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ABsTrACT. Bar Codes are combinatorial objects encoding many properties of
monomial ideals. In this paper we employ these objects to study Janet-like
divisions. Given a finite set of terms U, from its Bar Code we can compute the
Janet-like non-multiplicative powers of its elements and detect completeness of
the set.

1. Introduction

Bar Codes, first introduced by Ceria (2019c) and sistematically formalized by the
same author (Ceria 2020), are combinatorial objects encoding many properties of
monomial ideals (for the applications studied so far, see Ceria and Mora 2018; Ceria
2019a,b,c,d). Janet division dates back to the paper by Janet (1920) and has been
first developed to study partial differential equations via algebraic methods, following
and formalizing the approach by Riquier (1910). It has then been generalized by
Gerdt and Blinkov (1998a,b, 2011), who defined the concept of involutive division.
On the other hand, Janet-like division, introduced by Gerdt and Blinkov (2005a,b)
to efficiently compute Groebner bases, though not being an involutive division, is
strictly related to this concept, being a generalization of Janet division (Janet 1920)
and preserving most of its properties.

In this note, that completes and concludes the discussion of Ceria (2019d), we
show that Bar Codes can be successfully used as tools to describe Janet-like division.

2. Notation and preliminaries

2.1. Monomials and polynomials. Following Mora (2003, 2005, 2015, 2016),
we denote the polynomial ring in n variables and coefficients in a field k by P :
k[x1,...,x,], and we equip it with the lexicographical ordering <, while 7 := {x” :=
x}’l s x)"y = (Y1, .., Yn) € N'} is the semigroup of terms generated by the n
variables of P. Given a term t = x{" - - - x,” we define the i-degree of ¢, for 1 <i < n,
as deg; (1) = @; and the degree of t as deg(¢) = 2,1-, @;. Aset J C T is called semigroup
ideal if, for each t € J, s € 7, we have st € J, while a set N C 7 is an order ideal
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if t € N implies s € N for each s dividing t. Given f € £, we denote by T(f) its
leading term, while for G c P we define the set T{G} :={T(g) : g € G} and we call
T(G) the semigroup ideal of leading terms, namely T(G) := {tT(g): t € T,g € G}.
For an ideal I of £, the monomial basis of the semigroup ideal T(I) = T{/} is named
monomial basis of I and it is denoted by G(I). The order ideal N(I) := 7\ T(I)
takes the name of Groebner escalier of I.

Following Ceria (2019¢, 2020), that we suggest as complete references on the
topic, we recap the definiton of Bar Code (for an example see Fig. 1).

Definition 1. A Bar Code B is a diagram composed by segments, (the bars),
superimposed in horizontal rows, satisfying the Condition a. below. Denote by Bj.”
the j-th bar (from left to right) of the i-th row (from top to bottom), 1 <i < n, i.e.
the j-th i-bar and by u(i) the number of bars of the i-th row:

a. Vi,j,1<i<n-1,1<j<u@),Aje{l,..,u@+1)} st B]Siﬂ) lies under
B!
ne

We denote by ll(Bﬁ.l)) :=1, for each j € {1,2,...,u(1)}, the 1-length (or length
for short) of the 1-bars and by ll-(B;.k)), 2<k<n 1<i<k-1,1<j<u(k) the

i-length of B;k), i.e. the number of i-bars lying over Bg.k).

It is possible to associate to a given finite set of terms a Bar Code and to a
given Bar Code a finite set of terms. The constructions to get it are described
by Ceria (2019¢, 2020). We recall that the main idea to construct a Bar Code
from a finite set of terms U is, for 1 < i < n, to define the projection maps
;i k[x1, . x0] = K[x1,...,x,]/(x1, ..., x;—1). Then, U is ordered increasingly with
respect to the lexicographic order, with x; < xo < ... < x,. For 1 < i < n, the
ordered lists U := [n;(u) : u € U] are computed; the i-bars correspond to the
values of m;(u) for u € U. We remark then that the 1-bars correspond to the
terms of U in increasing order with respect to the lexicographic order, induced by
X1 < X2 < ... < Xx,. The term corresponding to some bar is said to lie over the bar.

2.2. Janet and Janet-like division. In what follows, we revise Janet and Janet-
like division, with their main properties.

Definition 2 (Janet 1920, pp. 75-79). Let U C T be a set of terms and u =
x{t-xy™ be an element of U. A wariable x; is called multiplicative for u with
respect to U if in U there is no term of the form u’ = x| xﬁ’x;:’f coexp, such
that B; > aj. We denote by M;(u,U) the set of multiplicative variables for u with
respect to U, while the variables in NMy(u,U) = {x1,....,x,} \ Mj(u,U) are called

non-multiplicative.

Janet division is defined as follows: for each t € 7, we say that a term u € U
Janet-divides ¢ if t = uv and each x; dividing v, j € {1, ...,n}, belongs to M, (u,U).
In this case, u is called Janet-divisor of t and t is a Janet-multiple of u.

Definition 3. The cone of t with respect to U is the set Cy(t,U) = {txf1 .- -xﬁ" | where A; #
0 only if x; € My(t,U)}.
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It can be proved (see Janet 1920) that every ¢ € 7 has at most a Janet-divisor:
the cones are disjoint. A priori, it may happen that a term u € T(U) has no
Janet-divisor; the notion of completeness characterizes the case in which this cannot
happen.

Definition 4. A set U c T is complete if T(U) = | |;ey Cs (2, U).

Janet division is used to construct a special kind of Groebner basis for an ideal
I = (G) called Janet basis. Roughly speaking, the complete set U is the set T{G}
of all leading terms for the generators and any term u € T([) is reduced by means
of the polynomial f € G such that ¢ := T(f) € U is the only Janet-divisor of u.
Gerdt and Blinkov (1998a,b, 2011) give a generalization of Janet division/bases,
defining involutive divisions/bases (Apel 1998; Albert et al. 2016). Gerdt and
Blinkov (2005a,b) introduce Janet-like division/bases, with the aim to compute
Groebner bases more efficiently.

Definition 5 (Gerdt and Blinkov 2005a,b). Let U C T be a finite set of terms. For
eachu € U, 1 <i < n consider

hi(u,U) = max {degi(v) :veU,deg;(v) =deg;(u), ¥j € {i+1, ...,n}}—degi(u) eN.
If hi(u,U) > 0, define

ki = miLrll {degi(v) —deg;(u) : deg;(v) =deg;(u), Vj € {i +1,...,n},deg;(v) > degi(u)} ;
ve
ki

then x;* is called non-multiplicative power of u € U. NMP(u,U) is the set of
non-multiplicative powers of u € U.

Definition 6 (Gerdt and Blinkov 2005a,b). Let U C T be a finite set of terms and
u € U. The elements in the monoid ideal

NMu,U)={veT|3we NMP(u,U) : w|v}

are called Janet-like non-multipliers for u, whereas the elements in M(u,U) =
T \NM(u,U) are called Janet-like multipliers for u. A term u € U is the Janet-
like divisor of w € T if w = uv with v € M(u,U). In particular, if u € U and
xl].{" € NMP(u,U), we denote by j;(u) the Janet-like divisor of uxf", if it exists.

We remark that, though Janet-like division preserves many properties of Janet
division, it is not an involutive division (Gerdt and Blinkov 2005a,b). The concept
of completeness w.r.t. Janet-like division is analogous to the one of Definition 4.

Definition 7 (Gerdt and Blinkov 2005a,b). A set U C T is called complete
w.r.t. Janet-like division if for the sets Cy(U) := {uv : u € U,v € M(u,U)} and
CWU):={uv:uelU,veT} holdss CU)=Cy;(U). A complete set U 2 U such that
C(U) =C,;(U") is called completion of U.

Proposition 8 (Gerdt and Blinkov 2005a,b). A set U ¢ T is complete w.r.t.
Janet-like division if and only if for each u € U, for each p := xf" € NMP(u,U),
there is ji(u) € U.
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3. Bar Codes and Janet-like division

In this section, we see that a Bar Code can be used as a tool for studying
Janet-like division, completing the treatment of Ceria (2019d), where Janet division
is examined. Let us start recalling (see Ceria 2019d) that the construction of a Bar
Code is a very fast preprocessing to assign to each element ¢ of a finite set of terms
U c 7 its multiplicative variables, according to Definition 2. Let U C 7 be a finite
set of terms and suppose the variables ordered as x; < x2 < ... < x,. We associate a
Bar Code B to U and modify it as follows:

@ .

i ) u(i)’

b) Vi<i<n-1,V1I<j<u(@)-1let B;.l) and B;Ql be two consecutive bars
such that they do not lay over the same (i + 1)-bar. We place then a star
symbol % between them.

a) Y1 <i < n, we place a star symbol = on the right of the bar B

Proposition 9 (Ceria 2019d, Prop. 19). Let U C T be a finite set of terms and let
us denote by By its Bar Code. For eacht € U, x;, 1 <i < n, is multiplicative fort
with respect to U if and only if, in By, the i-bar B;l), over which t lies, is followed
by a star.

Now we are ready to focus on how to study Janet-like division by means of Bar
Codes.

As remarked by Gerdt and Blinkov (2005b), every non-multiplicative power is
nothing else then the power of Janet-non-multiplicative variable. This reflects on
the Bar Code associated to U, since trivially the absence of stars after some bar
is equivalent to the presence of a non-multiplicative power of the corresponding
variable for the terms over that bar. Moreover, Janet divisibility implies Janet-like
divisibility, whereas the viceversa does not hold (see again Gerdt and Blinkov 2005b
for a proof). We prove now the analogous of Proposition 9 for Janet-like division.

Proposition 10. Let U € T be a finite set of terms and let us denote by By its
Bar Code. Lett € U, x; € NM;(t,U) a Janet-non-multiplicative variable, Bl(l) the

i-bar under t and t' any term over Bl(i)l Then k; = deg;(t") — deg; (7).

Proof. Since x; € NM(¢t,U), by Proposition 9, Bl(i) is not followed by a star. Now
since x; € NM;(t,U), there is a term v € U such that deg;(v) = deg;(1), i+1<j<n
and deg;(v) > deg;(¢). To find the value k;, we should find the minimal exponent of
a term with the same j-degree as t,i+1 < j < n, and bigger i-degree. All terms over
Bl(’) have the same (—degree as t, i < ¢ < n; considering Bl(i)l we have terms which

have the same (—degree as ¢, i +1 < ¢ < n (if Bl(i)l was not over the same (i + 1)-bar

as Bl(i) we would have a star after Bl(i)). Moreover, their i-degree is bigger than
deg;(¢) and it is the minimum with this property due to the Lex ordering of the
terms in the Bar Code. O

Bar Codes can help us to detect completeness of a finite set of terms, as it is
shown in the theorem below.
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Theorem 11. Let U C T be a finite set of terms, B := By its Bar Code, t € U,
p= xfi € NMP(t,U) a non-multiplicative power and B;i) the i-bar undert and s € U.
Then s = j;(t) if and only if the following conditions hold:

(1) s divides pt;

(2) s lies over B;.i)l;

(3) VI such that x; divides th either there is a star after the l-bar under s or the

non-multiplicative power xf’ of s w.r.t. U has greater degree than degl(%t).

Proof. “<” In order to have s = j;(t), we need that s divides pt and no non-
multipicative power of s with respect to U divides pt/s. Condition 1. ensures that
s divides pt, therefore we can actually write pt = sw, with w := pt/s. Therefore,
we only need to show that no non-multipicative power of s in U divides w. We
first observe that x; does not divide w. This comes from Proposition 10. Indeed
;?1, so deg;(s) = k; + deg;(¢). For what concerns the other variables,
we can deduce the assertion by Condition 3. Those variables whose corresponding
bars are followed by stars are multiplicative variables. For a variable x; that is
a non-multiplicative variable, that is the corresponding bar is not followed by a
star, Condition 3. says that the maximal power of x; dividing w is smaller that the
non-multiplicative power xlk’ of s with respect to U, that is, xlk’ does not divide w.
Therefore w is a Janet-like multiplier for s and we can conclude that s = j; (u).
“=" Let s € U, s = j;(t). By definition of Janet-like division s divides pt. If s was

a term lying over B;i), then it would be deg,,(s) = deg,,(¢) for m =1i,...,n, i.e. in s

s lies over B

and ¢ the variables x;, ..., x, would appear with the same exponent. Then, being
s = ji(r) and deg;(s) = deg; (1), xfi would divide w := th.

Since s = j;(t), there cannot be non-multipliers in w, so either x; is multiplicative
for s, or the non-multiplicative power of x; for s has degree greater than k;. We

show that both these alternatives are impossible. If x; was multiplicative for s then
ki
i

is a non-multiplicative power for ¢t and they lay over the same i-bar. It is also
impossible that the non-multiplicative power of x; for s has degree greater than

k; since deg,,(s) = deg,,(¢) for m =i, ...,n, and by definition of non-multiplicative

there would be a star after B(.i)7 which is impossible by hypothesis, since p = x

power. Therefore, we have shown that it is impossible for s to lie over B;i).

If s was a term lying over Bl(i), [ > j+1, there would exist h € {i,...,n} s.t.
degy, (s) > degy (pt), so s would not divide pt, which is again a contradiction.

If s was a term lying over Bl(’)7 [ < j, then it would be s <y, t. It cannot happen
that degy (s) = degy (¢) for I’ =i, ...,n since otherwise s would have been over Bg.l).
Let xg := max{xp, h =1, ...,n| deg,(s) < deg,(¢)}; it is clear that k > i.

Since t € U and deg,(t) = deg,(s),..., degp,1(f) = degp,(s) and degy (1) >
deg; (s), xx cannot be a multiplicative variable for s. Now, let ka the non-
multiplicative power of s w.r.t. the variable x;. Being deg,, () = deg,(s), ..., degg,; (7) =
degy,1 (s) and degy (1) > degy(s), hx < degy(r) — degy(s), so deg (sx}*) < deg, (1) <
deg, (tp), and this is again a contradiction. Then s must lie over Bﬁ.i)l and this
proves Condition 2.
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Finally, since s = j;(t), all the variables appearing with nonzero exponent in
p?[ must be either multiplicative for s or, if they are non-multiplicative, with an
exponent that is smaller than that of the non-multiplicative powers of s with respect
to U. This implies that Condition 3. holds, because of Propositions 9 and 10. O

Example 12. Let us consider the set U = {xi’,xzxf,x;"xl,xgxf, x%x%xl,xg} cT of
Gerdt and Blinkov (2005b, Example 1.) and suppose' x; < xo < x3. The associated
Bar Code is displayed in Fig. 1, while Table 1 reports the non-multiplicative powers,
the computation to get them according to Proposition 10 (where, for brevity’s sake,
we call degi(B;i)), 1<i<n, 1<) <u(i), the i-th degree of the terms over Bﬁ.i))
and the Janet-like divisors of the terms txfi, teU, xf" € NMP(t,U), showing the
completeness of U.

FiGure 1. Bar Code equipped with stars

5 2 4 2.2 2.2 5
X7 XoX] X5X1 XX X5X5X1 X3

1 ok —— Kk —— k —— % —— %
2 _ — % —  — % — %
3 —_— %

TABLE 1. Non-multiplicative powers and Janet-like divisors

t NMP(t,U) Why? J(t) | j2(2) Ja(t)
5 o | deea(BYY) - degy(BYY) =1 ) 2o
1 X2, X3 (3) (3)y _ - X7 X2 X347
degg (B3 ) — degg(B™) =2
(2) (2)
deg, (B — deg, (B =3
.ng% XS,X% g2( 3 ) g2( 2 ) o x§x1 xgxf

degs (BSY) — degs (B{Y) =2
xgxl x% deg3(Bg3)) - deg3(B(13)) =2 — — x%x%xl
degy (BLY) — degy (BY) =2

x2x2 x2, x3 . . o x1x2x2 X5
371 2073 deg3(B§j)) _ degS(B;‘”) =3 273 3

x%x%xl xé” deg3(B(33)) - deg3(Bg3>) =3 — — xg ¢
x5 0 — — — —

Example 13. Consider the set U = {xil)’xng,x?xgxg} C k[x1,x2,x3], supposing fixed
the lexicographical ordering induced by x1 < xo < x3; its Bar Code is displayed in
Fig. 2.

n the example we exchanged the role of x; and x3 to stay consistent with our notation.
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Figure 2. Bar Code of U F1cURE 3. Bar Code of U’
3 5,2 3 3,2 5,2
X1X2X3X{X5X3 X1X2X3X] X5X3X{X5X3
1 % — % 1 % — — %
2 —_ 2 *
P >

The only term having non-multipicative powers is x:fxgxg, and in particular, its only
non-multiplicative power is xo. Now, we have (x:fxgxg)xg = xi’x%xg, which does not
belong to the cone of any element of U and therefore U is not complete with respect
to Janet-like diviston. We add to U the term xi’x%x& making a step to complete U
and we get U’ = {xil”xQx;g,le)’x%xg,x?xng}, whose Bar Code is displayed in Fig. 3. The
only non-multiplicative power of x3xox3 is again x2 and (le”xgxg)xQ = x?x%xg el.

3.2 2 ; ST ; 3.2 2 _
The term x7x5x3 has x{ as its only non-multiplicative power. Since (x7x5x3) - xi =

x?x%xg e U’, then U’ is complete and so it is a completion of U. o

Remark 14. [t is possible to set a connection between Janet-like multiplicative
powers and previous results on decomposition of ideals in irreducible primary com-
ponents. The first result in this framework dates back to Macaulay (Macaulay 1913,
1927; Grébner 1970; Macaulay 1994; Alonso et al. 2006), who gave an irreducible
primary decomposition of a zerodimensional ideal within a fized coordinates’ system,
using, as a tool, the corner set also for non necessarily zerodimensional ideals. Such
a result has been generalized by Alonso, Marinari and Mora, who gave the definition

of infinite corner (Alonso et al. 2020):
Let I be an ideal of k[x1,...,x,]. If I is

zerodimensional, its corner set is defined
as C(l) :=={reN(l) :V1<i<nXrTE€
T(l)} ¢ N(I) and has the following prop-

FI1GURE 4.
Infinite corners erty:
x°°oy°° weN() & FreC):w]|T.
In the non zerodimensional case, the cor-
ner set can be generalized (Macaulay
1913) considering also elements 7 =
x{texy", @ € NU {co} and setting
° . . =P B
y8 height 2 ooy? w|T &= B;i <aVo —x’f X
_ 5 It is then easy to see that there is a finite
ed ,Lz\ height 1 ¢, set C*(l)  {x{" - x,", @; € NU {co}}
x which satisfies

weN() & FreC():w]|T.

The ideas of Alonso et al. (2020) can be interpreted in the language by Gerdt
and Blinkov in the sense that non-multiplicative powers arise from infinite corners.
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The idea behind this connection is to take a generating set U = {t1,...,tm} C T for a
monomial ideal J and consider it ordered in decreasing order with respect to Lex,
S0ty >to > ... > ty,. First of all we consider the term t1: all multiples of t1 are in
J and all the variables are multiplicative for t1 so we say that its infinite corner
is x{7°..x, . Taken then t3, we want to consider all the multiples of to not divided
by t1. The infinite corner of to with respect to t1, i.e. the element t € T such that
{w: wl|t}={w: t; t wta} gives the non-multiplicative powers of to. In particular,
the non-multiplicative powers are the finite exponents of the corresponding variables
in the infinite corner, while the infinite ones represent the multipicative variables.
Continuing in this fashion with ts, ..., t,,, and defining the infinite corner of t; with
respect to {t1,...,ti—1}, 3 <i < m, as the element t € T such that

w:wl|t}={w: wt; ¢ T({t1,....t;_1})}

we get all the non-multiplicative powers of the remaining terms. As a simple example,
if U= {y3 xy,x2} ck[x,y], we have that the corner of xy with respect to y> is x*y>
and the corner of x2 with respect to {y3,xy} is x*y, as shown in Fig. 4.
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