zero. Further, because of n(s, q) = L(s)ny(q), using the radial parameterization
(B) of Sy we have

R
/ (@) da = /p2 / ... (r(s)+ pL(s)ng) (1 + pi*(s) - L(s)) dng dp. ~ (68)
Hir 0 S1(0)
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