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EXISTENCE RESULTS FOR HIGHLY DISCONTINUOUS
IMPLICIT ELLIPTIC EQUATIONS

PaoLo CUBIOTTI *

ABSTRACT. Let n € N, with n > 3, let p €]n/2,+oo|, and let Q C R” be a bounded
domain with smooth boundary. Let ¥ CR”, andlet ¢ : Q xR" - Rand y:¥Y =R
be two given functions, with y continuous. We study the existence of strong solutions
u=(uy,...,u;) € WHP(Q,R") ﬂWU] 7(Q,R") of the implicit elliptic equation y(—Au) =
@ (x,u), where Au = (Auy,Auy, ..., Auy). We prove existence results where ¢ is allowed to
be highly discontinuous in both variables. In particular, a function ¢(x,z) satisfying our
assumptions could be discontinuous, with respect to the second variable, even at all points
7R

1. Introduction

Let Q C R” (with n > 3) be a bounded domain, with smooth boundary d€, let Y C R”,
andlet w: Y — Rand ¢ : Q x R” — R be two given functions. In this paper we deal with
the implicit boundary-value problem

—AucY in Q,
v(—Au) = @(x,u) inQ, (1)
u=0 on 0Q,

with u = (uj,up,...,up), Au= (Auy,Auy,...,Auy) and ¢ discontinuous in both variables.

Up to our knowledge, there are not many results on this implicit problem. Actually, we can
only cite Bielawski and Gérniewicz (1986, 1989), Marano (1994, 1995, 1996), and Carl
and Heikkild (1998) (see also the survey by Marano 1997b). While the papers authored
by Bielawski and Gérniewicz (1986, 1989), Marano (1994), and Carl and Heikkild (1998)
deal with the case of a continuous nonlinearity ¢, Marano (1995, 1996, 1997b) considers
the case of a discontinuous ¢, allowing the function ¢ itself to have a quite large (possibly
uncountable) set of points of discontinuity.

Our aim in this paper is to prove some existence theorems for the solutions u €
w2P(Q,R") N WO1 P(Q,R") of the problem (1) and of some of its special cases, where
¢ is allowed to have a set of points of discontinuity significantly larger than in the above
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quoted papers. Our research was originally motivated by the reading of the deep papers
by Marano (1995, 1996). The basic idea of this paper is to combine the existence results
for elliptic differential inclusions obtained by Marano (1995, 1996) with some results and
techniques recently developed for the study of differential and integral problems associated
with discontinuous functions (see, for instance, Cubiotti and Yao 2015, 2016, and references
therein).

As a matter of fact, with respect to the original results obtained by Marano (1995, 1996),
the kind of discontinuity allowed for ¢ is the main pecularity of our results. Therefore,
in order to explain better the nature of our results, we now introduce some notations. For
eachi € {1,...,h}, we denote be By R" — R the projection over the i-th axis. That is,
for every z = (z1,...,2,) € R", we put P, i(z) = z;. Moreover, we denote by .%, the family
of all subsets E C R" such that there exist sets Vi,V5,...,V, C R", with m; (Pni(Vi)) =0
forall i=1...,h, such that £ = Uf‘zl Vi (here and in the sequel, if k € N, my denotes
the k-dimensional Lebesgue measure in Rk). Of course, if V € ., then V is Lebesgue
measurable and 1, (V) = 0. Now, for each (x,z) = (x,z1,...,2,) € Q x R", let us put

ﬂO(X,Z):X, ﬁ[(x,Z):Ph’i(Z):Z[ lflil,,n,
and let

Hop={ACQxR":3i€{0,...,h} such that 7;(A) has null Lebesgue measure }.

In the paper by Marano (1996), which is entirely devoted to the study of the implicit problem
(1), the central assumption on ¢ : Q@ x R” — R is the following:

(a1) ¢ is essentially bounded, and the set
Dy = {(x,2) € Qx R": ¢ is discontinuous at (x,z) }

belongs to g .

Thus, in the paper by Marano (1996) the set D:p of the discontinuities of the function ¢
can be significantly large, but it is forced to be a zero-measure set in R**”, with a suitable
geometry. Conversely, the central regularity assumption on ¢ that we require in our main
result (as well as in its consequences) is the following:

(b1) there exists a set E € .%, such that for all z € R"\ E the function ¢(-,z) is measur-
able, and for almost every x € € the function @(x, - )|gm g is continuous.

It is routine matter to check that if the function ¢ satisfies assumption (ay), then it satisfies
our assumption (b} ), while the converse implication is not true in general. Moreover, it is
easy to see that if a function @ : Q x R" — R satisfies assumption (b,), then it may happen
that for every x € Q the function @(x,-) is discontinuous even at all points z € R”. For
instance, in the case i = 1, one can consider the function ¢ : Q X R — R defined by

1 ifxeQandzeQ
(p(x,z)—{

. ()
2 ifxeQandz¢&Q
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(where Q denotes the set of rational real numbers). In this case, for every x € Q the function
¢(x,-) is discontinuous at all points z € R. Taking E = Q, such a function ¢ satisfies (b;),
but not (a;) since Dﬁp = Q x R. Similar examples can be considered even for & > 1.

Under assumption (b1) and some other suitable assumptions (in particular, ¥ is only
assumed to be continuous and locally nonconstant), our main result guarantees the existence
of a solution u € W2 (Q,R") N WO1 ?(Q,R") of the problem (1), such that, in particular,

u(x) eR"\E forae. xeQ.

At this point, it is worth noticing that in the statements of our results the function ¢ might
even be defined only over the set Q x (R \ E), since its behaviour over the set Q x E plays
no role at all. In order to give a more precise idea of the nature of our results, we point out
the following consequence of our main result (Theorem 3.1 below). In the statement of
Theorem 1.1, the constant B is defined as in Proposition 2.2 below.

Theorem 1.1. Letn >3, p €]n/2,+o[, and let Q C R" be a nonempty, open, bounded and
connected set, with boundary dQ of class C""'. Let a > 0, y : [a,+oo[— R a continuous
function, and let ¢ : R — R be a given function. Finally, let E C R, withm;(E) = 0. Assume
that:

(i1) the function (p|R\E is continuous;
(iiy) int(y~'(t)) = 0 for all t € int(y([a,+oo[));
(iiiy) there exists p > a such that
(] —Bpm, ()7, Bpm, ()" [\E) € w([a.p)).
Then, there exists a positive function u € WP (Q) N Wol P(Q) such that:
(@) —Au(x) € [a,p] and v (—Au(x)) = @(u(x)) for a.e. x € Q;
(b) u(x) €]0, Bpm,(Q)/P[\E fora.e. xc Q.

As we have already observed, a function ¢ : R — R satisfying assumption (i) of Theorem
1.1 can be discontinuous even at every point z € R. To see this, one can take £ = Q and
@ : R — R defined as in (2), that is

(1 ifzeQ
(P(Z)_{z ifz¢ Q. 3)

At this point, a natural comparison can be made with the analogous nice result obtained - by
means of a different argument - by Marano (1995) (see also Theorem 4.1 in the paper by
Marano 1997b), that we now state explicitly for the reader’s convenience.

Theorem 1.2. (Marano 1995, Theorem 4.2). Let n, p, and Q be as in Theorem 1.1. Let
a> 0, y: [a,+e[— Ra continuous function, and let ¢ : R — R be a given function. Assume
that:

(i2) the set Dy = {z € R: @ is discontinuous at z } has measure zero;

(iip) int(y~'(t)) = 0 for all t € int(y([a,+o[));
(ilip) there exists p > a such that

o([~Bpm,(Q)"/7,Bpm,(2)'/7]) C w([a,p]).
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Then, there exists a positive function u € WP (Q) N WOI”’(Q) such that y(—Au(x)) =
o(u(x)) for a.e. x € Q.

It is clear how Theorem 1.1 improves Theorem 1.2. That is, the regularity assumption (iz)
on ¢ in Theorem 1.2 is now replaced by the weaker assumption (i;). This allows ¢ to have
a significantly larger set of points of discontinuity. Just for instance, the function ¢ defined
in (3) satisfies assumption (i), but it does not satisfy (i) since in this case we have Dy = R.
As we pointed out above, Theorem 1.1 also guarantees that the solution u# avoids almost
everywhere che set E. Consequently, in the statement of Theorem 1.1, the behaviour of the
function ¢ over the set E plays no role at all.

Before ending this section, we briefly consider the explicit case where 2 =1 and y(y) =y,
that is the problem

{—Au =@(x,u) inQ, @

u=0 on dQ.

For this explicit problem and for its special cases, with ¢ discontinuous in u, more literature
is available (see Stuart 1978; Stuart and Toland 1980; Cerami 1983a,b; Ambrosetti and
Turner 1988; Ambrosetti and Badiale 1989; Lupo 1989; Carl and Heikkild 1992a,b; Heikkild
and Lakshmikantham 1994; Bonanno and Marano 1996, 2000). However, it is interesting to
observe that most literature deals with the case where the function ¢(x, -) has a finite or at
most countable set of discontinuity points (see Stuart 1978; Stuart and Toland 1980; Cerami
1983a,b; Ambrosetti and Turner 1988; Ambrosetti and Badiale 1989; Lupo 1989; Carl and
Heikkild 1992a,b; Heikkild and Lakshmikantham 1994).

In the papers by Marano (1995), Bonanno and Marano (1996), Marano (1997a,b), and
Bonanno and Marano (2000), conversely, some results are obtained for the case where ¢
may have a possibly uncountable set of points of discontinuity. As regards the continuity of
the function ¢ : Q X R — R, we observe that the basic assumption on ¢ made by Marano
(1995), Bonanno and Marano (1996), and Marano (1997b) is the following:

(ay) there exists a set Qp C Q, with m,, (Qg) = 0, such that the set
Dy = U {z€R: ¢(x,") is discontinuous at z }
XGQ\QQ
has null Lebesgue measure, and for all z € R\ D, the function ¢( -, z) is measurable.

Conversely, as regards the explicit problem (4), our assumption (b;) takes the following
form:

(by) there exists a set E C R, with m;(E) = 0, such that for all z € R\ E the func-
tion (-, z) is measurable, and for almost every x € Q the function @(x,-)|r\g is
continuous.

Is is self-evident that if the function ¢ : Q x R — R satisfies assumption (a7), then it satifies,
in particular, our assumption (b, ), while the converse is not true in general. To see this, it
suffices to consider the function (2). Again, the same example shows that if a function ¢
satisfies (b, ), it may even happen that for all x € Q the function @(x,-) is discontinuous
even at all points 7 € R. However, we have to point out that most of the results obtained by
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Marano (1995, 1996) are formally independent from ours, even if our ones allow ¢ to have
a bigger set of discontinuity points.

Finally, we remark that our approach is based on set-valued analysis. In particular, it is
based on a recent selection result (stated as Theorem 2.3 below) for lower semicontinuous
multifunctions with possibly non-convex values, and on the precious previous work made
by Marano (1995, 1996) on elliptic differential inclusions. This last work was based, in turn,
on a deep existence theorem for operator inclusions, proved by Naselli Ricceri and Ricceri
(1990, Theorem 1). Our main results and some of its applications will be stated and proved
in Section 3, while in Section 2 we shall fix some notations and recall some preliminary
results.

2. Preliminaries

Throughout this paper, 7 is a positive integer, with n > 3, and Q is a nonempty, open,
bounded and connected subset of R”, with boundary dQ of class C"!. Moreover, p is any
real number belonging to |n/2,+o0[. Let h € N. We denote by ¥, the family of all subsets
U C R” such that, for every i = 1,...,h, the supremum and the infimum of the projection
of conv (U) on the i-th axis are both positive or both negative, where conv (U) denotes the
closed convex hull of the set U. Moreover, the projections P ; : R" - R (fori e {1,...,h})
and the family .%), are defined as in Section 1. For every z = (z1,22,...,21) € R”", we denote
by ||z the Euclidean norm of z in R”, and by ||z} the norm ||z||} = X%, |zi|. The metrics
induced in R" by the norms || - ||, and || - ||; are denoted by d and d*, respectively. Moreover,
if 7 > 0, we denote by B(z,7) and B (z,7) the closed balls centered at z with radius r, with
respect to the norms | - ||, and || - ||, respectively. Let V be a topological space and (S, .27) a
measurable space. Following Himmelberg (1975), we say that a multifunction F : § — 2V is
o/ -measurable (resp., o -weakly measurable) in S if for any closed (resp., open) set U C V
one has

F(U):={xeS: Fx)NnU #0} € «.

We recall that if V is a metric space, then the ./ -measurability implies the 27 -weak measur-
ability. Moreover, if V is a o-compact and separable metric space, and F' has closed values,
then the two notions of measurability are equivalent (Himmelberg 1975, Theorem 3.5). For
the basic facts of the theory of multifunctions, we refer to Klein and Thompson (1984) and
Denkowski et al. (2003). For what concerns measurable multifunctions, we also refer to
Himmelberg (1975). Finally, we denote by Z(V) the Borel family of the topological space
V. As regards the definition of Souslin sets and their properties, we refer to Chapter 6 of
Bogachev (2007).

In what follows, "measurable function" will mean "Lebesgue measurable function".
Moreover, if C C R" is a Lebesgue measurable set, we shall denote by .Z(C) the family
of all Lebesgue measurable subsets of C. As usual, we denote by L”(Q,R") the space
of (equivalence classes of) functions u : Q — R”, with u = (uy,u2,...,up), such that u; €
LP(Q) forall i = 1,...,h. The space L”(Q,R") is endowed with the norm lullporry =
Y, l[uillLp(q)» Where || - | 1p (@) is the usual norm of LP(Q). If k € N, we denote by W57 (Q)
the space of all functions v € LP(Q) whose weak derivatives D*v, up to the order k, belong
to L”(Q) (see Adams and Fournier 2003). The space W*”(Q) is endowed with the norm
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IVllwer (@) = Lo<jai<k [D*V]lLr(q)- We denote by WOI”’(Q) the closure of C§ in WP (Q).
We now recall the following proposition.

Proposition 2.1. (Marano 1996, Proposition 2.1). Let u € WZ’P(Q) and let E CR be a
measurable set such that m(E) = 0.
Then, Au(x) = 0 for almost every x € u~ ' (E).

The following fact, which is stated by Marano (1995), follows from Theorem 2 of Talenti
(1976).

Proposition 2.2. Let u € W>7(Q)N WO] P(Q). Then, one has
esssup |u(x)| < Bl|Au(x) (),
xX€EQ

where
_ wet1/p T(1+n0/2)2"
B = [m,(Q))*/ l/pW
o [F(Hp/(p— ))T(n/(n—2)—p/(p— 1))}1—1/;:
I(n/(n—2))

and I denotes the Gamma function.

As usual, we denote by Wk (Q, R") (resp., by WO1 (Q,R")) the space of (equivalence
classes of) functions u : Q — R”, with u = (uy,us,...,u), such that u; € W*P(Q) (resp.,
u; € WOI"”(Q)) for all i = 1,...,h. The space WP (Q,R") is endowed with the norm
HM||Wk~P(Q,Rh) = Z?:l HMI'HW“-J’(Q)'

The following selection result, that we state explicitly for the sake of a better reading,
will be a fundamental tool in the sequel (here, ,7,1 denotes the completion of (T with
respect to the measure ().

Theorem 2.3. (Cubiotti and Yao 2015, Theorem 2.1). Let T and X1,X>, ... Xy be complete
separable metric spaces, with k € N, and let X := H/;:l X (endowed with the product topol-
0gy). Let W,y ..., ¥ be positive regular Borel measures over T,X1,X2, ... Xy, respectively,
with U finite and 1, ..., Yy C-finite.

Let S be a separable metric space, W C X a Souslin set, and let F : T xW — 25 be a
multifunction with nonempty complete values. Let E C W be a given set. Finally, for all
i€{l,...,k}, let P.; : X — X; be the projection over X;. Assume that:

(i) the multifunction F is I, @ %B(W)-weakly measurable;
(ii) fora.e. t € T, one has
{x =(x1,...,Xx) € W: F(t,-) is not lower semicontinuous atx} CE.
Then, there exist sets Q1. ..,Q, with Q; € B(X;) and W;(Q;) =0foralli=1,...,k and a
function ¢ : T xW — S such that:
(@) ¢(t,x) € F(t,x) forall (t,x)eT xW;
(b) for all x := (x1,x2,...,x¢) € W\ [( {-‘:lP;il(Q,-)) UE}, the function ¢(-,x) is

Ty -measurable over T
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(c) fora.e. t €T, one has

{x=(x1,x2,...,5c) € W: §(t,-) is discontinuous at x} C
k

CEU [Wﬂ (UP;}(QZ-))]

i=1

We also need the following proposition, which can be obtained by exactly the same proof of
Proposition 2.6 of Cubiotti and Yao (2015).

Proposition 2.4. Let Q' C R" be a measurable set, ¢ : Q' x R" — R be a given function,
H* CR" a Lebesgue measurable set, with my,(H*) = 0, and let D* be a countable dense
subset of R", with D* "H* = 0. Assume that:

(i) for all x € &, the function @(x,-) is bounded;

(ii) for all z € D¥, the function @(-,z) is measurable.

Let G: Q' x R" — 2R be the multifunction defined by setting, for each (x,2) € Q' x R”,
Gz = Now (U {or}),

meN veD* .
[v=2llp<7

Then, one has:

(a) G has nonempty closed convex values;

(b) for all z € R", the multifunction G(-,z) is £ (Q')-measurable;

(¢) forall x € Q, the multifunction G(x, -) has closed graph;

(d) ifx €, and @(x,)|gm g+ is continuous at z € R\ H*, then one has

G(x,2) = {9(x2)}.

3. Existence results
The following is our main result.

Theorem 3.1. Let Y € 9, be a closed, connected and locally connected subset of R", and
let y:Y — Rand ¢ : Q x R" — R be two given functions. Moreover, let & € LP(Q) and
let E € %, Assume that:
(i) the function v is continuous in Y, and inty (y~'(r)) = 0 for every r € int(y(Y)).

(i) for a.e. x € Q, the function Q(x,-)|gm g is continuous;

(iii) for all z € R"\ E, the function (- ,z) is measurable;

(iv) for a.e. x € Q, one has ¢(x,R"\ E) C y(Y);

(v) for a.e. x € Q and for all 7 € R"\ E, one has

sup {[Iy[l; - y €Y and w(y) = 9(x,2) } < ¢(x).
Then, there exists u € W>P(Q,R") N WO1 P (Q,R") such that:

() —Au(x) €Y and y(—Au(x)) = @(x,u(x)) for a.e. x € Q;
() u(x) €R"\E forae x<cQ;
© [Au(x)|]; <&(x) fora.e. x € Q.
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Proof. Without loss of generality we can assume that assumptions (ii), (iv) and (v)
are satisfied for all x € Q. Since E € .%, there exist sets E{,E»,...,E, C R" such that
my(Py;(E;)) =0foralli=1,....h, and E = J]_ E;. Foreachi=1,...,h, there exists
B; € %(R) such that Ph’,'(Ei) C B; and m; (B,) = 0. Put

h
H:=JF, (B,

i=1

and let ,
W :=R"\H=[]R\B).
i=1
We have that W € Z(R"), E C H and W C R"\ E. By assumption (i) and Theorem
2.4 of Ricceri (1982), there exists a set X C Y such that y(X) = y(¥) and the function
Y|x : X — y(Y) is open (it maps open subsets of X onto open subsets of y(Y) = y(X)).
Hence, it follows easily that the multifunction ® : w(Y) — 2% defined by setting, for each
rey(y),
(1) ==y~ (1)NX,

is lower semicontinuous in y(Y) with nonempty values.
Let R: Q x W — 2X be the multifunction defined by putting, for each (x,z) € Q x W,

R(x,z) := ®(9(x,z)).
The multifunction R is well-defined by assumption (iv), with nonempty values. Moreover,
by Theorem 7.3.11 of Klein and Thompson (1984) (taking into account assumption (ii) and
the lower semicontinuity of @), we have that for each x € Q the multifunction R(x, -) is lower
semicontinuous in W. Let us denote by Q : @ x W — 27 (more precisely, Q : Q x W — 2%X)
the pointwise closure of Q. That is, for each (x,z) € Q x W we put

O(x,2) := R(x,2) = (®(9(x,2))) = (v~ (@(x,2)) N X).

By Proposition 7.3.3 of Klein and Thompson (1984), for each x € Q the multifunction
O(x,-) is lower semicontinuous in W, with nonempty closed (in R") values.

By assumptions (ii) and (iii) and by the Lemma of Kucia (1991, p. 198), the function
Oloxw is Z(Q) ® B(W)-measurable. Therefore, by the lower semicontinuity of ®, the
multifunction R is .Z(Q) ® %(W )-weakly measurable. By Proposition 2.6 of Himmelberg
(1975), the multifunction Q is also .Z(Q) ® (W )-weakly measurable (hence, .Z(Q) ®
% (W )-measurable).

By assumption (v), we have that

0(x,2) CB (Ogn,E(x))NY  forall (x,z) € QxW. 5)
Now, let 0% : Q@ x W — 27 be defined by setting, for each (x,z) € Q x W,

0" (x,2) = {

O(x,z) ifxeQandzeW,
Y ifxedQandzeW.

Of course, O is £ (Q) ® B(W )-weakly measurable. Taking into account that the set W is
a Souslin set (Bogachev 2007, Corollary 6.6.7), we now apply Theorem 2.3. Hence, there
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exist a set Q@ € .Z(Q) and h sets Zy,...,Z;, € B(R), with m, (Qf) = 0 and m; (Z;) = 0 for
alli=1,...,h, and a function A* : Q x W — Y such that:
(1) A*(x,z) € Q*(x,7) forall (x,z) € Q x W;
(i) foreachz € W\ [UL, P, (Z)]. the function A*(+,z) is measurable on Q;
(iii)’ for each x € Q\ Q3, one has
h
{z€W:A%(x,-) is discontinuous at z} C W N [UP,;I(Z,-)].

i
i=1

Let Qo :=QjNQ, and A := A*|q.w. By the above construction, we immediately get that
the function A : Q x W — Y has the following properties:
)" A(x,z) € Q(x,z) for all (x,z) € QX W,
(ii)” foreachz e W\ [UL, P}:il (Z;)], the function A(-,z) is measurable in Q;
(i) for each x € Q\ Qp, one has
h
{z€ W : A(x,-) is discontinuous at z} CWnN [U Ph_l(Zi)] .

i
i=1

In particular, by (5), we have that
IA(x,2)|; <E(x) forall (x,z) € QxW. (6)

We now extend A to Q x R” by defining a function A: QxR 5 R by putting

I(x )= Alx,z) ifxeQandzeWw
<) = OR/’ ifxEQandzeRh\W.

Of course, (6) implies that
I2(x,2)|; <E(x) forall (x,z)€ QxR %)

Since we have
h h

h
WAIUE, )] =R\ B,/ (B:UzZ)] = H[R\ (BiUZ)]
i=1 i=1 i=

and

there exists a countable set
-1
D' CW\[JA, (Z)),
i=1

such that D* is dense in R”. Let us define a multifunction G : Q x R" — 2R" by putting, for
each (x,z) € Q xR,

G(x,z)::ﬂm( U {I(x,v)})zﬂcow( U {l(x,v)}).

meN veD* : meN veD* .
lv=2ll < llv=2ll),< 7
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A5-10 P. CUBIOTTI

Since the function A takes its values in Y, by (6) we get
G(x,z) Cconv (Y) N B (Ogs,E(x)) forevery (x,z) € Qx R". 8)

Now, observe that, by (7), the function i(x, -) is bounded for each fixed x € Q. Moreover,

by (ii)", for every z € D* the function A(-,z) is measurable in Q. By Proposition 2.4,
applied with H* = UL, P, (BiUZ;), we get:

(i)" G has nonempty closed convex values;
(ii)”" for all z € R”, the multifunction G(-,z) is .Z(Q)-measurable;
(iii)" for all x € Q, the multifunction G(x, - ) has closed graph;

(iv)" if x € ©, and the function A () [gm g+ = A (x,+)[gm - 1s continuous at z € R"\ H*,
then one has G(x,2) = {A(x,2)} = {A(x,2)}.
In particular, by (iv)"” and (iii)”, taking into account that

h
RN\H =W\ [P,/ (2)],
i=1
we get
_ h
G(x,2) ={A(x,2)} ={A(x,2)} forall (x,z)€ (Q\Qp) x [W\(UPIZ; Z)]. ©
i=1
Now, fix any r > [|€||1r(q), and let 7, :  — [0, +o0] be defined by

%(x) = sup d"(Ogi,G(x,2)) = sup inf ][5,

|2l <Br ll2]l; <Br vEG(x.2)

where B is defined according to Section 2. By (8) we get
Y(x) <E(x) forall xe€Q,

hence . € LP(Q) and || %;[|r (@) < [|€]l1r(@) < r (as regards the measurability of the function
¥, we refer to Naselli Ricceri and Ricceri (1990, p. 262). Therefore, all the assumptions of
Theorem 2.1 of Marano (1996) are satisfied. Consequently, there exists u € W2 (Q, Rh) N
WOI"’(KLR}’) such that —Au(x) € G(x,u(x)) for a.e. x € Q. Let Q; C Q, with m,,(Q;) =0,
be such that

—Au(x) € G(x,u(x)) forall xe€Q\Q. (10)
In particular, by (8) we have
—Au(x) econv (Y)NB (0,E(x)) forall xeQ\Q. (11)

Fixi€ {1,...,h}. Since Y € ¥4,, by (11) the function —Au; has constant sign in Q \ Q. Let
us suppose that
—Aui(x) >0 forall xeQ\Q (12)

(if, conversely, —Au;(x) < 0 for all x € Q\ Q,, then the argument is analogous). By
Proposition 2.1. of Marano (1996), we have

Aui(x) =0 forae. xcu; '(ZUB). (13)
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By (12) and (13) we easily get that
my, (Ml_l (Ql UZ,')) =0.
Now, put
h
Q) =QUQyU [U ui_l(B,' UZ,‘)} .
i=1
By the above construction we have that m,(Q;) = 0. Choose any x € Q\ . By (10), we

have that —Au(x) € G(x,u(x)). Moreover, we have u;(x) € B;UZ; foralli = 1,...,h, thus
we get

n h
u(x) € H [R\(B,UZ)] =W\ [Up,;}(zl-)]. (14)
i= i=1

In particular, we get that u(x) € R"\ E. Since x & Qo, by (9) and (14) we have that
G(x,u(x)) = {A(x,u(x))},

hence
—Au(x) = A(x,u(x)) € O(x,u(x)) CY. (15)

By (15), and by the continuity of y and the closedness of Y, we get

—Au(x) € (W (@(x,u(x)) NX) Sy~ H@(xu(x))) = ¥ (@(xu(x))),
and thus
¥(=Au(x)) = @(x, u(x)).
Finally, we observe that by (11) we have ||Au(x)||;; < &(x). This completes the proof. (]

Now we state explicitly some special cases and some corollaries of Theorem 3.1. Firstly,
we consider the case where 4 = 1 and ¢ does not depend on x € Q.

Corollary 3.2. Let Y C R be a closed interval, withinfY >0, y:Y - Rand ¢ :R—-R
two given functions, and let E C R, with m| (E) = 0. Assume that:
() v is continuous and int (y~1(t)) = 0 for all t € int (y(Y));
(ii) @[r\g is continuous;
(iii) one has @(R\E) C w(Y), and supy = (¢(R\ E)) < +oo.
Then, there exists a positive u € W*P(Q) N WO1 P (Q) such that
(a) —Au(x) €Y and y(—Au(x)) = @(u(x)) for a.e. x € Q;
(b) u(x) e R\E fora.e x€Q;
(©) |Au(x)| <supy ! (@(R\E)) fora.e. x € Q.

Proof. It follows at once from Theorem 3.1. In particular, the fact that u is positive in Q
follows immediately from Proposition 2.2 of Marano (1996), since —Au(x) > infY > 0 for
almost every x € Q. [

Corollary 3.2 can be usefully compared with Theorem 3.2 of Marano (1996), where the
same problem is considered under the stronger condition that the set Dy = {z€R: @ is
discontinuous at 7 } has measure zero. Anyway, these two results are formally independent,
and also their proofs are very different. We also remark that a result of the same kind has
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been also established in Theorem 3.4 of Marano (1994), assuming the continuity of ¢. We
can now give the proof of Theorem 1.1.

Proof of Theorem 1.1. Choose any z* €] — Bpm,(Q)'/?, Bpm,(Q)/P[\E. Let Y :=
[a,p], ¥ := yly, and let § : R — R be defined by

N 9(z)  ifze[~Bpm,(Q)"7,Bpm,(Q)'/7],
Pla)=9 :
¢(z*) otherwise.

If we put

E*:=EU{ —Bpm, ()7, Bpm,(Q)"/7},
we have that @|g\ g+ is continuous and ¢(R\ E*) C {([a,p]). Moreover, int (G ) =0
for all 7 € int ({(Y)). Finally, we have sup ' (p(R\ E*)) < p. By Corollary 3.2, there

exists a positive u € W2P(Q) NW!?(Q) such that for a.e. x € Q one has —Au(x) € [a,p],
W(—Au(x)) = ®(u(x)) and u(x) € R\ E* . By Proposition 2.2, we have that
esssuplu(x)| < B|Auluy ) < Bpmy(@)'"
xe
Hence, in particular, we get
u(x) € [~Bpmu(Q)"P, Bpmy(Q)VP] \ E* =] —Bpma(Q)"/?, Bpmy(Q)/P[\ E
for almost every x € Q. By the definition of ¢ we get

V(—Au(x)) = f(—Au(x)) = p(u(x)) = @(u(x)) forae. xecQ,
and this ends the proof. [

We now consider the explicit problem (4). In this case, Theorem 3.1 immediately gives
the following result.

Theorem 3.3. Let ¢ : QO x R — R be a given function. Let o0 >0, E C R, withm(E) =0,
and & € LP(Q) be such that:
(i) fora.e. x € Q, the function @(x,-)|g\g is continuous;
(i) for all z € R\ E, the function @(-,z) is measurable;
(iii) for a.e. x € Q, one has inf@(x,R\ E) > o and sup ¢(x,R\ E) < &(x).

Then, there exists a positive u € W>P(Q) N WO1 P(Q) such that
(@) —Au(x) € [a,&(x)] and u(x) € R\ E fora.e. x € Q;
(b) —Au(x) = @(x,u(x)) for a.e. x € Q.

Proof. Choose Y := [o,+oo[ and y(y) = y. Then, the conclusion follows by at once by
Theorem 3.1. As regards the positivity of u, it follows by conclusion (a) and Proposition 2.2
of Marano (1996). [

A result of the same kind of Theorem 3.3 has been established in Theorem 3.3 of Marano
(1996), under the stronger regularity assumption (a;) on ¢. However, the two results are
independent. By Theorem 3.3 we immediately get the following corollary, which concerns
the problem —Au = g(x,u) + A (x).

Corollary 3.4. Let g: Q xR — R be a given function. Let A, € LP(Q), @ > 0and E CR,
with m (E) = 0, be such that:
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() fora.e. x € Q, the function g(x,-)|r\g is continuous;
(ii) for all z € R\ E, the function g(-,z) is measurable;
(iii) for a.e. x € Q, one has

o —A(x) <infg(x,R\E),  supg(x,R\E) <n(x).

Then, there exists a positive u € WP (Q) N WO1 P(Q) such that u(x) € R\ E, —Au(x) €
[o,n(x) +A(x)], and —Au(x) = g(x,u(x)) + A(x) for almost every x € Q.

Proof. It follows at once by Theorem 3.3, by choosing ¢(x,z) = g(x,z) + A(x) and & =
n+A.0

When the function g does not depend on x € Q, Corollary 3.4 immediately gives the
following existence result for the problem —Au = f(u)+ A(x), where f : R — R can be
discontinuous even at all points z € R.

Corollary 3.5. Ler f : R — R be a given function. Let A € LP(Q), o0 > 0 and E C R, with
my(E) = 0, be such that:

(1) the function f |R\E is continuous and bounded;

(i) for a.e. x € Q, one has

A(x) > o —inf f(R\ E).

Then, there exists a positive u € W>P(Q) ﬂWOI P(Q) such that u(x) € R\ E and
—Au(x) = f(u(x)) + A(x) for a.e. x € Q.

Remark 3.6. In order to give counterexamples to some possible improvements of our
results, let us consider the function ¢ : R — R be defined by

[1 ifzeq.
‘P(Z)_{o ifz€R\Q.

In Remark 3.2 of Marano (1995) it is showed that, for such a function @, the problem
—Au = @(u) has no solutions u € W27 (Q) ﬂWOI P(Q). It is self-evident that, in this case,
the restriction (p|R\Q is continuous, since it is constant. Hence, if we choose h =1,7Y :=
[0,1], E = Q, w(y) =y, £(x) =0, all the assumptions of our Theorem 3.1 (except for
Y € ¢4)) are satisfied. Therefore, Remark 3.2 of Marano (1995) shows that the assumption
Y € ¢, cannot be dropped from the statement of Theorem 3.1. At the same time, it shows
that the assumptions infY >0 and inf@(x,R\E) > o >0 cannot be dropped from
Corollary 3.2 and Theorem 3.3, respectively. Moreover, it shows that neither the assumption
o — A(x) <infg(x,R\ E) in Corollary 3.4, nor the assumption A(x) > o —inf f(R\ E)

in Corollary 3.5, can be dropped from the statements.

However, Corollary 3.5 shows that for such a function ¢, and for every A € LP(Q),
with essinfyeqA(x) > 0, the problem —Au = @(u) + A(x) has a positive solution u €
W2P(Q)N WOl (). We point out that, even for such a simple case, the results of Marano
(1995), as well as those of Marano (1996), cannot be applied, since in this case the set
Dy = {z € R: ¢ is discontinuous at z } = R has not null Lebesgue measure.
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Remark 3.7. It is natural to ask if the set E € .%, in the statement of Theorem 3.1 can
depend on x € Q. That is, one can ask if the following assertion holds.

Assertion A. Let Y € 9, be a closed, connected and locally connected subset of R”,
v:Y = Rand ¢ : Qx R" = R two given functions, and & € LP(Q).

Assume that:
() the function \ is continuous in Y, and inty (w~'(r)) = 0 for every r € int(y(Y));
(i) for each x € €, there exists a set Ex € F}, such that the function @(x,- )‘Rh\Ex is

continuous,

(iil) for all z € R", the function @(-,z) is measurable;

(iv) for every x € Q, one has ¢(x,R") C y(Y);
(v) for every x € Q and for every z € R", one has

sup {[[yll;, : y €Y and y(y) = o(x,2) } < &(x).

Then, there exists u € W>P(Q,R") ﬂWOI’p(Q, R") such that —Au(x) € Y and y(—Au(x)) =
©(x,u(x)) for almost every x € Q.

The Example 4.3 of Marano (1996) shows that for p > n Assertion A is false, even if
h=1 and y(y) =y. Therefore, the set E € .%, in the statement of Theorem 3.1 cannot
depend on x € Q.

Remark 3.8. Another peculiarity of Theorem 3.1, as well as of its corollaries, is represented
by the following simple observation. Assume that all the assumptions of Theorem 3.1
are satisfied by suitable Q, Y, v, @, & and E. If we choose any further set K € .%, the
assumptions of Theorem 3.1 are still satisfied by replacing the set £ with the set E UK (since
we still have EUK € .%},). Consequently, by conclusions (a) and (b), we get the existence of
a solution u € W (Q,R") ﬂWOI’p(Q,Rh) of the problem —Au € Y and y(—Au) = @(x,u)
which, in addition, satisfies u(x) € E UK for almost every x € Q. In particular, the vector
u(x) avoids the set K for almost every x € Q.

Taking this in mind, we now give two simple concrete examples of applications of
Theorem 3.1.

Corollary 3.9. Let g € L*(Q), with o := essinfyecq g(x) > 0, and let y>0, u >0, b > 1,
A €[0,1]. Let ¢ : @ x R — R be defined by

(1,2) = g(x)+u(b+cosz)? ifxeQandz<0
Pz = gx)+pub+cosz)"+1 ifxeQandz>0.

Then, there exists a function u € W>P(Q) N WO1 P(Q) such that:
(a) —Au(x) = @(x,u(x)) + A sin(—Au(x)) for almost every x € L;
(b) u(x) € R\ Q for almost every x € Q.
Proof. Of course, there exists a set Qo C Q, with m,,(Qg) = 0, such that
a < @(x,2) < lgll=@) +u(d+1)"+1 forall xeQ\Qo, z€R.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 100, No. 1, A5 (2022) [18 pages]



EXISTENCE RESULTS FOR HIGHLY DISCONTINUOUS ... AS5-15

Moreover, since lim,_,o+ (y — A siny) = 0, there exists yo > 0 such that yo — A siny < a.
On the other hand, since limy_, ;. (y — A siny) = oo, there exists y; > yo such that

— Asiny; > [|g[|=(@) + 1+ 1)+ 1.

Now, we want to apply Theorem 3.1 with h =1, Y = [yo,y1], E(x) = y1, E=Q, w(y) =
y— Asiny, and ¢ defined as above. Of course, Y € ¢, and assumption (i) is satisfied since
v’ never vanishes identically on a interval. Moreover, by the above construction we have
that

@(x,R\Q) C e, [[g]lr=(@) +1(b+1)"+1] C [w(v0), w(y1)| Sy (Y) forall xeQ\Qy,
hence assumption (iv) is satisfied. Finally, assumptions (ii), (iii) and (v) are obviously
satisfied. Consequently, by Theorem 3.1 there exists a function u € W2?(Q) N WO1 P(Q)
such that —Au(x) — A sin(—Au(x)) = @(x,u(x)) and u(x) € R\ Q for almost every x € Q,
that is our conclusion. [

Corollary 3.10. Let g € L™(Q), with a := essinfycq g(x) >0, and let y >0, u >0,b > 1,
A €0, Let c € R\ Q, and let ¢ : Q x R — R be defined by
g(x)+ u(b+cosz)? ifxeQ z<0andz+c<€R\Q
0(x,z) =< g(x)+u(b+cosz)’+1 ifxeQandz+ceQ
g(x)+u(b+cosz)?+2 ifxeQ z>0andz+c€R\Q.
Then, there exists a function u € W>P(Q) N WO1 P(Q) such that:
(@) —Au(x) = @(x,u(x)) — Ae 2 and u(x) € R\ (Q — c)for almost every x € Q;
(b) u(x) is irrational for almost every x € Q.

Proof. We argue as in Corollary 3.9. Firstly, we observe that there exists a set Q¢ C Q, with
my(Qo) = 0, such that

a < @(x,2) < |lgll=@) +u(d+1)"4+2 forall xeQ\Qo, zcR.

Since lim,_,+ (y+Ae¥) = A < @, there exists yo > 0 such that yy + A’ < or. Moreover,
since limy_, 1o (y + A€”) = +oo, there exists y; > yo such that
yitAe" > lgllp=@) +u(b+1)7+2.

Now, we want to apply Theorem 3.1 with h =1, Y = [yg,y1], E(x) =y1, E=(Q—c)UQ,
y(y) =y+ Ae’, and ¢ defined as above. Of course, Y € ¢}, and assumption (i) is satisfied
since ¥/(y) > 1 for all y € R. Moreover, by the above construction we have that

@(x,R) C [a, [[g]lr=(0) + b+ 1)T+2] € [y(yo), w(y)| = y(¥) forall xeQ\Q,

hence assumption (iv) is satisfied. Finally, assumptions (ii), (iii) and (v) are obviously
satisfied. Hence, by Theorem 3.1 there exists a function u € W>”(Q) N WO] 7(Q) such that
—Au(x) + Ae 2 = @(x,u(x)) and u(x) € QU (Q — ¢) for almost every x € Q, that is our
conclusion. [
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